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CHARACTERIZATIONS OF THE CONVERGENCE OF
HARMONIC AVERAGES OF DOUBLE NUMERICAL SEQUENCES

ARPAD FEKETE, IRINA GEORGIEVA AND FERENC MORICZ

(Communicated by Zs. Pdles)

Abstract. In recent years, the almost sure central limit theorem has attracted widespread atten-
tion in Probability Theory. It involves the harmonic (also called logarithmic) averages of a cer-
tain numerical sequence formed from a sequence of independent, identically distributed random
variables. The convergence behavior of the sequence of harmonic averages of a given numerical
sequence was studied in [3] by the third author. Our main goal in this paper is to extend these
characterization results from single to double numerical sequences of complex numbers.

Among others, the following Theorem 2* is proved. Let {x;; :i,j =1,2,...} be a dou-
ble sequence of complex numbers. Necessary and sufficient condition for the existence of the
bounded limit relation

¢

b— lim 4

kyl—eo lnk (Ink)(In¢) 1:2112 ij
is that
k ‘
. xij—¢
b— lim —— max Y > ‘:0
T — )
e 2 khmlenl izl ™ = 1 Y

where

I = {“m71+17“m*1+27"'7um}7 Mo ::22”17 m=0,1,....

Background in Probability Theory

In the framework of Kolmogorov’s axiomatic treatment of probability, one of the
fundamental questions is the relationship between probability and relative frequency.
The results of this investigation are called the laws of large numbers. Similarly, the
relationship between expectation of a random variable and sample mean can also be
studied by using the laws of large numbers. For example, the celebrated Kolmogorov
strong law of large numbers reads as follows. Let {X;:i=1,2,...} be a sequence of
independent, identically distributed random variables, in abbreviation: i.i.d.r.v.’s on a
probability space (Q,.%, P). Then the arithmetic averages

_ZXH = 727'”7
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converge almost surely to some constant ¢ if and only if the expectation EX) exists, in
which case ¢ = EX| ; that is,

Flim S0 5] -1,
The interested reader may consult [3] to get broad perspective of this topic.

In recent years, the so-called almost sure central limit theorem has attracted wide-
spread attention in Probability Theory, initiated by Brosamler [1]; and as to further
papers see in [2, References]. To be more specific, let {X;:i=1,2,...} be i.i.d.r.v.’s
with EX; =0 and EXf = 1. In this case, the almost sure central limit theorem says

that
o)+...+X(w)\ 1 —2)2 B
L}T;mkz (e Vi ) = o fue ] =

for each Borel set A C R whose boundary is of zero (Lebesgue) measure, where I4(+)
is the indicator function of the set A. Here and in the sequel, the logarithm is to the
natural base e.

Now, the ratio on the left-hand side in the above equality is the harmonic average

of the sequence
{IA(Xl(w)+...+X,-(w)> s,
Vi
whose terms are nonnegative real numbers.

Our primary aim in this paper is to study the convergence behavior of the double
sequence of harmonic averages of a given double numerical sequence from the view-
point of Summability Theory. Meanwhile, we summarize briefly the analogous results
involving double sequences of arithmetic averages. These results may be of use in the
study of strong laws of large numbers as well as the almost sure central limit theorems
for random fields {X;;:7,j=1,2,...} defined on a probability space (Q,.7,P).

1. Known results for single sequences

Given a sequence {x; :i=1,2,...} of complex numbers, its arithmetic averages
oy are defined by

It is well known that the ordinary convergence of {x;} is a sufficient condition for the
convergence of {0y} to the same limit. On the other hand, a necessary condition for
the convergenc of {oy} is that

For brevity in writing, we introduce the notation
Io:={1}, L,:={2" '+ 1,2" 422" m=1,2,.... (1.1)

The next three theorems are folklore.
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THEOREM A. Necessary and sufficient condition for the existence of the finite
limit
lim opm = 5

n—oe

is that

. 1
lim ——
M—so0 2m—1

Y xi=¢&

i€hy
The ratio on the left is called the moving arithmetic awerage of the sequence {x;}.

THEOREM B. Necessary and sufficient condition for

klimﬁk:é’ (12)
is that
1 k
jim ormax| 3 (=8| =0

i=2m=14+1
The ratio on the left may be called the moving maximal arithmetic average of the
sequence {x;—&}.

