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OPTIMAL EMBEDDINGS OF GENERALIZED
INHOMOGENEOUS SOBOLEV SPACES ON R”

IRSHAAD AHMED AND GEORGI E. KARADZHOV

Abstract. We prove optimal embeddings in the subcritical case of the inhomogeneous Sobolev
spaces built-up over function spaces in R” with K— monotone and rearrangement invariant norm
into another rearrangement invariant function spaces. The investigation is based on pointwise
and integral estimates of the rearrangement or the oscillation of the rearrangement of f in terms
of the rearrangement of the derivatives of f.

1. Introduction

Let L;,. be the space of all locally integrable functions f on R", n > 2 with
the Lebesgue measure, finite almost everywhere. Denote by LP, 1 < p < oo, the
usual Lebesgue space with a norm || f||, = (fgn |f (x)|Pdx)"/P . The classical inhomo-
geneous Sobolev space Wlf is defined as a Banach space consisting of all f € L?, such
that all generalized derivatives up to order k are in L?, and having a norm ||f ||W£ =

| |Dkf|’|p+ 1.f1lp, where [D* f| := ¥ |D* f|. The following continuous embedding
is well known:
k ) - _
W, = L"P, 1/r=1/p—k/n, k/n<1/p <1, (1.1)

where L"? stands for the Lorentz space with a norm

Al = ( [ty (I)}pdt@w.

Here f**(t) := 1 [{ f*(s)ds and f* is the decreasing rearrangement of f, given by
f¥@) =inf{A > 0: up(A) <t}, t >0, where us is the distribution function of f,
definedby us(A)=[{x e R" : |f(x)| > A}|,, and |-|, denotes Lebesgue’s n— measure.
We use the notations a; < ap or ap 2 a; for nonnegative functions or functionals to
mean that the quotient @ /a, is bounded; also, a; ~ a; means that a; < ap and a; 2 as.
We say that a; is equivalent to a; if a; ~ as.

Note that the embedding (1.1) is not optimal in the sense that the target space L'
can be replaced by a smaller one, namely the intersection L*” NLP. The norm in the
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intersection is the maximum of the two corresponding norms. What will be important
in the sequel is the following relation

1 Up o /p
A= ([t @pra) " ([Ciropa) osp a2
0 1

The main goal of this paper is to generalize the embedding (1.1), considering the
generalized inhomogeneous Sobolev spaces WXE , built-up over rearrangement invari-
ant spaces E, with a norm |||y := || ID*f|l|l£ + || f| . More precisely, we suppose
that ||f]|g := pe(f*), where pg is a norm defined on .# ™", the space of all non-
negative measurable functions on (0,e0) with respect to the Lebesgue measure, finite
almost everywhere and f*(eo) = 0. We suppose that pg is rearrangement invariant and
K—monotone in the sense (cf. [1], Definition 1.16, p. 305):

t t
/0 gi(s)ds < /0 g5 (s)ds implies pe(g7) < Pe(85), 81, 82 € A ™. (1.3)

Then ||f||g satisfies the triangle inequality, since (f +g)** < (f* +g*)**.
We also require that the norm pg satisfies the Minkovski inequality:

o ( | °°<,)(u>g(m>du) < [" oty pg et 0

For example, if E is a rearrangement invariant Banach function space as in [1],
then by the Luxemburg representation theorem || ||z = pr(f*) for some norm pg sat-
isfying (1.3) and (1.4). More general example is given by the Riesz-Fischer monotone
spaces as in [1], p. 305.

Note that we have the equivalence that can be established as in [1] p. 337,

k .
I fllwee = X 1D fllle- (1.5)
Jj=0

Recall the definition of the lower and upper Boyd indices o and Pg. Let

he(s) = sup{ZiEZE; (g€ ///+}, gs(t) :==g(t/s)

be the dilation function generated by pr. Then

loghg (t loghg (t
o = sup 0%7E()andﬁg o inp oghE()
0<t<1 logt I<t<ew logt

If pg is monotone, then the function %y is submultiplicative, increasing, hg(1) = 1,
1 < hg(s)hg(1/s), therefore 0 < o < Pg. If pg is K—monotone, then by interpola-
tion, (analogously to [1], p. 148) we see that hg(s) < max(1,s). Hence 0 < o < Bg <
1.

