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COMPACTNESS OF EMBEDDING BETWEEN SPACES WITH
MULTIWEIGHTED DERIVATIVES - THE CASE p <g¢

ZAMIRA ABDIKALIKOVA, ASKAR BAIARYSTANOV AND RYSKUL OINAROV

(Communicated by V. Burenkov)

Abstract. This paper deal with a new Sobolev type function space called the space with multi-
weighted derivatives. This space is a generalization of the usual one dimensional Sobolev space.
As basis for this space serves some differential operators containing weight functions.

We establish necessary and sufficient conditions for the boundedness and compactness of

the embedding between the spaces with multiweighted derivatives with different weights and
different metrics.

1. Introduction

Let R be the set of real numbers, m and n be natural numbers, 1 < p,q < oo,

o= (a,0t,...,0,), &, €R, i=0,1,....n, |a] = ¥ o4, I =(0,1) or I = (1,+eo)
i=0

1 1
and —+— =1 (if p=1, then p' = o).
p P

For functions f: I — R we define the differential operations D"& f as follows:

DY f(t) =t (1),

. d d d
D_f(t) =t%—t%-1— M —%f(), i=1,2,...
O(f() dt dt dt f( )7 ! » < 1,

where each derivative is understood as a weak derivative (see e.g. [6]).

DEFINITION 1.1. The operation Di& f is called o - multiweighted derivative of
the function f of order i, i =0,1,...,n.

With help of the operator D%, i =0,1,...,n, we define a space W= W;&(I),
1< p<eo, I=(0,1) or I =(1,4o0), of functions f: I — R which have o - multi-
weighted n:th order derivatives and for which the following norm is finite:

n—1
1 llwn . = 1DGFllp + X 1D (1)),
’ i=0
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where || - ||, denotes the usual norm of the space L, (1), 1 < p < eo.
When o; =0, i=0,1,...,n—1, and o, = ¥ the space W"& coincides with the

usual Kudryavtsev space L}, , = LY, (I) (see [10]) with the finite norm

n—1
£z, = 170+ 3 1F9(1)
i=0

Spaces of W" _ type appeared first in [5] with the purpose to characterize the be-
havior of a solutlon of singular differential equations in a neighbourhood of the singular
point £ = 0. Detailed investigation of the properties of the spaces W;’& and their appli-
cations in the theory of differential equations can be found in the papers by Baidel’dinov
(e.g. [4]), by Kalybay (e.g. [8]) and others.

Moreover, for ff = (Bo,B1,---,Bm), Bi€R, i=0,1,...,m, we define the space
WZ‘B = WZB (I).

The main aim of this paper is to investigate boundedness and compactness of the
embedding

Wp o (1) = W (1) (1.1)

when 1 <p<g<eo, 0 <m<n.

Boundedness of the embedding (1.1) has been considered in [1] when 1 < p <
g < o= and in [7] when 1 < g < p < o= in different assumptions concerning ¢;, i =
0,1,...,n. In [3] necessary and sufficient conditions for boundedness and compactness
of the embedding (1.1) have been established when 1 < g < p < oo.

In this paper we derive necessary and sufficient conditions for the boundedness
and compactness of the embedding (1.1) when 1 < p < g < o, without dependence
on powers of degeneration of the space W;ﬂ([ ), i.e. for which relations between the

parameters o, 3, p and g the bounded and compact embedding (1.1) holds.

The main results are given in Sections 3 and 4. In Section 2 we present some
notations, facts and statements, which are necessary for the proofs of the main results.
In Section 3 the embedding (1.1) is considered for I = (0,1) and in Section 4 for
I=(1,+e0).

In this paper we use the following conventions: If i > j, then the sum é is

k=i
considered to be equal to zero; and the notation A < B means that A < ¢B, where the

constant ¢ > 0 may depend on unessential parameters.
2. Preliminaries
For i,j=0,1,...,n— 1 we define the following set of functions:
Ki1,j(t,x) = Kip1 j(t,x, @) = ftiﬁ"“ [ 1502, f t Ydtjdtj_y...dtis1 wheni < j,
t

i+2
liv1

Ki+l7j(t?x) E[(H-l.,j(trxa &) =l wheni= j7
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I{i+17j(t7x) EKi+l7j(t,.x7 O?) =0 when i> j for 0 <r<x.