THEOREM C. Necessary and sufficient condition for
1 k
lim — Y [x;—&[=0 (1.3)
ke k5

is that |

mee i€hy
We note that a sequence {x;} satisfying (1.3) is called strongly arithmetically
summable to £. Clearly, (1.3) implies (1.2), but the converse implication is not true
in general.
We recall that the harmonic averages ;. of a sequence {x;} are defined by

1 K Xi . 1
Tk::_z_-a where )Lklzz—., k=1,2,.... (1'4)
M i=1
Since 2
. k
lim =~ =1 1.5
ek (15)

The sequences {7} and {7} are equiconvergent to the same limit (if one of them
exists), where

*

T I k=23,....

pp— 1 —
BRI =0

Therefore, these 7 are sometimes called logarithmic averages. However, we prefer
the usage of 7; rather than that of 7/, partly due to the fact that the definition of 7
makes no sense in case k= 1.
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It is well known that (1.2) is a sufficient condition for the convergence of 7; to the
same limit . On the other hand, a necessary condition for the convergence of {7;} is

that
Xk

lim —%_
o KInk

For brevity in writing, we introduce the notations

=0.

U :=2%" and Jyp = {1+ 1, 1+ 2, i}, m=0,1,2,...; u_y:=0. (1.6)
The next three theorems were proved in [2] by the third author.

THEOREM D. Necessary and sufficient condition for

lim 7, =&

n—0

is that
1 Xi

lim 2—_:5.

m=es A’.um A’/vtmfl i€n !

The ratio on the left is called the moving harmonic average of the sequence {x;}.
We note that by (1.5) and (1.6), we have

A -
lim 22 — Jim ZH THel _gpp) (1.7)
m

m—oo QM M—oo 2 -1

THEOREM E. Necessary and sufficient condition for

gim T =E& (1.8)
is that
1 Kooxi—
lim ———— max z _5‘20.
m-—oo A’“ A’:u'mfl kedm l

i=y—1+1

The ratio on the left may be called the moving maximal harmonic average of the
sequence {x;—&}.

THEOREM F. Necessary and sufficient condition for

‘xl é ‘
=0 1.9
lim 7 2 Z (1.9)
is that | ‘|
1 Xi —
lim - =0.
m—ee )'/-" )'/-‘-mfl iGZJm l

We note that a sequence {x;} satisfying (1.9) is called strongly harmonically
summable to €. Clearly (1.9) implies (1.8), but the converse implication is not true
in general.
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One may define harmonic averages of higher order, too. For example, given a
sequence {x;}, its harmonic averages T,(2) of second order are defined by

ko x A ko
)= — h —. k= 1.10
21 i where A (2 ; 7 1,2 ( )
By (1.4) and(l.S), we have
M(2)
k—oo Inlnk o (111)

Therefore, the sequences {74(2)} and {7(2)} are equiconvergent with the same limit
(if one of them exists), where

1 k Xi

F(2) =
%(2) lnlnkizzliln(i—kl)’

k=34,....

Again the usage of 7;(2) instead of 7;/(2) is explained partly by the fact that the
definition of 7;(2) makes no sense for k =1 and 2.

The next three theorems were indicated in [2] by the third author. For brevity in
writing, we introduce the notation

Ko:={1,2,3,4}, Ky :={2¥m1 1, 2m1 42 2} m=1,2.... (1.12)
THEOREM G. Necessary and sufficient condition for
lim 7y (2) = &
is that | X

li - =c.
ml—IEO Azﬂm ( ) - A’zﬂmfl (2) iEEK:m lll é

We note that by (1.5), (1.6) and (1.10), we have

Aot (2 Agim (2) — Aty (2
tim 220 @) _ iy A2 @) =y (2) (1.13)
Ni—so0 m M—roo om—1
THEOREM H. Necessary and sufficient condition for
lim 7,(2) =&
is that )
1 xi—&
lim max - ’ =0.
m—oo Azﬂm ( ) — )‘2#,,171 (2) keKy i:2“§l 41 l},l‘
THEOREM 1. Necessary and sufficient condition for
|xz 5|
k—>°° )Lk 2
is that |
lim D k=&l _,

m—eo )Lzﬂm( ) - A2“’"’1 (2) i€Km i2i
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2. New results for double sequences

Given a double sequence {x;;:i,j =1,2,...} of complex numbers, its harmonic
averages Ty are defined by

Xij
Ty = )LWZZ okt =1,2,..;

ll[llJ

where A; is defined in (1.4).

