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ORDER AMONG POWER OPERATOR
MEANS WITH CONDITION ON SPECTRA

JADRANKA MICIC, ZLATKO PAVIC AND JOSIP PECARIC

Abstract. As a continuation of our previous considerations about the order among power op-
erator means [Linear Algebra Appl. 434 (2011), 1228-1237], we observe this order for other
cases.

1. Introduction

We recall some notations and definitions. Let A(H) be the C*-algebra of all
bounded linear operators on a Hilbert space H and 1y stands for the identity operator.
We define bounds of an operator A € #(H)

my = Hiﬁ1f1<Ax7)c> and M, = sup (Ax,x). (1)
A= [lxll=1

If Sp(A) denotes the spectrum of a self-adjoint operator A, then it is well known that
Sp(A) is real and Sp(A) C [ma, My].

B. Mond and J. Pecari¢ in [7] proved the following version of Jensen’s operator
inequality:

f (i Wiq)i(Ai)> < iwi¢if(Ai), @
izl i=1

where f is an operator convex functions defined on an interval I, ®; : B(H) — #(K),
i=1,...,n, are unital positive linear mappings, Aj,...,A, are self-adjoint operators
with spectra in I and wy,...,w, are non-negative real numbers with Y, w; = 1.

F. Hansen, J. Pecari¢ and 1. Peri¢ in [2] gave a generalization of (2) for a unital
field of positive linear mappings. Recently, J.Mic¢i¢, J.Pecari¢ and Y.Seo in [6] gave
a generalization of this results for field of positive linear mappings such that the field
t — @, (1) is integrable with [, @;(1x)du(t) = klx for some positive scalar k.

Very recently, J. Mici¢, Z. Pavi¢ and J. Pecari¢ [3, Theorem 1] gave the following
version of Jensen’s operator inequality without operator convexity:

Mathematics subject classification (2010): 47A63, 47A64.
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THEOREM A. Let (Ay,...,A,) be an n—tuple of self-adjoint operators A; €
PB(H) with bounds m; and M;, mi <M;, i=1,...,n. Let (®y,...,D,) be an n—tuple
of positive linear mappings ®;: B(H) — B(K), i=1,...,n, such that 3} | ®;(1y) =
Ig. If

(ma,Ma) N [mi,M;] =0 fori=1,...,n,

where my and My, ma < My, are bounds of the self-adjoint operator A=Y | ®;(A;),
then

! (2 @(A;-)) < 3 o (F(4) 3
i=1 =1

holds for every continuous convex function f: 1 — R provided that the interval I con-
tains all m;, M;.
If f: 1 — R is concave, then the reverse inequality is valid in (3).

In the same paper [3], we observe the operator power mean

" 1/r
0] <§:1q)l (A{)> ) re R\{O}7
M (A, ®) =< \i=

. “4)
exp (Zd)i (ln(Ai))>7 r=0.

i=1

where (Aj,...,A,) is an n—tuple of strictly positive operatorsin Z(H) and (®y,...,D,)
is an n—tuple of positive linear mappings ®@; : Z(H) — #(K) suchthat ¥ | &;(1g) =
Ik .

A4S
V a) WITHOUT CONDITION ON SPECTRA:
t4) A=1,forrsin (1), (2), (3)
/] s 1/r )
4 A=K(h,r/s) ,forrsin(4), (5)
-1/
o A =K(h,r) r, forr,sin (6)
(15 7 -1/s )
-- demeedmmmm - » A=K(hss) ,forrsin(7)
b)  WITH CONDITION ON SPECTRA:
A=1,forrsin (1), (2), (4) or (1), (3), (5)

-1/ -1/
A =K(hga,s) “ora= K(ha,r) r, forr,sin (6), (7)

\&
S a

5

-

4

p
. hP-h (p-1.hP-1
WHERE K(h,p) = . s 0.
(h.p) (p—1><h—1){ P hPon)  P7

Figure 1: Regions for the order M,[,r] (A, @) < AM,[f] (A, D)

Figure 1 shows regions (1),(2),(3) in which the monotonicity of the power mean

M (A, ®) < M (A, ®)
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holds true [3, Corollary 6], also Figure 1 shows regions (1)-(5) which this holds true
with condition on spectra [3, Corollary 7]. We show in [3, Example 2] that the order
among power means does not hold generally without a condition on spectra in regions
(4),(5) in Figure 1.

