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ON SOME GRONWALL TYPE INEQUALITIES
INVOLVING ITERATED INTEGRALS

YEOL JE CHO, SEVER S. DRAGOMIR AND YOUNG-HO KIiM

(Communicated by J. Pecaric)

Abstract. In this paper we consider simple inequalities involving iterated integrals in the inequal-
ity (1.1) for functions when the function u in the both side of the inequality (1.1) are replaced by
the function w(u) and ¢(u) for some functions w, ¢ and provide some retarded integral inequal-
ities involving iterated integrals. Some applications are also given to illustrate the usefulness of
our results.

1. Introduction

Let u: [a, 0+ h] — R be a continuous real-valued function satisfying the inequal-

ity

1

0<ulr) < / la+bu(s)]ds, Vi e [o, 00+,

a
where a,b are nonnegative constants. Then u(t) < ahe® for all ¢ € [o, o + k). This
result was proved by Gronwall [8] in the year 1919, and is the prototype for the study
of several integral inequalities of Volterra type, and also for obtaining explicit bounds
of the unknown function. Among the several publications on this subject, the paper of
Bellman [2] is very well known:

Let x(t) and k(t) be real valued nonnegative continuous functions for t > . If a
is a constant, a > 0, and

t
(1) <a+ / k(s)x(s)ds, Vi >a,
o

then
1
x(t) < aexp(/ k(s)ds), Vi > o.
a

It is clear that Bellman’s result contains that of Gronwall. This is the reason why in-
equalities of this type were called “Gronwall-Bellman inequalities” or “Inequalities of
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Gronwall type”. The Gronwall type integral inequalities provide a necessary tool for
the study of the theory of differential equations, integral equations and inequalities of
various types (see Gronwall [8] and Guiliano [9]). Some applications of this result to
the study of stability of the solution of linear and nonlinear differential equations may
be found in Bellman [1, 2, 13]. Some applications to existence and uniqueness theory
of differential equations may be found in Nemyckii-Stepanov [12], Bihari [3] and Lan-
genhop [10]. During the past few years several authors [4-7, 11, 14—18] (see references
below and some of the references cited therein) have established several Gronwall type
integral inequalities in two or more independent real variables. Of course, such results
have application in the theory of some differential and integral equations.

Réb proved the following interesting integral inequality, which appear in [1, p.
100]:

THEOREM 1.1. Let u(t),a(t) and b(t) be nonnegative continuous functions in
J =[a,B], and suppose that

13
u(t) < at) +b(r) U kot )ulty)diy + - (L.1)
o
1 1 Tn—1
+/ (/ (/ kn(t,tl,...,tn)u(tn)dtn> ...)dtl}
o o o
Sforall t € J, where ki(t,t1,---,1;) are nonnegative continuous functions in Ji1\ for all
i=1,2,---,n. Suppose the partial derivatives %(l,tl,...,ti) exist and are nonnegative

and continuous in Jiy1 forall i=1,2,--- n. Then, forall t € J,

T

u(t) < a(t) +b(t)/

o

(%@l + Qla)wyenp( | (Rle1 + Ql(D)a ) s

Rw|(2) = ki (t,0)w(t) +/O:k2(t7t,t2)w(t2)dt2+

+i§n‘§/at (/(:2 (/:1ki(t7t,t2,...,t,-)w(ti)dti) ) dty,

o) = [ Ftewln)dn +

+§/O:</: (/:l %(r,tl,...,ti)w(ti)dti> ) dn

Sfor each continuous function w(t) in J.

In this paper, we consider simple inequalities involving iterated integrals in the
inequality (1.1) for functions when the function u in the both side of the inequality
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(1.1) are replaced by the function w(u) and ¢(u) for some functions w, . We also
provide some integral inequalities involving iterated integrals and some applications
for the main results.

2. Main results

In this section, we state and prove some new nonlinear integral inequalities in-
volving iterated integrals. Throughout the paper, all the functions which appear in the
inequalities are assumed to be real-valued.