By changing variables, when i < j the following property of uniformity of the functions
Kiy1,j can be established (see [3]):

S (1-a)
Ki1 j(at,2x) = gh=it1 Ki1j(t,x).
In particular, when x =1 and # = 1, we have that

j

Ko =250 K0
i+1,j(2t,2) =2 i 1,'ta )
AR ; b (2.1)
X (I-og)

Kip1j(z o) =240 Kin j(1,%),

respectively.
For 0 <i< j<n—1 we define:
J+l1
M; ;= j—s+1— o

and

k ¢
kij=min{k: i <k <}, 2 0 —k = max ( 2 o — &)}

s=i+1 ISE< 21
For convenience we denote M; = M;,_1 and k; = k; ,_1. Note that M; > M, and
My= max M;.
0<i<n—1

Furthermore, we need upper and lower estimates for the functions K;  ;(z,1)
when 0 <r <1 and Kjyj,-1(1,£) when 1 <t <o, 0<i<j<n—1. In[2]it
was obtained upper and lower estimates for the functions u;(r) = t™K, ;(t,1,—a),
i=0,1,....,n—1. Below we give three statements about estimates for the functions
Kii1,(t,1) and Kiyy ;(1,2), which follow from these results. Moreover, for conve-
nience we use the following equalities:

s Jj+1 Jj+1
min | oo+ Y, (1—0o) | = min |ao+j—i+1— Y o—(—s+1— Y )
i<s<j < [ 1SS k=i+1 k=s+1

j+l
= O(0+j—i+1— 2 O‘k_Mi,j-
k=i+1
LEMMA 2.1. Let 0<i< j<n—1. Then
j+1
Joit+l= ¥ og—M;; L
Ky j(1,1) <t k=i+1 |In¢|', ¢ € (0,1],

k
where l; j is the number of k, ki j+1 < k< j, suchthar Y (os—1)=01ifk;ij<}],
.\':ki‘jJrl
and l,‘7j ZO ifk,'h,' Zj.
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LEMMA 2.2. Let 0 <i<n—1. Then there exists 6, 0 < § < 1, such that for any
t € (0,8] the following estimate

neie 3 oM
Ki+1,n—1(t, I)>t k=it1

holds.

LEMMA 2.3. Let 0<i<n—1. Then
XK1 (1,x) <M Il x> 1,

ki—1
where 1; is the number of k, i+1 <k <k;— 1, such that Y, (az—1) =0 when
s=k
ki>i+1,and l; =0 when k; =i+ 1.

For the proof of our main results we also need the following statements from [3],
[7] and [9], respectively:

LEMMA 2.4. The functions f(t) =t~ %K, 4(t,1,0), 0 < m < s < n, are not so-
lutions of the equation
D’gf(t) =0, vVt € (0,1].

LEMMA 2.5. Forall f € W;’&, 0 <m < n, we have that

k
D%f(t) = Zz)ck,iz”km;_cf(t), k=0,1,...,m, (2.2)

k i

where ;= Y Bi— ¥ oj+i—k, i=0,1,....k, k=0,1,...,m; and the coefficients
j=0 j=0

¢ri» 1=0,1,...,k—1, k=0,1,...,m, are defined by the recurrent formula:

k1
ckk =1, Cko = Ck—1,0 <Zﬁj—%—k+1>7

j=0

k

—1 i
ﬁ,-—Za,+i—k+1>, i=1,2,... k-1,
—0 i

Cki = Ck—1,i—1 1T Cr—1,i
J=0

J
and
n—1 1
Dif(e) = 3 (=)7K 1 (e, DL (1) + / XKy 1 (100D F(6)dx, (2.3)

j=i

i=0,1,....n—1.
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3. Embedding theorems for the space W(0,1)

Denote ip =min{i: 0 <i<m,cp; # 0}, where ¢, i=0,1,...,m, are defined
as in Lemma 2.5.

