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SOME NONLINEAR DYNAMIC INEQUALITIES ON TIME SCALES

S. H. SAKER

(Communicated by M. Bohner)

Abstract. Our aim in this paper is to establish some explicit bounds of solutions of a certain
class of nonlinear dynamic inequalities on a time scale T which is unbounded above. Also, we
establish some sufficient conditions for global existence and an estimate of the rate of decay of
the solutions. These on the one hand generalizes and on the other hand furnish a handy tool for
the study of qualitative as well as quantitative properties of solutions of dynamic equations on
time scales.

1. Introduction

It is well known that the dynamic inequalities play important roles in the devel-
opment of the qualitative theory of dynamic equations on time scales. During the past
decade a number of dynamic inequalities has been established by some authors which
are motivated by some applications, for example, when studying the behavior of so-
lutions of certain class of dynamic equations on time scales, the bounds provided by
earlier inequalities are inadequate in applications and we need some new and specific
type of dynamic inequalities in time scales. For contributions, we refer the reader to
[11, [21, [3], [4], [51, [9], [10], [14] and the references cited therein. In [4, Theorem 6.1]
it is proved thatif y, @ and p € C,y and p € Z™, then

YA(2) < f(t) + p(e)y(r), forallz € [tg,o0)r, (1.1)
implies
!
W(E) < y(to)ep(t,10) + / ep(t,0(s))f(s)As, for all 1 € [tg,), (12)
To

where Zt :={a€ % : 1+ ut)a(t) >0, t € T} and Z is the class of rd-continuous
and regressive functions. Using this comparison result, the authors in [4, Theorem 6.4]
proved a new Gronwall dynamic inequality which proves that: If y, a and p € C,; and
pEZRT, then

y(1) < alr) —l—/tp(s)y(s)As7 for all 7 € [tg, ), (1.3)
fo
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implies that
1
y(t) <a(?) +/ ep(t,0(s))a(s)p(s)As, forallt € [tg,o0)r. (1.4)
fo

Since (1.4) provides an explicit bound to the unknown function y(¢) and a tool to the
study of many qualitative as well as quantitative properties of solutions of dynamic
equations, it has become one of the very few classic and most influential results in the
theory and applications of inequalities. Because of its fundamental importance, over
the years, many generalizations and analogous results of (1.4) have been established.

In this paper, we consider the nonlinear dynamic inequality
(W (1)* < B1) + a(t)ul(t) = @(1)u”(a(t)), for all 1 € [ig, ), (1.5)

and its integral form on a time scale T where #y > 0 is a fixed number. One of our aims
in this paper is establish some sufficient conditions for global existence and an estimate
of the rate of decay of solutions. Note that the dynamic inequality (1.1) is a special case
of (1.5) with @(¢) =0 and g = 1. For (1.5) we will assume the following hypotheses:

(HY) B, ¢, o and u are rd-continuous positive functions defined on [fp,e°)T,
L p and q are positive constants such thatg > 1 and p > 1.

The inequality (1.5) is of interest in the study of the continuous and discrete dy-
namical systems and nonlinear evolution equations as well as in oscillation theory of
dynamic equations on time scales. Also, it can be applied in studying the global exis-
tence of solutions of nonlinear partial dynamic equations on time scales.

Also in this paper, we are concerned with the nonlinear dynamic inequality

1

W (1) < alt) +b(r) / [f(s)u‘s(s)—I— g(s)ua(s)} As, forallt € [, ), (L.6)

]
and investigate new nonlinear dynamic inequalities which provide some explicit bounds
on the unknown function u(z).

For (1.6) we will assume the following hypotheses:

(H) u, a, b, f and g are rd-continuous positive functions defined on [fy,e),
2 o, O and y are positive constants such that y > 1 and §, o < .

Our motivations for considering the inequality (1.6) are the results obtained by Ou-
Iang [12], Dafermos [6] and Pachpatte [13] when T = R. Ou-Iang [12] in his study of
the boundedness of certain second order differential equations established the following
result which is generally known as Ou-lang’s inequality: If # and f are non-negative
functions defined on [0,e<) such that

u? (1) < k2+2/0tf(s)u(s)ds, orall ¢ € [0,), (1.7a)
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where k > 0 is a constant, then u(t) < k+ [ f(s)ds, forall ¢ € [0,c0).