We shall introduce some notation, R denotes the set of real numbers and R, =
[0,00) be the given subset of R. Let J = [a,B], o0 < B and set J; = {(t1,tp,++,t;) ER':
a<t; <<ty <P} foralli=1,2,---,n. Denote by C'(M,N) the class of all i-times
continuously differentiable functions defined on set M to the set N forall i=1,2,---
and C°(M,N) = C(M,N). Given a continuous functions a,b : J — R, we write

a(t) =max{a(s): o <s<rt}, b(t)=max{b(s):a<s<t}, Vrel. (2.1)

THEOREM 2.1. Let u(t),a(t), b(t) are nonnegative continuous functions for all
t €J, and w(u) be a nondecreasing continuous function for all u € Ry with w(u) > 0
forall u>0. Let ¢ € C(Ry,R+) be an increasing function with @(e0) = oo,

(1) Let ¢ € C'(J,J)be increasing with ¢(t) <t on J. Suppose that

o)
o(u(t)) <at)+b(r) Ud)( )kl(t,tl)w(u(tl))dtl +--- (2.2)
o
o) /1 ro(t) O (ta—1)
+/ (/ </ kn(t,t1,~~~,tn)w(u(tn))dtn) ~~~)dt1}
o) \Jo(a) ¢(a)
for all t € J, where ki(t,t1,---,1t;) are nonnegative, continuous functions in Jiy for

all i =1,2,---,n. Suppose that the partial derivative %(tﬁh---,n) exists and are
nonnegative, continuous in Jiy1 forall i=1,2,---,n. Then

o(t)

u(t) < (pl{(;l [G(d(t)) +b(1) </¢(a>

!
Ril(o ™ (0).0)do+ [ olnlo)ao) |}
(2.3)
forall t € [o,T], where a(t) and b(t) are defined in (2.1), T € J is chosen so that

A () t
G(a(t)) +b(r) (/dja)R[l}(q)_l(o),a)dO'—k/aQ[l](o)dc) € Dom(G™1),

the function G is defined by

G(r)= / _ds Vr>ry >0, 2.4)
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G~ denotes the inverse function of G, and

()
R[x|(t,s) = kl(f,S)x(SH'/ ka(t,s,12)x(t2)dts (2.5)
o(a)
norp(s) 0(12) o(ti—1)
+ ki(t,s,t2,- -+, t;)x(t; dt,-)---)dt,
?3/¢(oc> </¢(a> </¢<a> (15,82, )] 2
o(r)
o) = [ Gre.nst)ds 6

n (1’(1) (1’(11) ¢(fi—1) ak
+ / (/ (/ —(t,t1, . ti)x(t; dli)---)dt
gﬁ 9(a) \Jo(a) o(a) EGL )x(t:) \

Sforall x(t) e C(J,J) and t,s € J.

(2) Let ¢ € C'(J,J) be nondecreasing with ¢(t) <t on J. Suppose that

o)
o(u(®)) <a(t)+0b(r) [/d)( )kl(t,tl)w(u(tl))dtl + 2.7)
o
d)(t) d)(tl) ¢(t,1,1)
+/ (/ (/ kn(t,th---,tn)w(u(t,,))dtn) ---)dll}
¢(a) \Jo(a) o(@)
Sfor all t € J, where ki(t,t1,---,t;) are nonnegative, continuous functions in Jiy for

all i=1,2,--- n, which are nondecreasing in t € J for all fixed (t1,---,t;) € J; for all
i=1,2,---,n. Then we have

o(t)

u(t) <! [G‘1<G(&(I))+@(t)/¢( R[l](t,a)do)] (2.8)

@)

forall t € (o, Ty], where a(t) and b(t) are defined in (2.1), Ty € J is chosen so that

e »
Ga(t)) +b(1) /¢ o Rl 0)do & Dom(G ™)

the functions G is defined in (2.4), G™' is the inverse function of G, and R[x|(t,s) is
defined in (2.5).

Proof. (1) First, we note that R[w] and Q[w] are linear functional,

R[wi] < R[wz], Q[wi] < Q[w2]

if wi(r) <wa(z), forall r € J, and

Riwiwa] < R[wi]wz,  Qwiws] < Q[wi]w
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if wy(¢) is nonnegative in J and w;(¢) is nondecreasing in J. For any fixed T € (o, f]
and o <t < T, we define a function v(¢) by

o(0)
W(t) = a(T) + b(T) [ / Kt (1,0 )w(u(t1)) diy + - (2.9)

¢(a)
o(0) / ro(nn) ¢ (tn—1)
+/ (/ (/ kn(f»tl,---J,,)W(M(ln))dt,,> '“)dll].
¢(a) \J¢(a) o(a)