We recall that the double sequence {7y} is said to converge in Pringsheim’s sense
to the finite limit & if 73, convergesto & as both k and £ tend to infinity independently
of one another. That is, for every € > 0 there exists a natural number ko = k(&) such
that

|Tee — €| < €  whenever min{k,{} > k.

By (1.5), the double sequences {7} and {7},} are equiconvergent to the same limit
(if one them exists), where

* Xij
) 1= k(=273 ....
Tt lnk (Ink)(In?) 21,211 y BE=S2,

The usage of 73y enjoys some technical advantege in the proofs of Theorems 1-3
below (see in Section 4) over 7}, partly due to the fact that the definition of 7}, makes
no sense in case min{k, ¢} =1.

It is easy to see that a necessary condition for the convergence of {7y} is that

lim — k. _
k—oo0 k(lnk)ﬂ(lnﬁ)

This follows from the obvious equality

Xko
k_ké = MAeToe — M1 AeTi—1,0 — MAe—1Too—1 + M1 Ae— 1 Te—1,0-15 (2.1)

with the agreement that
)L() =To0 = Tro = Tor :=0 for k,fz 1,2,....

It is also known that if a bounded sequence {x;;} converges in Pringsheim’s sense
to a finite limit &, then the double sequence {7,,} of its harmonic averages is also
bounded and converges to the same limit £. The restriction to bounded sequences is
justified by the fact that convergence in Pringsheim’s sense of a double sequence does
not imply the boundedness of its terms in general.

In the sequel, we agree to use the term of bounded convergence, in symbols:

b— lim x;; =¢, (22)

1,]—0 ;
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to indicate that the double sequence {x;;} converges to & in Pringsheim’s sense and
the terms x;; are uniformly bounded, that is,

sup |x,-j\ < oo,
i,j=1

Our main goal is to extend Theorems D,E and F in Section 1 from single to double

numerical sequences. These extensions are formulated in the next three theorems.

THEOREM 1. Necessary and sufficient condition for

b - ml}lIE T:"Lm Un — 5 (23)
is that |
X
b— lim =g, (24)
mn=e> (A, = Aty 1) (A — Ay ) iezJ‘:n Jgfn 1

where W, and J,, are definedin (1.6).

The ratio on the left-hand side of (2.4) may be called the moving rectangular
harmonic average of the sequence {x;;}.

THEOREM 2. Necessary and sufficient condition for

b —khm T = & (2.5)

{—so0

is that )
b— lim X 2.6
m,n—ee ()’Mm )’/-‘-mfl ) (lﬂn - )'/-"nfl ) ( )
k 4 A
y Mo

i=m—1+1 j=tp—1+1

X max
k€Jm LeT,

We may call the expression on the left in (2.6) the moving maximal rectangular
harmonic average of the sequence {x;; —&}.

THEOREM 3. Necessary and sufficient condition for

b— lim ZZ ‘x’f L (2.7)

k,{—o0 Akl/l 1j=

is that
1

. |x,, gl
b m%’lg“‘ (A = Aty 1) (A — Apt ) iezJ‘:n ,g‘n ij - @8)
Observe that the maximal average is not involved in Theorem 3, in contrast to
Theorem 2. Analogously to the notion of strong harmonic summability used in the case
of a single sequence {x;} (defined in [2]), a double sequence {x;;} satisfying (2.7)
is called strongly harmonically summable to &. Clearly, (2.7) implies (2.5), but the
converse implication is not true in general.
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REMARK 1. By (1.7), the denominator

(A’/Jm - )L.um—l ) ()L.un - )L.U-n—l)

in (2.4), (2.6) and (2.8) can be equivalently replaced by 2", But in the proofs of
Theorems 1-3, the usage of the notation in terms of A’s and u’s is more convenient
to us. On the other hand, the following reformulation of Theorem 2 may be more
appropriate for possible application in Probability Theory.

THEOREM 2*. Necessary and sufficient condition for
k i
b— lim — =
ks (Ink) (In€) lnk (In?) ) Z <

t=1 j=1 ij

is that

| L oy &
J —
bodim L ma | Yy O =0,
m n—><>°2 keJm,ledn !, U+l j=ph_+1 U

where J,,, and L, are defined in (1.6).