Dafermos [6] established a generalization of Ou-lang’s inequality in the process of
investigation the connection between stability and the second law of thermodynamics.
He proved that if u € L[0,7] and f € L'[0,r] are non-negative functions satisfying

u?(r) < M*u?(0) + 2/(: [Nf(s)u(s) 4+ Ku?(s)]ds, forall t € [0,r], (1.8)

where M, N, K are non-negative constants, then u(r) < [Mu(0)+ N [j f(s)ds] X

Pachpatte [13] established the following further generalizations of the result of
Dafermos [6] and proved that: If u, f, g are continuous non-negative functions on
[0,00) satisfying

W (t) < k2 +2/Ot [£(s)u(s) +g(s)u?(s)]ds, forall € [0,c0), (1.9)

where k > 0 is a constant, then u(t) < (k+ [g f(s)ds)exp (fyg(s)ds), for all t €
[0,00).

Our aim in this paper, is to establish some sufficient conditions for global existence
and an estimate of the rate of decay of solutions of (1.5) and give an explicit bound of
the unknown function of its integral from. Also, we give an explicit bound of the
unknown function of the inequality (1.6). The results will be different from the results
established by Ou-lang [12], Dafermos [6] and Pachpatte [13]. The results will be
proved in Section 2 by employing the Bernoulli inequality.

The study of dynamic equations and inequalities on time scales, which goes back
to its founder Stefan Hilger [7], is an area of mathematics that has recently received a lot
of attention. The general idea is to prove a result for a dynamic equation or a dynamic
inequality where the domain of the unknown function is a so-called time scale T, which
may be an arbitrary closed subset of the real numbers R. Since we are interested in the
asymptotic behavior of solutions near infinity, we assume that supT = oo, and define
the time scale interval [tg,oo)y by [tg,o°) := [fy,°2) N'T. The book on the subject of
time scale by Bohner and Peterson [4] summarizes and organizes much of time scale
calculus. The three most popular examples of calculus on time scales are differential
calculus, difference calculus, and quantum calculus (see Kac and Cheung [8]), i.e, when
T=R, T=Nand T=¢" ={q : t € Ny} where g > 1. There are applications of
dynamic equations on time scales to quantum mechanics, electrical engineering, neural
networks, heat transfer, and combinatorics. A recent cover story article in New Scientist
[15] discusses several possible applications.

For completeness in the following, we recall the following concepts related to the
notion of time scales. A function f: T — R is said to be right—dense continuous (rd—
continuous) provided g is continuous at right—dense points and at left—dense points in



636 S. H. SAKER

T, left hand limits exist and are finite. The set of all such rd-continuous functions is
denoted by C,4(T). The graininess function u for a time scale T is defined by u(r) :=
o(t) —t, and for any function f: T — R the notation f°(¢) denotes f(o(z)) where
o (t) is the forward jump operator defined by o (¢) :=inf{s € T : s >¢}. We will make
use of the following product and quotient rules for the derivative of the product fg and
the quotient f/g (where gg® # 0, here g° = go o) of two differentiable function f
and g

A A A
f) :M. (1.10)

(fe)* =g+ fg" = fg* + f4g%, and (— =
g g8

We say that a function p : T — R is regressive provided 1+ u(z)p(z) #0, t € T. The
set of all regressive functions on a time scale T forms an Abelian group under the
addition @ definedby p®q:=p+qg+ Upgq.

We denote the set of all f: T — R which are rd-continuous and regressive by %Z. If
p € Z , then we can define the exponential function by e, (z,s) = exp (f; &u(z) (p(7))AT)
fort € T, s € T*, where &,(z) is the cylinder transformation, which is given by

a@={ "1,

Alternatively, for p € % one can define the exponential function e, (-,7), to be the
unique solution of the IVP x® = p(r)x, with x(t) = 1. We define Z+ :={f € % :
1+ u(r)f(t) >0,r € T}. Form the properties of the exponential function, see Bohner
and Peterson [4], we will use the following properties e§ (t,00) = p(t)ep(t,to) and

ep(a(t),10) = [1+p(@)p(t)lep(t,0)-

Also if p € #, then e,(t,s) is real-valued and nonzero on T. If p € #Z*, then

ep(t,19) is always positive, e,(t,1) = 1 and eg(r,s) = 1. Note that If T =R, then
=1
ep(t,ty) = exp(ftg p(s)ds), if T=N, then e,(t,to) = [1 (1 + p(s)), and if T =¢",
S=I1(
=1
then e, (t,10) = T1 (14 (g —1)sp(s)).