Then v(t) is nondecreasing and continuous function, v(o) = a(T) and u(t) < @~ (v(1)).
Taking the derivative to v(z), we have

or
V(1)
w(e~!(v(1)))
By taking ¢ = s in (2.10) and then integrating it from o to any ¢ € J, changing the
variables to the right-hand side and using the definition of the function G, one get the
inequality

<O(T)R[L)(r, ¢(1))0" (1) + Q[1](1)]. (2.10)

A ) 1
G(6()) < G0+ 1) [ RNl (0),0)dor+ [ Qli(e)ao]

v(t)<G—1[G(@(T))+E(T)</¢¢(t)R[1}(q> (o) d0+/Q dc)} (2.11)

for all ¢ € [at,T], where T is chosen so that he quality in the braces of (2.11) in the
range of G~!. Now for T =1t, we find the desired inequality in (2.3) follows by the

inequality u(¢) < @' (v(2)).

(2) For any fixed T € (o, ] and o <7 < T, we define a function v(¢) by
0]
W(t) = a(T M (Tt w(u(n))dry + - 2.12)
o)

+/¢<ci)) </¢<a) ' </¢f::l)k"(T’tl"“’t")w(”(t"))dt"> m)dh]'

Then v( y=a ( ) the function v(¢) is nondecreasing continuous and u(¢) < ¢! (v(¢)).
Since —(T +t)=0forall i=1,2,---,n and t € J = [, ], we have

V(1) = b(T)[Rw())(T, 6(1))]¢' (7). (2.13)
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The equality (2.13) implies the estimate

V() <B(T)R(T, 9(1))]9" (1) w(o ™" (v(1)))- (2.14)
From the equality (2.14), we derive the equation
0 B RIYT.00)]60). .15

By taking ¢ = s in (2.15) and then integrating it from o to any ¢ € J, changing the
variables to the right-hand side and using the definition of the function G, one get the
inequality

e
Gv(1)) < Gv(@)) + b(T) /¢ RI|(T,0)do

or
e
W) <G 1<G(a(T))+b(T)/¢(

for all € [, Tj], where Tj is chosen so that he quality in the braces of (2.16) in the
range of G. In particular, for T =, we find the desired inequality in (2.8) follows by
the inequality u(t) < @' (v(¢)). This completes the proof. [

R[1)(T, O')dc) (2.16)

@)

Let @(u) =u? (p >0, p# 1 is a constant) in Theorem 2.1, we get the following
retarded integral inequality with iterated integrals immediately.

COROLLARY 2.2. Ler u(t),a(t),b(t) and w(u) be as in Theorem 2.1 and p >
0, p # 1, be a constant.

(1) Let ¢ € C'(J,J) be increasing with ¢(t) <t on J. Suppose that

¢ (1)
20 < at)+00)| | () - @.17)
[0
o@) [ o) ¢ (tn—1)
+/ (/ (/ k,,(t,tl,---J,,)w(u(tn))dtn) ---)dtl]
¢(a) \Vo(a) o()
Sor all t € J, where ki(t,t1,---,t;) are nonnegative, continuous functions in Jiy for

all i =1,2,---,n. Suppose that the partial derivative %(tﬁh---,n) exists and are
nonnegative, continuous in Jiy forall i=1,2,---,n. Then
0]

Rl (@).0)do+ | tQ[I](G)dﬁﬂ }’1’

(2.18)

u(t) < {G;l |:Gp(d(t)) +b(1) </¢

forallt € [a,Tr), where Ty € J is chosen so that

[Gp(a(z))H}(z) (/(PT:))R[I](q)‘I(G),G)dO'—F/O:Q[l](o)doﬂ € Dom(G,"),
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the function G, is defined by

G ~ [ i Vr>rg>0 2.19
p(r)_/;:oW(Sl/p)7 r=zro ) (2.19)
G;l denotes the inverse function of G,, R[x|(t,s) and Q[x|(t) are defined in Theorem
2.1.

(2) Let ¢ € C'(J,J) be nondecreasing with ¢(t) <t on J such that (2.17) is
satisfied for any t € J, where k;(t,t1,---,t;) are nonnegative, continuous functions in
Jiy1 forall i=1,2,--- n, which are nondecreasing in t € J for all fixed (t1,---,t;) € J;
foralli=1,--- n. Then

u(t) < [G;1<Gp(&(t))+l;(t)/¢(t) 1

o) R[l](t,c)dc)}

forall t € [a,Tr), where Ty € J is chosen so that

(Gutatep+bo [

R[l](t,O')dO') EDom(G;I),
¢(a)
the function G, is defined in (2.19), G;l denotes the inverse function of Gp, and

R[x](z,s) is defined in Theorem 2.1.