We suppose that ag > k/n, i.e. in this paper we consider the subcritical case. If
E =LP%, then oz = 1/p and the condition k/n < 1/p appears in (1.1).
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If Br < 1, we have analogously to [1] p. 150,
pe(f) = pE(f™). (1.6)

The condition Sg < 1 is equivalent to (see [1] p. 147),

/OlhE(l/s)ds<oo. (1.7)

For example, consider the classical Lorentz spaces A7(w), 1 < g < oo, w - posi-
tive weight, i.e. a positive function from .7 ; f € AY(w) if ||f||na := Puwq(f*) < oo,

Puwg(g) = (f(‘)"’[g(t)w(t)]th/t)l/q. In general, the functional f+— [|f|| ¢ is nota norm.
But in many cases we can find an equivalent norm. Consider the so-called I" spaces,

[9(w) withanorm | f[pa) := Puqr(f*), where pyqr(g) := (f5lg™ (t)w(r))dz /1)
The following condition should be satisfied (otherwise the space will be trivial)

(/Ow min(l7t‘1)wq(t)dt/t) v < oo,

Then this space is continuously embedded in the sum L! + L*. Using this embedding
the completeness of the space can be established in a standard way. The space E =
I'(w) with pg = py,4 1 satisfies the conditions (1.3), (1.4). When w(r) = Aro1<r<
oo, we use the standard notation L4 for A9(¢t'/).

In some cases the Lorentz space E = A?(w), 1 < g < o, also satisfies the condi-
tions (1.3), (1.4). For example, if wi(¢)/t is not increasing, then (see [1], p. 72), the
functional p,, 4 is a K—monotone norm.

Note also that if E =T9(w), pg = Pu,qr, then (1.6) is equivalent to Br < 1 (see
[1], p. 150).

We are going to prove optimal embeddings of WXE into rearrangement invariant
function spaces G with a norm || f||g = pg(f*), where pg is a monotone norm. In
order to define the classes of the domain norms pg and target norms pg, where opti-
mality of the embedding WXE < G is investigated, we observe, in addition to (1.2),
that we have two limiting embeddings: W < Al (¢!~*/") and WF¥A! (#/") < L=. For
these reasons, we define the class N; of domain norms pg with the following proper-
ties: pg is rearrangement invariant, K—monotone, satisfying Minkovski’s inequality,
og > k/n and E — L'+ A!(t*/"). The class N, of target norms pg has the properties:
PG is monotone and G — Al (tl’k/ ")+ L. Finally, the class N of couples pg € Ny,
PG € N; is defined by the condition

P6(X(1:)8") = PE(X(1.)8%), 8 € AT, (1.8)
where %45 is the characteristic function of the interval (a,b).

DEFINITION 1.1. (admissible couple) We say that the couple pg, pg in N is
admissible if the continuous embedding is valid:

WFE — G. (1.9)
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Moreover, pg ( E) is called domain norm (domain space), and pg (G) is called target
norm (target space). In this way we shall reserve the letter E for the domain space and
pg for the domain norm, while the letter G is reserved for the target space and pg for
the target norm.

Now we recall the definition of optimal norms (see for example [6]).

DEFINITION 1.2. (optimal target norm) Given the domain norm pg € N, the
optimal target norm, denoted by pg(g) . satisfies (1.8) and is the strongest target norm
in N, i.e.

pG(g*)spG(E)(g*)7g€%+a (1.10)

for any target norm pg € N; such that the couple pg, pg is admissible.

DEFINITION 1.3. (optimal domain norm) Given the target norm pg € N;, the
optimal domain norm, denoted by pg(g), satisfies (1.8) and is the weakest domain
normin Ny, i.e.

PeG) (&) SPE(E?), g€ AT, (1.11)

for any domain norm pr € Ny such that the couple pg, pg is admissible.

DEFINITION 1.4. (optimal couple) The admissible couple pr, pg in N is said
to be optimal if pr = pg(G) and PG = Pg(k)-

The optimal norms are uniquely determined up to equivalence, while the corre-
sponding optimal Banach spaces are unique. Our main result is Theorem 3.3, where
for a given domain norm pg € N; we construct an optimal target norm and prove
that the couple is optimal. For example, the couple E = I'Y(w), G = I9(t */"w)NE,
1 < g< oo, ag >k/n, is optimal. In particular, if E =LP, 1 < p <o, k/n<1/p,
then the couple L?, L"?NLP, 1/r=1/p—k/n is optimal.