S=I1(

2. Main Results
Before we state and prove the main results we present some Lemmas which play
important roles in the proofs of the main results.

LEMMA 2.1. ([11, Bernoulli’s inequality]) Let 0 <y <1 and x > —1. Then
(I4+x)Y<1+7yx

LEMMA 2.2. ([3, 5]) Let T be an unbounded time scale with to and t € T.
Suppose that y, a, b, p € Cyand b, p > 0. If

() <a(t)+b(r) /ttp(s)y(s)As, forallt € [tg,o°)T, 2.1
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then
1
y(t) <alt) +b(t)/ a(s)p(s)epp(t,0(s))As, forallt € [tg,o0). (2.2)
fo
In the following, we consider the nonlinear dynamic inequality (1.5) and establish
some sufficient conditions for global existence and an estimate of the rate of decay of
its solutions.

THEOREM 2.1. Assume that (Hy) holds and there exists a positive rd -continuous
function n(t), m € Clltg,*°)r such that

poy+ 2 L [qo(t)— (”p)Am]. 23)

mi(t) = (o (1)) 7P (1)

Let u(t) > 0 is a solution of the inequality (1.5) such that
7P (to)u(ty) < 1. (2.4)

Then u(t) exists globally and the following estimate holds:

1
O<ut) < —, 12 1.
u(t) < 20 Sfort >ty
Consequently, if imy e (1) = oo, then limy_. u(t) = 0.

Proof. Let
w(t) :=uP(t)eq(t,10).

Using the product rule in (1.10), we have
wh(t) = (uP (1)) eq (t,10) + @ (1) () eg (t,10)-

This and (1.5) imply that

wh(1) < eg(t,t0) [B(r) = @(t) (u (2))" + o (t)u? (1) ] + @()u (5 (1) e (1 10)
= ep(t,10)B(1) — @(t)eq(t,10)u” (o (1))
+a(t)ey(t,t0)ul(t) + @(t)u?(o(r))ey(t,t0)
=eg(t,10)B(t) + at(t)eq(t,t0)ul (1)
= b(1) +a(t)w (1), (2.5)
where
A= ;1), b(t) = eo(t,10)B() and a(t):=a(t) (ep(t,10)) " >0.  (2.6)
Define

AL 2.7)



638 S. H. SAKER

From (2.4) and (2.7), we have

1
TP (1)

where e (t,7) = 1. It follows from the inequalities (2.3), (2.5) and (2.8) that

w(to) = u(ty) < =n(to), (2.8)

wi(to) < Blto) + xlto)u (10) < Blro) + ;%
! (70)(t0)
< Gty [0~

_ ep(to;10) _(7P)  (to)
= Gty o~ S| 2
Using the quotient rule in (1.10), we note that
ep(t,10) (t)_(n”)A(t) _ 9)ep(t,t) eq(tto)(mP)A(r)
(@) |? nt(t) | (me@)" () (no(r))”
_ onP(t)eg(t,10) —eq(t,10) (") (1)
- (1) (m0(2))"
_ e<0(t7t0) A
= ( () ) . (2.10)
This, (2.7) and (2.9) imply that
eo(t, 1)\
wh (1) < ( 0 ) = n*(10)- (2.11)
1=ty
From (2.8) and (2.11), it follows that there exists € > 0, such that
w(t) < n(r), forty <r<T, (2.12)

where € is chosen so that T =t + € € T. Now, we prove that if (2.12) holds, then
wh(t) <n(t), fort € [t,Ty], for Tj > 1. (2.13)

From (2.5), (2.6) and (2.12), we see that
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This, (2.10) and (2.3) imply that

wh(r) < ee(t,to) [ﬁ(z)+ a(t)} < ¢o(t,10) [(p([)_w}

mi(t)] = (no(1))” P (1)

A
— (e;it(,:;)) =n’(t), for t>T.