Proof. The proof follows by an argument similar to that in the proof of Theorem
2.1 with suitable modification. We omit the details here. [

COROLLARY 2.3. If, under the conditions of (1) of Theorem 2.1, the functions
a(t) and b(t) are also nondecreasing in J, then

o)

u(t) < wl{Gl {G(a@) o) </¢<a>

R[1)(¢~'(0),0)do + / QM(")""’H }
(2.20)

forall t € [a,T], where T € J is chosen so that

(r) t
G(a(t))—l—b(t)(/dja)R[l}((])_l(a),a)dcr—l-/aQ[l](a)dc) € Dom(G™Y).

If, under the conditions of (2) of Theorem 2.1, the functions a(t) and b(t) are also
nondecreasing in J, then

¢()

u(t) <o [G1<G(a(t))+b(t)/¢ R[l](t,a)da)] (2.21)

(o)
forall t € (o, Th], where Ti € J is chosen so that
)

0
Gla(t)) +b(1) /{p BRAIGLREE Dom(G™).
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Proof. The proof follows by an argument similar to that in the proof of Theorem
2.1 with suitable modification. We omit the details here. [

REMARK 2.1. (1) When w(u) = @'(u) in (1) of Theorem 2.1, we get following
result:

i . (1) . t
) <o @)+ ([ R0 (@) 0)da+ [ oll(@)do).
¢() a
(2) When w(u) = ¢'(u) in (2) of Theorem 2.1, we get following result:
()

u(t) < (p’l(&(t))+l3(t)/¢(a) R[1)(¢"'(0),0)do.

Theorem 2.1 can easily be applied to generate other useful nonlinear integral in-
equalities in more general situations. For example, we have the following results.

THEOREM 2.4. Let the functions u(t),a(t),b(t),w(u) and @ are as in Theorem
2.1.

(1) Let ¢ € C1(J,J) be increasing with ¢(t) <t on J, @' is nondecreasing and
suppose

(1)
o(u(®)) <a(t)+0b(r) [/d)( )kl(t,tl)(p’(u(tl))w(u(zl))dtl + e (2.22)
o
d)(t) d)(tl) ¢(t,1,1)
+ (/ (/ kn(t7t17---,tn)(p’(u(tn))w(u(t,,))dt,,) ---)dtl}
o(a) \Jo(a) ¢(a)
Sor all t € J, where ki(t,t1,---,t;) are nonnegative, continuous functions in Jiy for

all i =1,2,---,n. Suppose that the partial derivative %(t,t1,~~~,t,-) exists and are
nonnegative, continuous in Jiy1 forall i=1,2,---,n. Then

A o)

u(t) < Gi'! [Gl<<p-1<a(r>>>+b<r> ( [ R 6 [ Q[ﬂ(s)ds)] (2.23)

forall t € o, T3], where a(t) and b(t) are defined in (2.1), T5 € J is chosen so that

. ()
Gi(oaon)+o0 ([

the function G is defined by

R[l]((})l(s)7s)ds+/O:Q[l](s)ds> € Dom(G{"),

rd
Gl(r):/ Wi) Vr >0 >0, (2.24)
1o

Gy ! denotes the inverse function of Gy, the functions R[x|(t,s) and Q[x|(t) are defined
in (2.5) and (2.6), respectively.
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(2) Let ¢ € C'(J,J) be nondecreasing with ¢(t) <t on J, @' is nondecreasing
and such that (2.22) is satisfied for any t € J, where ki(t,11,---,1;) are nonnegative,

continuous functions in Jiy for all i =1,2,--- n, which are nondecreasing in t € J
Sor all fixed (t1,---,t;) € J; forall i=1,2,---,n, then

0 <6 [ito @ +bo | Rl ] @29
forall t € (o, Ty], where a(t) and b(t) are defined in (2.1), Ty € J is chosen so that
Gilo™ @) b0 [ R0~ (5).5)ds € Dom(G1 ).
the function G is defined in (2.24) and Gfl is the inverse function of Gy, R[x|(t,s) is
defined in (2.5).