The problem of optimal embeddings for inhomogeneous Sobolev spaces in bounded
domains is treated in several papers by somewhat different methods [7], [6], [8], [12],
[11], [4], [3]. The case of inhomogeneous Sobolev spaces W'E in R” is investigated
in [13] in the class of rearrangement invariant Banach function spaces as in [1]. Our
domain spaces are more general. In particular, we do not use the Fatou property and
duality arguments.

2. Pointwise estimates for the rearrangement
LEMMA 2.1. ([5]) For k=1 and k=2

FE() — £ (20) S P D"f)** (), fECT, @2.1)

where Cy is the class of C™ functions in R" with compact support.

When n =1, k=1 the estimate (2.1) is equivalent to one given in [9], Lemma 5. For
k =1 it was proved in [2] using another method.
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LEMMA 2.2. If f € WXE, then

f**(r)N/ W/ DE f (1 +2\fo\** ) 0<r<1. 22)
t

Proof. We prove (2.2) by induction. First we note that (see [5])

/ 51 (u + (1), 2.3)

where 8 f**(¢) := f** () — f*(t) < f**(t) — f*(2¢). Using (2.1) and (2.3) we can write

! d
f**(t) 5/ ul/n|le‘*>k(u)714_|_f>k*(1)7 O0<t< 1,
t
i.e. (2.2) for k = 1. By induction and (2.3) for |D™ f|, we have for 0 < < 1,

du m—1

rrws [ ([ e m) S S i

Using again (2.1), we get

1 1 d
f**(t)s/ um/n (/ Sl/an+1f|**(S)?S>——|—2Djf** 0<t<1
t u
It remains to apply Fubini’s theorem. [

3. Optimal Sobolev embeddings
3.1. Admissible couples

Here we give a characterization of all admissible couples pg, pg in N.

THEOREM 3.1. (Case Bg < 1) Let o >0, Bg < 1. The couple pg, pg in N is
admissible if and only if

o6 (x0)T8) S Pe(X0,1)8), 8 €A, (3.1

where |
Tg(r) ::/ g (s)ds/s, 0 <1< 1. (3.2)
t

Proof. From (2.2) it follows

£ ST (ID51) 0+ z DI (1), 0<r < 1.
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Using (3.1), Bz < 1 and E < L' + L™, we obtain

k=1 '
p6(tons") S pe (ID°A1) + 3 o (IDF17).
j=0

Taking into account also (1.8) and (1.5), we get the embedding (1.9).
Now we prove that (1.9) implies (3.1). The proof given below is valid without the
restriction Bg < 1. To this end we choose the test function in the form

1
10 = [ gy <|x/u|> 4 et (3.3)

where y € C5(—d,d), 0 <y <1, y(u) =1 if |u| <c and the constant ¢ < d is
such that the ball with radius ¢ has volume one. We can suppose that pg(g) < e. In
particular, g € L' + L. We have for 0 <t < I,

1 du 1 ! du 1
*ZZ/ k ”—:—/ king(uy— = = Tg(r). 3.4
roz [, we)S = [ e St = S Te(0) (3.4)
On the other hand,
" 1 du
ro< << [ xon
Ct /)1
Applying Minkovski’s inequality and using oz > 0, we obtain
Pe(f*) S PE(X(0,1)8)- (3.5)

Analogously, we can prove that all derivatives D*f up to order k exist as generalized
ones and they are locally integrable. In particular,

du
DX fI*(t / 2(0,1)(

and applying again Minkovski’s inequality, we get

Pe(ID F1*) S pE(X0.1)8)-

Together with (3.5) this proves that || f{lyxz < PE(X(0,1)8)- Hence (3.1) follows from
(1.9)and 3.4). O

THEOREM 3.2. (case Bg = 1) Let og >0, Bg = 1. The couple pg, pg in N is
admissible if and only if the condition (3.1) is satisfied for all g € A*.

