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SHARP INEQUALITIES BETWEEN MEANS

YUMING CHU AND BOYONG LONG

Abstract. For p ∈ R the p -th power mean Mp(a,b) , arithmetic mean A(a,b) , geometric mean
G(a,b) , and harmonic mean H(a,b) of two positive numbers a and b are defined by

Mp(a,b) =

⎧⎨
⎩

(
ap+bp

2

)1/p
, p �= 0,√

ab, p = 0,

A(a,b) = (a+b)/2, G(a,b) =
√

ab , and H(a,b) = 2ab/(a+b) , respectively.
In this paper, we answer the questions: For α ∈ (0,1) , what are the greatest values p, r

and m , and the least values q, s and n , such that the inequalities Mp(a,b) � Aα(a,b)G1−α (a,b) �
Mq(a,b),Mr(a,b) � Gα (a,b)H1−α (a,b) � Ms(a,b) and Mm(a,b) � Aα(a,b)H1−α (a,b) �Mn(a,b)
hold for all a,b > 0 ?
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