Proof. (1) For any fixed T € (o, ] and o <7 < T, we define a function v(r) by

e ,
W) = a(T) +b(T) [ [ ke )+ 26)

o) [ ro(n) O (tn—1) ,
L e e )
o@ o) \Joe)
xw(u(tn))dtn> ---)dtl].

Then v(c) = a(T), the function v(¢) is nondecreasing continuous and u(z) < ¢~ (v(¢)).
Taking derivative to v(z), we have

V() = b(T)[R[9" (w)ww))(1,0(1))9" (1) + QLo (w)w(u) (1)]
<BT{RW(o™ (V)1 9())¢ (1) + (o™ (v()))](1)}¢' (0~ (v(1)))

or

v’(t) ~ W -1 v ! w -1 v
2000 SOTH{Rw(o™ (W), ¢() " (1) + Cw(o™ (W)I()}.  (2.27)

By taking t = s in (2.27) and then integrating it from « to any ¢ € J and changing the
variables to the right-hand side, one get the inequality

o700 <07 e
+5(0)| [/ 1RDwto D060’ (0)+ Qlwle 0N as|. - 228)

We denote the right-hand side of (2.28) by p(¢). Then p( ) =@ 1(a(T)), the function
p(t) is positive and nondecreasing in 7 € [, 8], u(t) < @~ '(v(t)) < p(¢) and
i

p'(1) SDTHRWw(@™ (M))](t,0(1)9" (1) +Qw(e~ ' WDIM)}. (229
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The inequality (3.29) implies the estimate

p'(1) <B(T{R[1)(1,9(1)9" () + Q1) (1) }w(p (1)) (2.30)

From the inequality (2.30), we derive the equation

—— s <B(T){R[1](t,0(1))¢" (1) + O[] (1) }- (231

By taking ¢ = s in (2.31) and then integrating it from o to any ¢ € J, changing the
variables to the right-hand side and using the definition of the function G, one get the
inequality

. () !
G1(p(0) < Gr(pta) +B(r) [ R0 00+ [ Ql(0)as).

or
o(t)

p() <Gt [Gilo (@(T)) +b(T) </¢<a>

!
Rl 0)s)as+ [ onls)as) |
o
(2.32)
for all € [, T5], where T5 is chosen so that he quality in the braces of (2.32) in the
range of Gi. In particular, for T = ¢, we find the desired inequality in (2.23) follows
by the inequality u(t) < @~ (v(t)) < p(¢).
(2) The proof of the remaining inequality can be completed by combining at the
proofs of the (2) of Theorem 2.1 and (1) of Theorem 2.4 with suitable modifications.
This completes the proof. [l

Let ¢(u) =u” (p > 1 is a constant) in Theorem 2.4, we get the following retarded
integral inequality with iterated integrals immediately.
COROLLARY 2.5. Let the functions u(t),a(t),b(t), and w(u) are as in Theorem

2.4 and p > 1 is a constant.

(1) Let ¢ € C'(J,J) be increasing with ¢(t) <t on J, and suppose

0]
uP(t) < a(t)+ pb(t) U{D( )kl(t7t1)up_1(t1)w(u(t1))dt1 +oe (2.33)
[0
o) /1 ro(n) ¢ (tn—1) |
+/ (/ (/ (b1, 1) (t,,)w(u(tn))dt,,> ---)dtl]
o(a) o(a) ()
Sfor all t € J, where ki(t,t1,---,t;) are nonnegative, continuous functions in Jiy for

all i =1,2,---,n. Suppose that the partial derivative %(tﬁh---,n) exists and are
nonnegative, continuous in Jiy1 forall i=1,2,--- ,n. Then

) <6 [ w)+b0) | f:jR[l]w%s),s)m [asas)| e
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forall t € [a, T3], where a(t) and b(t) are defined in (2.1), T3 € J is chosen so that

1 ~ (t) t
Gl(&p(t))—l—b(t)(/dja) R[l](¢’l(s),s)ds+/a Q[l](s)ds) € Dom(G"),

the functions R|x|(t,s), Q[x](¢) and G| are defined in (2.5), (2.6) and (2.24), respec-
tively.