Our main result in this Section reads:

1
THEOREM 3.1. Let I=(0,1), 1 < p<q<e, 0<m<n and M, > —. Then
p
the following conditions are equivalent:
i) The embedding (1.1) is bounded;
ii) The embedding (1.1) is compact;
iii)
= _ 1
\ﬁ|—|(x\+n—m+5>MiO. (3.1

Proof. Let us first prove that i) = iii). Assume that the embedding (1.1) is
bounded. Then

1D3 g < el fllwn . Vf €Wy 5. (32)

Let us take the function fo(t) ="K, ,_;(t,1). Since D’;?fo(t) =0, Vr€(0,1), and
) o . 7 B
Dl&fo(l) =0,i=0,1,....,.n—2, |Dg fo(l)‘ =1, then fj € W;ﬁ and HfOHW"}a =1.

Hence, from (3.2) we have that

Dol < . (33)

Moreover, due to Lemma 2.4 we get that HD"B1 follg > 0. From (2.2) and (3.3) it follows
that

1
/|2 Yiem it i Ky 1 1 (1,1 |7t < oo. (34)
0

According to Lemma 2.2 for small enough ¢ > 0 we obtain that

n—i— i O(kai
Ki+17n,1(l7l)>>l k=i+1 ,i1=0,1,....,n—1.

Therefore,
MKy g (2, 1) > (Pl n=m=Mi G o1 m,

in a neighbourhood of ¢+ = 0. Since ¢y ;, # 0 and M;, > M;, iy < i < m, then for

1
M;, > — the order of the underintegral function in (3.4) in a neighbourhood of t = 0
p
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is not less than ¢/Bl-lal+n—m=M, Consequently, the function (BI=lal+n=m=Mi)q ;g

integrable in a neighbourhood of # = 0 and this is equivalent to the condition
S 1
|B| — \a|+n—m+5 > M;,.
Hence, the implication i) = iii) is proved.

Obviously, it is sufficient to show that iii) = ii). Assume that iii) holds and let
fe WI’:&. According to (2.2) and (2.3) we have that

m n—1 )
Drgf(’) = 2 Co it Z(—l)‘HKiHJ(t’ 1)DLf(1)
i=ip Jj=i
” 1

+ 3 et / XKy (1,6) D% £ (). (3.5)

i=io p
Moreover, from (2.2) it follows that

m—1 . n—1 .
>, IDpf(D)] < X IDEf(1)],
k=0 k=ig

and, therefore, for boundedness of the embedding (1.1) it is sufficient that the conditions
1
/|t“m~fl(,-+1,j(t,1)|’1dt <oo, i=1iy,ig+1,....m, j=ii+1,....n—1, (3.6)
0

hold and that the following integral operators

1
KiF (1) = 1#mi / XKy (1, 0)F (X)dx, = ioyig+1,...om, 3.7)

t

are bounded from L,(0,1) to L,(0,1). Moreover, for the compactness of the embed-
ding (1.1), due to finiteness of the first sum on the right hand side in (3.5), it is sufficient
to prove that the operators (3.7) from L,(0,1) to L,(0,1) are compact.

First we prove that (3.6) holds. For iy < i < m, according to Lemma 2.1, we have

that
; Pl j—it1 'ElaM)
q\Hm it 1= k— M, j
/|t“”’>"K,-+17j(t,l)|th<</t k=i+1 ! |Inz|%idr.
0

0
The last integral converges if and only if
Jj+1 1
i+ j—i+1— Y o —Mj+~>0, (3.8)
k=it+1 q
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i=igo+1,....m, j=ii+1,....n—1,ie.,

B B 1 Jj+1 n
Bl—|al+n—m+=>max [ j—s+1— Y o |—j— Y ox+n
q isss k=s+1 k=j+2

= max (n—s—f—l— 2 ak>.