Denote

Ty :=sup{0 e R:w(r) <n(t), fort € [to,to+ O]t}
Now, we claim that 7] = e, which says that every nonnegative solution u(¢) to in-
equality (1.6) satisfying assumption (2.4) is defined globally. Assume the contrary, i.e.,

Ty < oo. From the definition of Tj, one gets w(7T;) < n(71). It follows from this and
(2.13) that

wh(t) <nl(r), fort € [to, Ti]r- (2.14)
This implies, after integrating from #y to 77, that
no, no
w(T) = wite) = [ wA)as < [ nds)as = n(Ti) - nl).

fo fo

Since w(tp) < n(fo) by assumption (2.4), we see that
w(T1) < n(Th). (2.15)

It follows from (2.14) and (2.15), as above with ty = T;, there exists € > 0 such
that w(t) < n(z), for Ty <t < Ty + €, where € is chosen so that T} + &€ € T. This
contradicts the definition of 77 and the contradiction proves the desired conclusion
T; = oo. It follows from the definitions of w(z), n(¢), and from the relation Tj = oo,

that
(w7 [ n@) \r 1
“”‘<%mm0 <<%mm) “mey e

) 9
From this we see that if lim, .. () = 0, then lim,_u(z) = 0. The proof is com-
plete. O

REMARK 2.1. In Theorem 2.1, if we assume that there exists a positive function
S () such that
()2 (1)
t)— L2 = f(1),
o)~ T = )
then 7P (1) = ey_f(t,t0), with 7(t9) = 1. Using this in Theorem 2.1, we get the follow-
ing result.
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THEOREM 2.2. Assume that (Hy) holds and there exists a positive rd-continuous
Sunction f(t) such that

ot f(t
B(r)+ (1) < (1) .
(e(p_f(t,to))” (e(/’*f(o-(t)vto))
Let u(t) > 0 is a solution of the inequality (1.6) such that u(ty) < 1. Then u(t) exists
globally and the following estimate holds:

0<u(t) < , fort>1.

eq—f(1,10)
Consequently, if ¢(t) > f(t), then limy_. u(t)=0.

With an appropriate choice of the functions o, B, @, f and 7 one can derive
from Theorem 2.1 a number of results. For example, one can derive the following
result.

COROLLARY 2.1. Assume that (Hy) holds and there exists a positive rd -continuous
function 7(t) >0, m € C}tg,o0)T, and 0 € (0,1) such that

(7)) L0 [ (@)
W(,))p[ =10 }’B(’K @0 [“’(’ 0 ]

Let u(t) > 0 is a solution of the inequality (1.6) such that 7w(ty)u(ty) < 1. Then u(t)
exists globally and 0 < u(t) < 1/7(¢), for t > ty. Consequently, if 1lim;_,o. () = o,
then lim;_.. u(t) =0.

oft) <

o) —

Next, in the following, we consider the integral form of (1.6) on a time scale T.
This inequality given by
t
uP(t) <a(t) —|—b(t)/ [f()ul(s) —g(s)uP(o(s))]As, for all ¢ € [tg,0)r. (2.16)
fo
Our aim is to establish an explicit bound of the unknown function u(r) where u(r) > 0.
For (2.16) we will assume the following hypotheses:

a, f and g are positive rd-continuous functions defined on [tg,)T,
(H3) u(t) =0, for all ¢ > 9, where #p > 0 is a fixed number,
P, q are positive constants such that p > g > 1.

THEOREM 2.3. Let T be an unbounded time scale with ty and t € T. Assume
that (Hz) holds. Then (2.16) implies

g )(t,G(S))f(S)aPI(S)AS , 1 €[t %)

2.17)
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Proof. Define a function z(¢) by

)= [ F6)(5) — () (0(s))] s 2.18)

fo

Then z(f9) = 0, and (2.16) can be written as
uP(t) < a(t)+b(t)z(z).

From this, we get that

L1 @ 5
u(t) < (a(t)+b(1)z(t))? = a? (1) (1 + a(t)z(t)> . (2.19)
This implies that
w(t) <ab (1)(1+ fl((?) ). (2.20)

<ar (1) +ar (0)b(0)z(), 2.21)

and

From (2.18), we see that

A0) = F(O)u (1) — g(OuP (0(0) < f(Ou(t) = ar () f (1) + L p)ar = (1)200).

p
So that . q
() <ar()f(1)+ ;f(t)afl(t)Z(t)
Using the fact that z(zp) = 0 and the comparison theorem [4, Theorem 6.1], we see that
1
(<4 / e g (1,0(5) F(s)ab~\(s)As, foralls € [ig, ). (2.22)
D Jig af