(2) Let ¢ € C'(J,J) be nondecreasing with ¢(t) <t on J, @' is nondecreasing
and such that (2.33) is satisfied for any t € J, where ki(t,11,---,t;) are nonnegative,
continuous functions in Jiy1, for all i =1,2,--- n, which are nondecreasing in t € J
Sor all fixed (t1,---,4;) € J; forall i=1,2,---,n. Then

R (1)
(1) <G;* Gr(at 0)+500) [ R0 )00 2.35)
o(a
forall t € [o,Ty], where a(t) and b(t) are defined in (2.1), Ty € J is chosen so that

Gl(d%(t))—i—i)(t)/(p(a) R[1](07'(s),5)ds € Dom(G7Y).

Proof. The proof follows by an argument similar to that in the proof of Theorem
2.4 with suitable modification. We omit the details here. [

Let w(u) =u” (p >0, p# 1 is a constant) in Theorem 2.4, we get the following
retarded integral inequality with iterated integrals immediately.

COROLLARY 2.6. Let the functions u(t),a(t),b(t),p and @' are as in Theorem
24and p>0,p#1, is a constant.

(1) Let ¢ € C'(J,J) be increasing with ¢(t) <t on J. Suppose that

o)
o(u(®)) <a(t)+0b(r) Ud)( )kl(t,tl)(p’(u(tl))up(tl)dtl + e (2.36)
o
d)(t) d)(tl) ¢(t,1,1) ’
L e (u(tn))up(tn)dt,,) ---)dn
¢(a) \Jo(a) o(@)
Sor all t € J, where ki(t,t1,---,t;) are nonnegative, continuous functions in Jiy for
all i =1,2,---,n. Suppose that the partial derivative %(t,th---,n) exists and are
nonnegative, continuous in Jiy forall i=1,2,---,n. Then

u(t) < |:[(p1(&(1‘))}1p+(1_p)[’}([)</‘;:))R[l](¢I(S)as)dS—F/atQ[l](S)dS):l =

forallteJ.
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(2) Let ¢ € C'(J,J) be nondecreasing with ¢(t) <t on J, and such that (2.36)
is satisfied for any t € J, where k;(t,t,- - ,t;) are nonnegative, continuous functions in
Jiy1 forall i=1,2,--- n, which are nondecreasing in t € J for all fixed (t1,---,t;) € J;
foralli=1,2,--- n, then

u(r) < [w‘l(ﬁ(l))}l_“r(l—p)lA?(t)/: R[1)(97!(s),5)ds
fortel.

Proof. The proof follows by an argument similar to that in the proof of Theorem
2.4 with suitable modification. We omit the details here. [

REMARK 2.2. (1) If, under the conditions of (1) of Theorem 2.4, the functions
a(t) and b(r) are also nondecreasing in J, then

()

)< 67" 610wt 400 [

w R[l](q)_l(s),s)ds—i—/ojQ[l}(s)ds)].

(2) If, under the conditions of (2) of Theorem 2.4, the functions a(z) and b(z) are
also nondecreasing in J, then

o)

u(t) < Gy {Gl(w_l(a(f)))er(t)/(p( R[1](¢_1(S)»S)dS}

a)
3. Applications

In this section, we show that our results are useful in showing the global exis-
tence of solutions to certain integro-differential equations. First consider the following
retarded integro-differential equation

pxP (o)X (1)

=F(f,fl(I,X(t)),/atfz(f,fl,x(fl))dfl,/t (: f3(t,f1,f2,x(fz))dtzdtl) 3.1

o

for all £ € J, where p > 0, p # 1, is constant, F € C(J x R*,R), f; € C(J; x R,R) for
all i =1,2,3. The following theorem deals with a bound on the solution of the problem
(3.1).

THEOREM 3.1. Assume that F : I x R> — R is a continuous function for which
there exists continuous nonnegative nondecreasing functions a(t) such that

|F(t,u1,uz,u3)| < a(t)(lur] + |ua| + |us]),
|f1(,v)| < ki ()w(]v]),

|2t t1,v)] < ka(t,00)w(|v]),

|f3(t, 01,12, v)| < ks (2,01, 22)w(|v]),

(3.2)
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where function w(u) be a nondecreasing continuous function for all u € Ry with
w(u) > 0 for all u >0, and ki(t,t1,---,t;,_1) are nonnegative, continuous functions

in J; for i=1,2,3. If x(t) is any solution of the problem (3.1) with the condition (3.2),
then

x(1) | < {G,,l [Gp<|x<a>|ﬂ>+a<r>( [+ [ [ e a

rorty %
+/ / / ki(t1,t2,13)dt3 dy dtl>:| } ,
o Jo o

where the functions Gp, Gljl are as in Corollary 2.2 for any t,t,t3 € J.