IS k=s+1

But by the definition M;, > max n—s+1— Y o) whenijg<i<mandi<j<
IS k=s+1
n— 1, then from (3.1) it follows that (3.8) holds and, hence, that (3.6) holds.
According to the results in [11] the integral operators (3.7) are compact from

L,(0,1) to Ly(0,1) when 1 < p < g < oo if and only if

max sup A;j(z) <ee, i=ip,ip+1,...,m, (3.9
iISjsn—=1lo<z<1
and
limAw'(Z) = limAw'(Z) = O, (310)
z—0 7—1

i=iy,io+1,...,m, j=1i,i+1,...,n—1; where

z 1
Aij(z) = /\t“’?”’KiHJ(I,z)\th /\xiO‘”Kj+17n_1(z,x)|p,dx . (3.1
0 z

N

Due to (3.6) the first integral in (3.11) converges for all 0 < z < 1, and the underintegral
function of the second integral is continuous on (0, 1], we find that the function A; ;(z)
is continuous on (0, 1] and 121}A;7j(z) =0forall i=iy,ig+1,...,m, j=i,i+1,...,n—
1. Therefore, the fulﬁlmentZ of (3.9) and (3.10) depends on the behavior of the function
Aj j(z) when z — 0.

In the integrals (3.11), by changing variables t — tz, x — xz, respectively, and,
using the property of uniformity (2.1), we find that

z gl Ui+ é (1—cg)+ 1 ; !
) m,i 4 —U)T g .
/‘tum"'KiJrl,j(t,Z”qdl =z k=i ! /\f“'""'KiH,j(f» )|%dr
0 0
_ . 1
e
=cijz K0 , (3.12)

Q=

1
where, due to (3.6), ¢; j = (f |tHmiK; i, 1)th> <o when j=ii+1,....n—1,
0

i=ip,ip+1,...,m,and
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1

1 P
_ /
S K10l
Z

1 P
1, =l z
Ot ot X (1) a ,
=z k=j+1 /|x an+l,n71(l7x)|p dx
1

[according to Lemma 2.3]
1

v
n

1

1 [z

= X ogtn—j , ,

<z Vi /|x1’ W=D inxPliax | . (3.13)
1

Since

/ / 1
/xl’ M= Inx|Plidx < o> when M; < =, j=0,1,...,n—1,
/ p
then for small enough z > 0 we have that

/ ! 1
7P M=)~ ing|Pi when M; > —,
1
z 1
/ M Py < {1 when M; < —, (3.14)

/ P
, 1
‘111Z‘plj+l WhenMj:—,

P

From (3.11)—(3.14) for small z > 0 we get that

Sy .
Aij(n) < JPllan=mty M’\lnz|l-" when M; > —, (3.15)
, p
A B +n-mtg— 1
ij(z) <z 4 P when M; < P (3.16)
1Bl —|&|+n—m+i-L l,+L, 1
Aij(2) <z 4 P|lng|”" P whenM; = —. (3.17)
p

Moreover, by the assumptions of Theorem 3.1, it yields that M;, > %, and by the def-

inition we have that M;, > M; when iy < j <n— 1. Therefore, from iii) it follows
that

=~ _ 1 1
|B|—|a+n—m+——max{M/,—} >0
q P
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for all j =1ig,ip+1,...,n— 1. Hence, (3.15)—(3.17) imply that lir%Ai,j(z) =0 for all
!

i=ig,ip+1,...,m, j=ii+1,...,n—1,1i.e. (3.9) and (3.10) hold.
Thus iii) implies (3.6) and the compactness of the integral operators (3.7). Con-
sequently, also the implication iii) = ii) is proved. The proof is complete. [

1
THEOREM 3.2. Let [ = (0,1), 1< p<g<eo, 0<m<n and Mj, < —

a) The embedding (1.1) is bounded if and only if
—~ 1 1

1B —la|+n— m+ p (3.18)
b) The embedding (1.1) is compact if and only if

~ _ 1 1
IBl—|a|+n—m+—->—. (3.19)
q9 D

Proof. Let us first prove a). Let the embedding (1.1) be bounded. Consider the

n—|al-

function fy(r) =1t , where € > 0. Then

n—1 n 1
. . 1 -+
Dafo(t):||<n—]— 2 OCk——+£>t P 87
=0 k=j+1 p

and, consequently, fo € W;’ - A direct calculation implies that

m—1 i — _ 1
Defor) =11 (2 Be—lal+n—i— +£>tﬁ|°‘+”mﬂ+g.

i=0

Since we have only finite many factors in the product, then there exists & > 0 such
that, for each € € (0,¢&):

m—1 i
11 (Zﬁk—kx—kn—i—l—l—s) #0.
i=0 \k=0 p

Due to the boundedness of the embedding (1.1) it must hold that D’é’ fo€L4(0,1), but
this is possible if and only if

=~ _ 1 1
|B|—|a|+n—m——+€e+—>0 when € € (0,&).
p q

Hence, by letting ¢ — 0, we have (3.18).