3. Auxiliary results

Two results in Summability Theory will play crucial roles in the proofs of Theo-
rems 1-3. To this effect, let

A= (am:k=0,1,....m;m=0,1,...) (3.1)

be an infinite triangular matrix of real or complex numbers. With every sequence s =
{sr :k=0,1,...} of numbers we associate the sequence ¢t = {#,, :m =0,1,...} given
by

Im =tm(A,s) : Zamksk7 m=0,1,....

The so-called summability matrix A is called regular if for every convergent sequence
s = {s¢}, the sequence t = {#,,} also converges to the same limit.

The following Toeplitz theorem characterizes regularity of summability matrices
applied for single sequences.

LEMMA 1. (See,e.g., [5, pp. 7475 and 168].) The triangular summability matrix
A = (apk) given in (3.1) is regular if and only if the following three conditions are
satisfied:

(i) lim au =0 for k=0,1,...;

m
(ii) sup Y |ap| < oo,
m=0,1,... k=0
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m

(iii) lim 2 i = 1.
Condition (iii) is not needed in the case when
li =0.
Next, let
o =(aly k=0,1,....m;{=0,1,....n;mn=0,1,...) (3.2)
be matrices of real or complex numbers for all m,n = 0,1,.... With every double

sequence s = {sp¢ : k,£ = 0,1,...} of numbers we associate the sequence ¢ = {¢"" :
m,n=0,1,...} given by

m n

"M =1"( ) 2 Zak, swe, my,n=0,1,..
k=00=0

The summability matrix 7 = (af}') is called bounded-regular if for every double se-
quence {sz} with
b—klli,m sk =&,

we have
b— lim "™ («,s)=&.

The following characterization of the bounded-regularity of summability matrices
applied for double sequences is due to Robison [4].

LEMMA 2. The triangular summability matrix o/ = (ajy') givenin (3.2) is bounded-
regular if and only if the following four conditions are satisfied:

(i) mlrlllll Z\a =0 for (=0,1,...;
n
(ii) lim Y |a'|=0 for k=0,1,...;

(iii) sup 2 Z\a ! < oo,

mn=0,1,... ;=0 ¢=

(iv) lim 2 Zak[ =

M R=0 =0

Condition (iv) is not needed in the case when

b— lim sp = 0.

L —00
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We note that both Lemmas 1 and 2 are valid in the more general setting when the
summability matrices A = (a,) and ./ = (a}j') are not triangular. But in this paper,
we do not need these more general formulations.

We also note that the limit relation

li el — 33

mgrlo A’/Jm 2 ( )
will be frequently used in Section 4, where A; and U, are defined in (1.4) and (1.6),
respectively; and (3.3) is an immediate consequence of (1.5). In particular, it follows
from (3.3) that

A A
lim ——*  —2 and lim ——F1 1.
m—ee )'/-" )'/-‘-mfl m—ee )’/-‘-m A#mfl

4. Proofs of Theorems 1-3

Proof of Theorem 1. Necessity. Assume (2.3). By this and (3.3), we obtain

1 X
()’Mm - A’/-"mfl)(lﬂn - )‘Mn,1> 2 Z | ]

i€hm j€In lj

1
= ()L,u.,,, — A'/J 1 1)(1/% — A'/vtn,l) (A‘/-‘-mlﬂn T/—‘-m#n - )‘/-‘-m—llﬂn T#m—l:#n

_)’/-‘-mz‘/-‘-n—l T#nh/—‘-n—l + )‘/-‘-m—l )‘/-‘-n—l T#m—l sMn—1 )
—4E —2E-2E+E=E as mn— oo
This proves (2.4).

Sufficiency. Assume (2.4). By (3.3), we find that (2.4) is equivalent to the follow-
ing bounded convergence:

1 xij—§
Omn = 75— ———— —0 as m,n— oo (41)
A#m )‘Mn iez]m jgl,, ZJ
For all m,n > 1, we may write that
1 M Hn

xij— &
Tt — & = —
e )’/-‘-mlﬂn i—lj—z‘ll L

ZZZZX”

Mm/lun i=0i=0ics jei, U
Au A
. (i
= 2 zak/ Ore, where afj = T
k=0{=0 Hon "t

It is easy to check that in this case the summability matrix </ = (a}}') of form (3.2)
satisfies the conditions (i)-(iii) of Lemma 2. Taking into account that now the limit in
(4.1) equals 0, so we can conclude (2.3) to be proved. [
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Proof of Theorem 2. We begin with the observation that the bounded convergence
in (2.6) is equivalent to the following one:

b— lim
man—eo Ay A, keJm /eJ,,

sy ud =0, (4.2)

i=lp—1+1j=ty—1+1 L

again due to (3.3).