Proof. 1t is easy to see that the solution x(¢) of the problem (3.1) satisfies the
equivalent integral equation

X (1) = 2P (o)

+ /(:F(t,fl(f,x(f))’/ozfz(f,tl,x(fl))dtl,/oz/0:1 f3(t,f1,tz,x(fz))dfzdt1> ds.

From (3.2) and making the change of variables, we have
1
30) 17 < 13(a) P +alo)| [ k(s 33
o
1 1
+ / / k(11,02 w(|x(02) ) s diy
aJo

1 1 %)
+/ / ki(t1,02,63)w(|x(#3)]) dt3 dtp dty | .
o Jo a

Now, a suitable application of the inequality given in (2) of Corollary 2.2 to (3.3) yields
the desired result. [

THEOREM 3.2. Assume that F : I x R> — R is a continuous function for which
there exists continuous nonnegative nondecreasing functions a(t) such that

|F(t7ul7u2’u3)| < a(t)(|u1|—|—|u2|—|—|u3|),
fi(t,v)] <k (@) PP w(lv]),

ot )| < ko (t,10) P~ w(v]),
|f3(t,00,12,9)| < ks (2,01, 12) [V P~ wo([v]),

(3.4)

where the function w(u) is a nondecreasing continuous function for all u € Ry with
w(u) > 0 for all u> 0 and k;(t,t1,---,1;_1) are nonnegative, continuous functions in
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Ji for i=1,2,3 and p > 1 is a constant. If x(t) is any solution of the problem (3.1)
with the condition (3.4), then

x@<q‘kxwwéw{ﬁm(ghmmﬂ+£[fhm@waﬁ

1 1 %)
—|—/ / ki(t1,12,13)dt3 dry dll)]»
o Jao o

1

where the functions G,G| " are as in Corollary 2.5 for any t1,t;,t3 € J.

Proof. The proof follows by an argument similar to that in the proof of Theorem
3.1 with suitable modification using the inequality given in (2) of Corollary 2.5. We
omit the details here. [

We next consider the following integro-differential equation

<%)/=F(t,fl(fax(f))’/O:fz(f’tl,x(fl))dtl,/[:/: f3(t,f1,t2,x(fz))dfzdf1> (3.5)

forall 1 € J, where F € C(J x R3,R), f; € C(J; x R,R) for i=1,2,3 and h(t) # 0. The
following theorem deals with a bound on the solution of the problem (3.5).

THEOREM 3.3. Assume that F : I x R> — R is a continuous function for which
there exists continuous nonnegative nondecreasing functions a(t) such that

|F(t,u1,uz,u3)| < a(t)(lur] + |uz| + |us]),
|f1 (£, v)| < ki (0)w(]v]),

|f2(t,t1,v)] < ka(t,00)w(|v]),

|f3(t, 01,12, v)| < ks (2,01, 22)w(|v]),

(3.6)

where the function w(u) is a nondecreasing continuous function for all u € Ry with
w(u) >0 for all u> 0 and k;(t,t1,---,ti_1) are nonnegative, continuous functions in
Ji for i =1,2,3. If x(t) is any solution of the problem (3.5) with the condition (3.6),
then

—(r)

)+t ([ wan

t trty i
+/ / ky(t1,1)dty dt1+/ / / ky(t1,t2,13)dt3 dty dtl)];
o Jao o Jo o

where the functions Gy, Gfl are as in Corollary 2.5 for any ty,ty,t3 € J.
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Proof. Tt is easy to see that the solution x(¢) of the problem (3.5) satisfies the
equivalent integral equation

+ h(t)/O:F<t,f1(t,x(t)),/atfz(t,tl,x(tl))dtl,/at /(: f3(t,t1,t2,x(t2))dt2dt1) ds.

From (3.6) and making the change of variables, we have

x(a)
Mh(t)

t
+ / / k(11,02 w(lx(02) ) s diy
o Jo
t ot
+// / ki(t1,t2,13)w(|x(t3)]) dts dtp dty | -
o Jo o

[ x(1) | <

+|h(t)a(t)] U{: ki (t)w(|x(1)]) dty (3.7)

Now, a suitable application of the inequality given in (2) of Corollary 2.5 to (3.7) yields
the desired result. [
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