On the contrary, assume that (3.18) holds. In Theorem 3.1 it was shown that the
embedding (1.1) is bounded if (3.6) holds and the integral operators (3.7) are bounded
from L,(0,1) to Ly(0,1) and this is equivalent to the condition (3.9). By the assump-

1
tions of Theorem 3.2 it yields that M;, < — and, therefore, from (3.18) it follows
p
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that (3.1) holds, which, in its turn, implies (3.6), as it was in Theorem 3.1. Since
1
- > M, =2 M;, ip < j <n—1, then from (3.16) and (3.18) it follows that (3.9) holds.
p

Thus a) is proved.
Let us now prove b). Assume that the embedding (1.1) is compact. Then (3.18)
holds. We suppose that in (3.18) it will be equality, i.e. that

> _ 1 1
Bl = ol +n—m+— = —. (320
q P

We consider the following set of functions:

1
£
fe(t) = cet™™ /K17,,_1(t,x)x_a"x(oﬁg)(x)xil’dx, 0<e<l,

t

where ¢, is a constant and Yo )(-) denotes the characteristic function of the interval
(0,¢).
€
Since DL fe(t) = ce(—1)"X(0,¢)(1)t P, then fr € W), forall e € 0,1).
We now choose the constant c¢ such that || fe |l _ = [|D% fel[, = 1, i.e.
p.o

1oeml
ce=(1—-¢g)re p .

Let us show that the set of functions f;, 0 < € < 1, converges weakly to zero when
€ — 0. By definition of the space W;’ 5 it follows that it is isometric to the space

L,(I) x R". Therefore, (W;’&)* =(L,(I)xR")* =L,y (I) xR". Since D%fg(l) =0,i=
0,1,...,n—1, then, according to Holder’s inequality, for each G = (g,a) € Ly (I) x R"
we have that

€
€

1
(0:G)| = | [ Difel)g(o)ar] = ce | [ 1P g0)an
0

0

-7 pl

€ 1% € P g
<eo| [rear) | [leorar) = | [ls01a
0 0

0

It yields that (fz,G) — 0 when € — 0 for all G € (WI’: &> . Then, according to the

compactness of embedding (1.1), the set of functions fz, 0 < & < 1, when ¢ — 0
converges strongly to zero in Wmﬁ . By using (2.2), (2.3) and (3.5) we find that
q,

DIfelt) = 3 et Do)

i=io

1
m . _E
= C¢ 2 (—l)lcmjl‘“m‘i/Ki_;,_l.’n_l(t,x)xia”)((o’g)(x)x Pdx. (3.21)
t

i=io
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Now we show that for i = iy,ip+ 1,...,m it holds that

1 1
£
/\t“"”’/K,-Hﬁ,l(t,x)xfa”x(o?g)(x)x_Pdx|‘1dt < oo, (3.22)
forall € € (0,1).
By changing variables, due to Lemma 2.3, we get that
1 1 .
/|f“'"’i/Ki+1,n_1(t,x)xiar;dx’th
t
! U Oy — +1+ 2 (1—o4 g
m,i — Un— 7 k = .
<</|z =8 /ZM’ P Inglidz) dr. (3.23)
0 1

1
Since M;, < — and M; < M, for i =iy,ip+1,...,n, then, forall € € (0,1), it yields
P

€
that M; — 1 —— <0, i =1ip,ip+ 1,...,n. Consequently,
p

1

T 7

& ) ) 1 .