Substituting (2.22) into (2.21), we have

u(t)ga%(z”%a%*l(t)b(z) [/[te ¢ (t,0())f(s)a? " (s)As]

o arf
which is the desired inequality (2.17). The proof is complete. []
From Theorem 2.3, when T =R, a(t) = k%, b(t) =2, g(t)=0,¢=1and p=2,

we have the following result which is different from the result established by Ou-lang
[12].
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COROLLARY 2.2. Let T=R with ty, t € R. Assume that k > 0 and f is a

positive function. Then
t
(1) <k —|—2/ f()u(s)ds, orall t €[0,).
0

implies

() <k+ [ Fls)exp (k/tf(e)de) ds, 1 >1.

REMARK 2.2. As in Corollary 2.2, one can use Theorem 2.3 to establish some
new explicit bounds for the inequalities (1.8) and (1.9). The new bounds will be differ-
ent form the results that has been established by Dafermos [6] and Pachpatte [13]. The

details are left to the interested reader.

Now, we consider (1.6) and give an explicit bound of the unknown function u(z).

We introduce the following notations:

AW = F@) + [ Fls)G(s)ea(t, o(s))As,

fo

Y Y

THEOREM 2.4. Let T be an unbounded time scale with ty and t € T.
that (Hy) holds, and 6 <y, and o < y. Then

1

(1) < alt) +(1) [

fo

{f(s)u‘S (s) —l—g(s)uo‘(s)] As, for t € [tg,>°)T,

implies that
1 1 1_
u(t) <av () + ;ai YOb(A(), 1 € [to,%9)1.

Proof. Define a function y(r) by

This reduces (2.24) to
u'(t) <a(t)+b(t)y(t), for 1€ [tg,0)r.

This implies that

w(t) < (a(t) + b()y())7, for 1 € [to,0)r.

Assume

(2.24)

(2.25)

(2.26)

(2.27)
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Applying Lemma 2.1 on (2.27), we see that

) < ah )+ 0 WOBN0). For 1€ 0.}

From (2.26) we obtain

b(t)y(@®) |
a(t)

Applying Lemma 2.1 again on (2.29) (where o < y), we obtain

u®(1) <a’(t) [1+

) < af ab) a0+ Eat!
) <af 0 |1+ S 250] =a¥ 0+ ZaF 00, 1€l
Also from (2.26), we obtain
ud (1) < a%( [ ;);} } for ¢ € [tg, ).
Applying Lemma 2.1 on (2.31) (where 0 < y), we have
LN IR )
20 <at 01+ 22050] =t 0+ 20T s, 1 € 0

Combining (2.28), (2.30) and (2.32), we see that

0= [ [0 0)+ gy ()] as

+ g(s)a%(s)As—F— a?” (s)g(s)b(s)y(s)As

= F(t) —l—/[tG(s)y(s)As7 forz € [tg,o0)T.

Now an application of Lemma 2.2 gives us that

y(t) < F(1) +/[tF(S)G(S)eG(l,G(S))AS7 for 7 € [tg, o).

o
Y
] , for t € [tg,°)T.

643

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

Substituting (2.33) into (2.28), we obtain the desired inequality (2.25). The proof is

complete. [

From Theorem 2.4, we have the following results.
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COROLLARY 2.3. Let T be an unbounded time scale with ty and t € T. Assume
that (Hy) holds and 8 =y. Then

u¥ (1) < alr) +b(t)/tt [f(s)u(s) +g(s)u®(s)]As, forall 1€ [tg,°)T, (2.34)
implies
u(t) <ar (1) +ar " (Ob()B(), 1 € [tg, )1, (2.35)

where

B(t) : = Fi(¢) +/tt Fi(5)G1(s)eg, (t,0(s))As,

<IR

R0 = [ F)a(s) + g(s)a? (9)as,

fo

Gi(t) : = b(1) [f(r) n %ai‘lmgm} |

COROLLARY 2.4. Let T be an unbounded time scale with t,, t € T. Assume that
(H,) holds and 8 =y = o. Then

u'(t) <alt)+b(t) /t[ [f(s)+g(s)]u?(s)As, for all t € [ty,*)T,

implies

where

C(t):=FR@)+ | F(s)Ga(s)eg,(t,0(s))As,

fo

R = [ als)lf(5)+g(5)as

]

Go(t) - =b(1) [f(1) +2(t)]-
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