Necessity. Assume (2.5), by which we may apply the necessity part of Theorem 1
to obtain (2.4), or equivalently (4.2).

First, let k € J,,, for some m > 1 and let n > 1 be arbitrary. We give a lower
estimate as follows:

Hn—1 Mn—

|Tk’“"l_€:‘7tk%unl{z Z+ Z Z}x” ‘

i=1 j=1 i=ly_1+1 j=

1 xlj ’g’ Myp—1 Hp— -xlj
(2 % P> ) i)
M -1 N i=p,, 141 j=1 i=1 j=1
whence we conclude that
max |7 — 4.3
kgm\ s — | (43)
k
xlj é ’
————max -Gl
= )L#_ml#nil kel i j | Min—1,Mp—1 5|

By (2.5), the left-hand side as well as the second term on the right-hand side of in-
equality (4.3) boundedly converge to O as m,n — oo. Therefore, the first term on the
right-hand side of (4.3) must also converge boundedly to 0:

1 k Hn— :
b— lim ———— max xj 5 ' = (4.4)
m,n—oo A’IJ )L'u _1 k€dn =t 1 = 1
Second, the symmetric counterpart of (4.4) gives
1 Mp—1 l .
b— lim -————max ¢

‘ —0. (4.5)

m,n—oo )LM )L‘Mn led, =1 j=phyq+1 1]

Third, let k € J,, and ¢ € J, be arbitrary for some m,n > 1. We give a lower
estimate as follows:

Hin—1 Hn—1 k Hp—1

o — & = \M{z >+ ¥ % (4.6)

Jj=1 i=ly—1+1 j=

T R S

=1 j=py—1+1 i=ly—1+1 j=ty—1+1
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1 k l 5 /-‘-m l/-‘-n x _5
s DI e B DI o
Him 7 Un i=.um71+lj=."‘n71+1 i=1 j= 1
Mpp—1 l
| 3 B[ 3 w2
o141 = i=1 j=y+1 W
Hence we conclude that
max (T — 4.7
ke]m7€ej,,| ke 5| ( )

1 k é -,-.—.é‘

)LM Ay keJm /eJ,,

i=ly—1+1 j=lp—1+1

k /vtn 5
iy - max ’
Um—1,Vn—1
)Lum)LM S G ST 1
1 Mn—1 2/: Xii _’g’ ‘
max
A"u A"un led, i=1 j:,un71+l

By (2.5), the left-hand side as well as the second term on the right-hand side of
inequality (4.7) boundedly converge to 0 as m,n — oo. Furthermore, by (4.4) and (4.5),
the third and fourth terms on the right-hand side of (4.7) also boundedly converge to 0 as
m,n — oo, Therefore, the first term on the right-hand side of (4.7) must also boundedly
converge to 0 as m,n — oo. This proves (4.2), which is equivalent to (2.6).

Sufficiency. Assume (2.6). Since condition (2.6) implies (2.4), applying the suffi-
ciency part of Theorem 1 gives (2.3).

Similarly to the equivalence of (2.4) and (4.1), this time (2.6) is equivalent to the
following bounded convergence:

Yin i= ; ’ 3 é j—_.g’—>0 as m,n—oo. (4.8)
T . kit ity 1 j=ty 1

After these preliminaries, let k € J,, and ¢ € J,, for some m,n > 1. We give an
upper estimate (cf. (4.6) and (4.7)) as follows:

.uml.unfx k My — X;
e — &< M”Ml(i:zlz s \ zmz s
43 3 w3 3 mE)

i=1 j=p,_1+ 1+11 Hp—1+1
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Hence we conclude that

max [Ty —
keJm,/JeJ,,| ke 5|
k Hp—1
-xlj é ’
<z {max
S [t 5|+/1um Py ke | 1+1/

s é

i=Um—1+1 j=y—1+1

Hm—1 l xl‘j _

> X

i=1 j=py—1+1
_€‘+an+cmn+Dmn7

— + max
1] k€ LET,

+ max
led,

= |T/vtmfl:/vtnfl Say'
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(4.9)