/ZMz ! p|lnz|l'dz</|lnz|l’dz<?|lnt|l’.
1

1

Therefore (3.23) implies that

1 1
&
/‘tuw/Ki+1,n—1(fyx)xiar”dx|qdf

t k=i

1 n—1
(.um,i_an_%"" 2 (l_ak))q 1
<</ ik | Ine|dt. (3.24)
0

From (3.20) we obtain that

n—1

€ 1
— ==+ Y (l—ock)>—5

.um,i
k=i+1

for all € € (0,1) and, consequently, the last integral in (3.24) converges, which means

that (3.22) holds.
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We take the g - norm in both sides of (3.21) and find that

Ms

_E&
Cm th"”/I(Hrln l(t x) o pX(O,E)(x)dx|th

i

=]

1
D3l = e | [ 130
0

O/ |

In (3.25) we first change variables t — &t in the outer integral and next we change
variables x — €x in the inner integral. Then, by taking into account the relation (3.20),
we get that

Q=

€
1) et /K,H,, (Exx T rdxdr | . (3.25)

Ms

l=lo

GBIl

1
1D felly = PT =T,

where
1
1 q

m €
1_8 /‘ Cm lt'uml/Kl+ln l(t x) anipdxr]dt
i=ip

Due to (3.22) we have that T; < = for all € € (0,1). Moreover,

Ty = lim T;
0 £ €

Q=

&€
= hm 1—8 /\ cm,t“m’/l(,+1n 1(2,x)x a”fﬁdx|th

1 1
m
JIZ 0emat s [ Kisinr(a,0x dsttas
o i=io p

1
JACAGRIANIDT IS
0

since, according to Lemma 2.4, Dg( 1~ %K ,(t,1)) #0 forall r € (0,1]. Consequently,
HD’” fellg 72 0 when € — 0, that is f; does not converge to zero in Wm when € — 0.

ThlS contradiction shows that in (3.18) it will be strict inequality, i.e. that (3.19) holds.
Conversely, assume that (3.19) holds. Then (3.16) and (3.18) yield that hnéAl, i(2)=
!

0 forall i =ig,ip+1,...,m, j=1i,i+1,...,n—1, i.e. the integral operators (3.7) are
compact from L,(0,1) to L,(0,1) and, thus, the embedding (1.1) is compact.
The proof is complete. [
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Now we consider the following embedding
Wy (1) = WD), 0<m<n. (3.26)

In this case iy = m. In particular, Theorem 3.1 and Theorem 3.2 imply the following:

COROLLARY 3.3. Let I=(0,1), 0<m<nand 1 <p<q<oo.
1

a) If My, > —, then the following conditions are equivalent:
p

i) The embedding (3.26) is bounded;
ii) The embedding (3.26) is compact;
1 n
i) — > M, — (n—m— > oo
q k=m+1
1
b) If M, < 1% then the embedding (3.26) is bounded if and only if 5

“GI—‘"BI'—

n 1
(n -m—- Y ak> and the embedding (3.26) is compact if and only if — >
k=m+1 q

n
(n—m— D ak>.
k=m+1

In particular, from Corollary 3.3 it follows that the estimate of the intermediate
derivatives

n—1
ID5fllp<c (IID'&wa > D&fﬂ)) , 0<m<n,
i=0

holds for functions f € Wz};& if and only if

1
n— 2 oy >0 when M, > —
k=m+1 p
and
1
2 oy >0 when M, < —
k=m+1 p
On the interval I = (0,1) when o4 =0, k=0,1,...,n— 1, o, =v, Bi=0,
i=0,1,...,m—1,and B, = v we consider Kudryavtsev spaces y and LY, respec-
tively. Then M;, = max 1(n —s—vY)=n—y—iy. Theorem 3.1 and Theorem 3.2
Ip<s<n—
yields the following:

COROLLARY 3.4. Let I=(0,1), 0<m<nand 1 <p<q<eoo.
a)If n—iy—vy = —, then the following conditions are equivalent:
p
i) The embedding L}, ,(I) — W’"B( ) is bounded;
ii) The embedding L}, ,(I) — W’“ﬁ (I) is compact;
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iii) | B —m+io+$ >0.
b)Ifn—ipg—y< % then the embedding L, ,,(I) — WZE (I) is bounded if and only
if 1Bl —y+n—m —|—$ > % and the embedding L, ,(I) — WZB (I) is compact if and

=~ 1 1
onlyif |Bl—v+n—m+->—.
q9 P

COROLLARY 3.5. Let I=(0,1), 0<m<nand 1 <p<q<eoo.
a) If M;, > —, then the following conditions are equivalent:

i) The embedding W;&(I) — Ly, (I) is bounded;
ii) The embedding W;’&(l ) = Ly, (I) is compact;

_ 1
iii) v — \Ot|+n—m+— > M;,.
b) If My, < —, then the embedding W) ) = L, (1) is bounded if and only if
»’ :
_ 1_1
—la|+n—m+— > — and the embedding W;&(I) — Ly (I) is compact if and only
q9 P ’ '

_ 1 1
ifv—|a|—|—n—m—|—5>—.