In this paper we observe the order among power operator means with condition on
spectra in the triangle r,s € [—1,1], r < s .

2. Results

As a continuation of our previous considerations [3, Corollary 7], we shall give
the order among power means (4) with condition on spectra in regions (6) and (7) in
Figure 1.

First, we recall that without condition on spectra we have the order between power
means given in the following corollary. This is part of [4, Theorem 11], see also [6].

COROLLARY B. Let (Ay,...,A,) and (®y,...,®,) be as in the definition of the
power mean (4). Let Sp(A;) C [m,M] for some 0 <m <M.

(i) If either —s <r<s/2, r£0, 0<s< 1, then
MYV(A, ®) < min{A(h, 1, 1),A(h,s, 1)A(h, 1,5)} MY (A, @) (5)

(ii) If either r/2 <s< —r, s#0, —1<r<0 or r<s<2r, 0<s<1 or
2s<r<s, —1<r<Q0, then

MIY(A, @) <A(h,s, 1) MY (A, @), ©6)

where the constant A(h,r,s) is defined as follows

Applying Theorem A, we obtain new bounds.

THEOREM 1. Let (Ay,...,A,) and (®y,...,Dy,) be as in the definition of the
power mean (4). Let m; and M;, 0 < m; < M; be bounds of A;, i =1,...,n. Let
nse(—1,1), r<s (Figure 1. (6),(7)).

(i) If
(m[r]’M[r]> N[mi,M]=0, i=1,...n,

where ml and M, ml" < M are bounds of M,[,r] (A, @), then

MA@ <cil M A,®@),  nll=mlml, (8)
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(ii) If
(m[s]aM[S]>m[mi7Mi]:0’ i=1,....n,

where mbS! and M¥!, mls! < M are bounds ofM,[,S] (A, ®), then
MA@ <cil M Aa,®),  nl =mb /b, 9)

The constant C(h,p) for h > 0 is defined as follows

1
uf?f’)&fﬁn ((p_}llli)£hh_1)>p7 forp#0andh# 1,

C(h,p) = =t
(h.p) (=D ell)nh}:' o forp=0andh#1,

1, forh=1.

In order to prove Theorem 1, we need the operator order given in the following
theorems.

THEOREM C. [5, Corollary 6.5], [8, Corollary 2.5] If A,B€ #(H), A>B>0
such that Sp(A) C [ma,My] for some scalars 0 < my < My (resp. Sp(B) C [mp,Mp]

for some scalars 0 < mp < Mp), then

K(ma,My,p)AP > BP >0 forall p=>1, (10)
(resp. K(mp,Mp,p)A” > BP >0 forall p>1,) (1)
K(ma,My,p)BP > AP >0 forall p<-—1, (12)
(resp. K(mp,Mp,p)B? > AP >0 forall p<-—1) (13)

where K(m,M,p) is the Kantorovich constant [1, §2.7] defined as follows

mMP —MmP  [(p—1 MP—mP \?
(*) K(m,M,p):= » PER.
(p—D)M—m)\ p mMP—MmP

THEOREM D. [5, Remark 6.8] Self-adjoint operators A,B € ZB(H) with Sp(A) C
[ma,My] where 0 < my < My satisfy the following implication:

A<B = A<S(Mm el

where S(h,1) is the Specht ratio [1, §2.7] defined as follows
(h—1)hi't

(%) S(h,1):= Ik

, h>0.

Proof of Theorem 1. First we prove the case (i).
a) Let ml"l < MU,

Suppose that 0 < r <s < 1. Since m;ly <A; <M;ly,i=1,. n,andm[’]lK<
MIV(A, ®) < M1, then

mily SAT<Mlg, i=1,...n, (14)

()1 <30, @ (A7) < (M) 1. (15)
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Then,
(m[r]7M[r]> N[m;,M;] =0 fori=1,....,n

implies

(Ony, Py ) A M1 =0 fori= 1, (16)

Putting f(r) = ¢*/”, which is convex, in Theorem A and replacing A; by Al, we obtain

n S/r n
( @(A?)) <Y @i (A). (17
i=1 i=1
Now, applying (11) for p = % 1 and using that
n s/r
(m") 1k < (2@(/4,-’)) < (M) 1g, (18)
i=1
then we obtain
M (AL @) <K (), (V) 1/5) MY (A, @), (19)

which gives the desired inequality by using K ((m[’]) (M) 1/ s) =C (h[’],s) (see
(1, 2.97)D.