As we have noted above, the first term on the right-hand side of (4.9) boundedly
converges to 0 as m,n — oo. In the case of the second term on the right, we give an

upper estimate as follows:
k Hp—1 xlj ’g’ ‘

an = ————max
A“mfll#nfl k€ i=Uy—1+1 j= 1
k n—1 e

)

1

= D Do R
Ui —17 Un—1 k& =y 1+10=0 j=py_1+1
n—1 1 k
Xi
< Z Wmax IJ 5 ‘
(=0 "*Hm—17*Hn— | KEJm =Ly 1+l/€J[ 1
l.uz 1
2 2 Wine,
Hn—1

where V¢ is defined in (4.8). Due to (3.3), we may apply Lemma 1 to conclude that

b— lim B, =0.

m,n—oo

(4.10)

Analogously, in the case of the third term on the right-hand side of (4.9) we obtain

that
1 Hin—1 l _ 5
Comi = Aty 1ty T i=1 ,,':;Z‘.H ij
kf Hn— 1
and again by Lemma 1, we have
b— lim C,,=0.

m,n—oo

(4.11)

Finally, in the case of the fourth term on the right-hand side of (4.9), we observe

that
1 k ¢
max ’

Dy = ———
AM’" lx”’" 1 keI LD i=lp—1+1 j=py—1+1

xzj_é‘
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is identical with y,,,, defined in (4.8), so we have

b— lim Dy, =0. (4.12)

m,n—oo

Putting together (4.9), (2.3), (4.10)-(4.12) yields (2.5) to be proved. [l

Proof of Theorem 3. We begin with the observation that condition (2.8) is equiva-
lent to the following bounded convergence:

Loy yFizel g s mn—e (4.13)

Xmn ‘= 77— —
At Popty =y ij

This equivalence is due again to (3.3).
Furthermore, we claim that (2.7) is equivalent to the following bounded conver-
gence:
l Mm  Un .
b— lim bxij — |
m,n—ee )L/-‘-mlﬂn i=1j=1 1j

0. (4.14)

Indeed, this claim immediately follows from the following pair of inequalities: for any
keJ, and { € J,, we have

l Hn—1 Mn—

P gl 1 xij — €|
il Lsy

A#mz’/-‘-n i=1 j:l l.] i= 1]

1 Um  Un ‘xlj_5|

X .o
Attty i=tj=1 U

mn=12,....

Now, it remains to take into account (3.3) and this pair of inequalities justifies (4.14).
Necessity. Assume (2.7), then in particular we have (4.14). This latter one clearly
implies (4.13), which in turn is equivalent to (2.8) to be proved.
Sufficiency. Assume (2.8), which is equivalent to (4.13). Clearly, we have

53 s IPIPII
A#mlﬂnz 1j l-] A#mluﬂk 0¢=0icJ; jeJy
X Aﬂk)tl‘-[
= Xkt
= 2 2 i,

where ), is defined in (4.13). It remains to apply Lemma 2 to conclude (4.14), which
is equivalent to (2.7) to be proved. [
5. Concluding remarks

REMARK 2. We recall that the arithmetic averages oy of the double sequence
{xij:i,j=1,2,...} of complex numbers are defined by

4
Ok = 2 Xijy kl=1,2,....

HM»

1
k¢
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It is well known that (2.2) (the bounded convergence of {x;;}) is a sufficient con-
dition for the bounded convergence of {0y} to the same limit, in symbols:

b— lim oy = &. (5.1)

J—o0

On the other hand, a necessary condition for the bounded convergence of {0y} is that

Xt

lim =0
kl—o0 k€ ’

which follows from the equality
xep = kloge — (k—1)l0p—1,0— k(€ —1)0) -1+ (k= 1)(€ = 1) 01,01, (5.2)
with the agreement that
Opo =0jp=0p; =0 for i,j=1,2,....

Making use of the arguments analogous to those in the proofs of Theorems 1-3,
the following three theorems can be easily proved.

THEOREM A*. Necessary and sufficient condition for

b— lim Opm on —é

m,n—oo

is that
b— lim m— 12n 12 ZXU_

e i€l jel,

where I, is defined in (1.1).