Proof. We need to prove only sufficiency. We start with the following estimate,
proved in [10] for k =1

/ g o (s)ds < / DA ()ds, f € G (3.6)
0 0
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If k =2 and n > 2 this estimate is also valid. It follows from

[ 6 @Yy aus [ 1021 s)ds. 0 >2, 67)
0

0
which is provedin [3]. Indeed, let g(¢) := ¢/ [§ u(—f*(u))'du. Since g(t) =t'2/"§ f*(r)
we get using also (2.1), that g(0) = 0. Now we can integrate by parts:

525 s = [ g(o)ds/s = —ng)/2+n [[ 512y () as/2

thus (3.6) for k =2 follows.
Since o > 0, inequalities (3.6) for k =1 or k =2 imply

pe(t "8 £ (1)) < pe(ID*£1). (3.8)

Indeed, the argument is similar to [10] in proving Lemma 2. Introduce the Hardy
operators

Pg(r) /g )ds, Qg(t) /g )ds/s,

which commute. Then (3.6) gives

1 1
/ O(s /"8 f**(s))ds < / O(IDFfI* (5))ds, (3.9)
0 0
whence by K—monotonicity of pg,
pe(QUM"S £ (1)) < pe(QUDMFT)). (3.10)
We need the estimate
PE(r™0g(1)) Spe(t™g(r))ifop >a, 0<a< 1, ge.d™. (3.11)

The proof is standard, we just have to use that pg satisfies (1.4) and that o > a is
equivalent to fol sT¢hg(s)ds/s <oo. (cf. [1] p. 147)

From (3.10) we get (3.8) since o > 0 implies the boundedness of Q , while the
monotonicity of 78 f**(¢), Q and pg give the needed estimate from below.

By induction, we can prove (3.8) for all k > 2, provided o > (k—2)/n. Let
hi(t) =K/ £+ (1), Tf (3.8) is true for j > 2, ag > (j—2)/n, then by (2.1) and using
(@) =0(8f"), whichis valid for f € E (note that f*(ee) =0 due to the embedding
E — L'+ A'(t*/")), we can write

pe(hjst) S pe( UMD F1() = pe(e=V MO8 | D I (1)),
andif (j—1)/n < ag then by (3.11),
pe(t=UVQ(SID? £ (1)) S pe(” U=V £ (1)) S pE(IDTFT).

Hence .
pe(hjs1) S pe(ID7FFF), o > (j—1)/n.
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Thus (3.8) is proved. Finally, since f** = T (k) + f**(1), h(t) =t 58 f* (1), we
get from (3.1) and (3.8), the estimate

o6(xonf") S Pe(IDXFI*) + pe(f).
Together with (1.8) this gives (1.9). U

3.2. Optimal norms in the subcritical case k/n < ag

THEOREM 3.3. Let pg € Ny. Then the target norm pg ), defined by
06(e)(8) = Pe(t ™" 20,1y (1)8 (1)) + PE(X(1.2)8), 8 € AT (3.12)
is optimal. Moreover; the couple Pg,Pg(g) is optimal.

Proof. Evidently, pg(g) is a monotone norm, satisfying (1.8). To prove that the
couple pg, PG (k) is admissible, it is enough to check

—k/n ! n ds
o (4000 [ #0000 )  pr(one) g €

But this follows from (3.11) since k/n < og. Further, let pg,pc be an admissible
couple in N. Then by (2.3) and (3.1),

P6(X0.n8") <P (0T (™8™ (1)) +8™ (1) S Pelt™/"20.1) (1) (1)) +&" (1)

Using also (1.8), we obtain
6(8") S Pt " g0, ()8 (1) + &7 (1) + pe(X(1.0)8")

and since pg (1 /" x(0,1)(1)g"™* (1)) = & (1)PE(X(0,1)); it follows

—k/n

pG(g") S PE( " 20.1)(1)g" (1)) + PE(X(1,::)8")-

Using Minkovski’s inequality, we obtain

e 10 (087 (1)) S PE(H" 201 (1)8" (1))

Therefore pG(g*) < PG(e)(8”)- This means that the target norm defined by (3.12) is
optimal.

It remains to prove that the domain norm pg is also optimal. Suppose that the
couple p, Pg(g) in N is admissible. Then

p6E) (X0.0T8) S P(X0.1)8): PoE)(X(1.)8) S P(X(1:)8), 8 €A
Therefore
PE(X0.1)8") S pG(E)(%(O,l)(t)tk/ng*(t)) Se(xong)
and
PE(X(1.08") = P6e) X(1,0)8”) S P(X(1.0)8")-
This implies pg(g*) < p(g*), which means that the domain norm pg is optimal. O
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