Next, suppose that —1 <r <0 <s < 1. Then the reverse inequality is valid in
(14) and (15). It follows that

((M[r])r,(m[r])r> NM/ \m]=0 fori=1,....n (20)

holds. Putting f(z) = #*/", which is convex, in Theorem A and replacing A; by A!,
we again obtain (17). Now, applying (11) for p = % > 1 and since (18) holds, then we
obtain again (19).

Next, suppose that —1 <r <s < 0. Then the reverse inequality is valid in (14)
and (15). It follows that (20) holds. Putting f (1) = /7, which is concave, in Theorem A
and replacing A; by A}, we obtain

n s/r
(2 q)i(Air)> >
i=1 5

Now, applying (12) for p = 1 < —1 and using that reverse inequalities is valid in (18),

s
then we obtain

@; (AY). 1)

1

M=

1

M (A @) < K (MU (m ) 1 /5) M3 (A, @).
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Since K ((M[’])“‘, (mlys, 1/s> =K <(m[’])"', (Mlys, 1/s> (see [1, Theorem 2.54]) we
get again the desired inequality.

Suppose that 0 = r < s < 1. Putting the operator concave function f(r) = Lns

5
in reverse of Jensen’s operator inequality for a unital field of positive linear mappings
(see [2]) and replace A; by A}, we obtain

i=1 S S i=1
i.e.
In (M,L‘” (A, q))) <In (M,[f] (A, q))) .

The spectrum of In <M,[10] (A,<I>)> is contained in [Inml%, In M|, and after use Theo-

rem D we get

Mol

MY (A, ®) <5 | =,
mlo]

1) MY A, @) =C (h[°1,0> M (A, @),

which is the desired inequality.

Suppose that —1 < r < s = 0. Putting the operator convex function f(¢) = %lnt
in Jensen’s operator inequality (see [2]) and replace A; by A}, we obtain

1 “ “ 1
—In (Z(I),- (A{)) < Zq)i (—IHA,-r) )
r i—1 i=1 r

i.e.

In (M,L’] (A,<I))> <In (M,L(” (A,cb)) .

The spectrum of In (M,[,r] (A, <I))> is contained in [In ml InM [r]] . Then applying The-
orem D we get

Ml

mll’

which is the desired inequality.
b) Letting ml — MU in inequalities

M (A @) <K (), (MU 1/5) M (A, @),

Ml

mll’

or M (A,®) < S ( 1) MY(A, @)
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we obtain
MY (A @) <K (), (), 1/5) M) (A, @)
or M/(A,®) < S(1,1) MY (A, ®).
Since K (m*,M*,1/s) = K (m,M,s)""/* and lim,_y K (m,M,s) = 1 for all s € R;

limy,_,1 S(h,1) = 1 (see [1, Theorem 2.62]), we obtain the desired inequalities in the
case ml"l = Ml

(ii) We put f(r) =1"/* and we use the same technique as in the case (i). [

REMARK 2. The constant C(h[’]7s) in RHS of (8) in Theorem 1 is not worse than
the constants in RHS of (5) and (6) in Corollary B, i.e. if r,s € (—1,1), r <, then

C(h",s) <min{A(h,s,1),A(h,s,1)-A(h,r,s),A(h,r, 1)},

where hl"] :M[’]/m[’], h=M/m and ml"l and MU, ml"l < M) are bounds of M,gr] (A, @),
such that (mm,M[’]> N[mi,M;]=0,i=1,...,n and
m=min{my,...,my}, M = max{M,,...,My}.

Indeed, we should just use the following properties of the function (k,s) — C(h,s) =
A(h,s,1)

(rl)  C(h,s) is strictly increasing in the first variable for 2 > 1 and s < 1 (see [1,
Theorem 2.62 (1)]),

(r2)  C(hys) is strictly decreasing in the second variable for 7 > 1 and s € R (see [4,
Lemma 12]).

So, let r,s € (—1,1), r <s. Since [m!1,M")] C [m,M], it follows by (r1) that
C(h",s) = AR, 5,1) < A(h,s,1);
since A(h,r,s) > 1, then
C(h"5) < A(h,s,1) - A(h,1,5);
and it follows by (r2) that
c(h sy <c(l r) < A(h,r1).
The three inequalities above give the desired relation.

Similarly, we can observe that the constant C(h[s] ,r) in RHS of (9) in Theorem 1
is not worse than the constants in RHS of (5) and (6) in Corollary B.
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