THEOREM B*. Necessary and sufficient condition for (5.1) is that

S 3 w-g)-o

i=2m=141 j=2r"141

b— lim ———— max
m—oo 2M=12n=1 4 cp ‘yey

THEOREM C*. Necessary and sufficient condition for
b— lim —
J%M;;M &l

is that

b lim o 12n P D =&l =

e i€y, jel,

REMARK 3. Itis easy to check that (2.2) implies (2.5). More generally, we claim
that even (5.1) implies (2.5). Indeed by (5.2), we may write that

Tk = ll 22{0-1] Oj—1,j — Oi,j— 1+ 0 1,j—-1 (53)

ll/l
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1 1 1
+=(0i-1,j = Oi-1,j-1) + ;(Uzyj—l —0j-1,j-1)+ i—jﬁi—u—l}-

The next three limit relations are consequences of the uniform boundedness of the dou-
ble sequence {0y} :

b— lim —— 0jj— 0ij—1,j—0; j—1+ Oi_1 j—
k/aw},klgzz ij i—1,j i,j—1 i—1,j l)

1 Giil— i1
k}ﬂoxk)wzz =1~ Oi=1,j-1)

i=1j= 1]

1 &Koy
=b— lim — Lo
k(lglooﬂkl/z

Making use of the implication (2.2) = (2.5) with 6; 1 ;| in place of x;; gives

Oi— 1,] 1_
b= Jim, Mw ) =

i=1j=1

Putting together (5.3) and the last four limit relations yields the implication (5.1) =
(2.5), as we have claimed above.

The converse implication, that is, (2.5) = (5.1) is not true in general. To justify
this claim, we define the double sequence {x;;} by means of its harmonic means {7}
as follows: set

S {(pq)l/2 if k=27 and (=29 forsome p,q=1,2,...;
0 otherwise for k. /=1,2,...;
and define the sequence {x;} by
ke 1= KE(AgAoTee — A1 A0 Te1,0 — MeAe—1 Tk -1 + M1 Ae—1Te—1,0-1)
(cf. (2.1)) with the agreement that
Too =T =Tor:=0 for k{=12,....

According to [2, Example 1 on p. 377], we have

Opp2q — 0 A8 Dp,q — o,
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whereas
b— lim 7y = 0.
e 1%

REMARK 4. One may define harmonic averages of higher order for double se-
quences {x;;}, too. For example, given {x;;}, its harmonic averages Ty (2) of second
order are defined by

L 1 k Xij -
Tkﬁ(z) —WZZIAJ&/ k,€—1,2,...,

where A; and A4 (2) are defined in (1.4) and (1.10), respectively.
By (1.11), the double sequences {7;/(2)} and {7,(2)} are equiconvergent with
the same limit (if one of them exists), where

* L 1 g Xi _
= G i) & & Gy )G

The following Theorems 4-6 are the extensions of Theorems G, H and I in Section
1 from single to double numerical sequences. Their proofs can be carried out along
lines analogous to the proofs of Theorems 1-3 in Section 4.

THEOREM 4. Necessary and sufficient condition for

b — lim T2Mm72!ln (2) - g
m,n—oo

is that

1
RO v ) B 31 9 B o ) G4)

Nj
Pt

i€Ky jEKn

where Ai, Um, A (2) and Ky, are defined in (1.4), (1.6), (1.10) and (1.12), respectively.

THEOREM 5. Necessary and sufficient condition for

b lim Tpu(2) =&

m,n—oo

is that |
O i o @) g @) U @) =T @) 5-5)

k ¢
xij— &
X max Z D j—‘ =
keKmJ,eKn i i i
=2Hm—141 j=2Mn-141
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THEOREM 6. Necessary and sufficient condition for

b— lim ;iz‘x’f sl_g
i T 2)3a2) 2 A iy

is that

1
O e G (2) = Ty 1 (20) e (2) — T 1 () 56)

bij—&|
P> Dijly °

i€Kn j€Kn

REMARK 5. By (1.13), the denominator

(Aatin (2) = Ayt (2)) (Aasin (2) = Agsa_1 (2))

in (5.4)—(5.6) can be equivalently replaced by 2™ . Thus, the following reformulation
of Theorem 5 may be more appropriate for possible applications.

THEOREM 5*. Necessary and sufficient condition for

k¢ x;
b_k,lélgloo (Inlnk)(Inln?) ) Z i(In(i + 1))j]1n(]+ 1) =¢

is that

b— lim —— max
mp—eo 2MAN kg vk,

i > X~ =0
l'=2'u"7*1+1j:2:unfl+1 l(ln(l+ 1))]1n(J+ 1)

where K, and U, are definedin (1.12) and (1.6), respectively.
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