4. Embedding theorems for the space W;ﬂ( 1,+o0)
The connection between the spaces W ; z(0,1) and Wa 5(1,%0) can be seen by
making the variable transformation x = . In this way every function f € W” g(1,)
can be transformed to a function f(x) = f (%) from the space W;&(O, 1), where & =

2
(0, 01,y 0), Oy = —0y+2——, G=—-0o;+2,i=1,2,....n—1, & =—0p.
p

Moreover,

<=

1Dl 100 = / DS (o) dr

=

~+oo
d d d
= pon — Ot — 0 ()Pt
/‘ dt dt dt @)l
1

1
d d d 1 dx
— —0Op —0n—1 —0 —0 — P
0/|x x2dx 2t X f(x) x?

S
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1 r
- /|xa”+2f’ixo‘"ﬁzi...x“ﬁzix%f(l) |Pdx
X

dx dx dx
0
/ d d d ?
— | [ttt S S f x| = 1D o),
0

and DLf(1) =D f(1), i=0,1,...,n—1.

Analogously, from the space W’“B(l ,+o°) we can pass to the space W"_(0,1).
q, a,
Then the embedding (1.1) is equivalent to the embedding:

n m
Wr(0,1) = W"S(0,1),

and all notions and statements for the space W;&(O, 1) can be rewritten for the space
Wyl +e).
Therefore,

n

Mi= max (n—s— Y &)

i<s<n—1

k=s+1
n—1 2
= max [n—s— Y (—g+2)+0—2+=
i<s<n—1 k1 p
= 2 2
= max |[—(n—s— Y o) +=|=—Mi+=,
isssn—1 k=5+1 p p

n
where #;= min (n—s— Y o),i=0,1,....n—1.
i<ssn—1 k=s+1
. = om-l 2 ~ 2 = _
Since |B| = _El(—ﬁi+2)—ﬁo—ﬁm+2—5=—|B\+2m—5 and |G| = —|a|+

=

2
2n — —, then from (3.1) and (3.18), respectively, we have that
p

_ . 12 2
Bl +n—m+t =@ -1l r2m—2men-mit 22
q 9 49 P
_ =~ 1 2 -
=la|—|Bl+m—n——+—> M, 4.1)
q P
and
5 = 1 _ ~ 1 2 _ 1
Bl—|o|+n—m+-=|a|—|Bl+m—n——+=>—. (4.2)
q q9 pP P

- 2 1 1
When M;, = —.#,+ — > —, itis equivalent to .#j, < — and from (4.1) it follows that
p P p

_ > 1 2 2
@ = |Bl+m—n 4= > iy
q P p
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that is |
|B|—|&\+n—m+5 < M;, when M, <

S|

- 1 1
When M;, < —, thatis .#;, > —, from (4.2) we get that
)4 )4

- A 1 2 _ 1
&= B+ m—n—— =,
q pP P
ie.
S 1 1 1
|B| — || +n—m+— < — when ., > —.
q9 D p
Then Theorem 3.1 and Theorem 3.2, and Corollaries 3.3-3.5, respectively, imply

the following results:

1
THEOREM 4.1. Let I =(1,4), 1 <p<q<oo, 0<m<nand My < —. Then
p
the following conditions are equivalent:
i) The embedding (1.1) is bounded;
ii) The embedding (1.1) is compact;
iii)
~ _ 1
B — \Ot|—|—n—m—|—5 < M.
1
THEOREM 4.2. Let [ = (1,4<0), I <p < g<oo, 0<m<n and M;, > —.
p

a) The embedding (1.1) is bounded if and only if
=~ _ 1 1
1Bl —|ot| +n—m+—- < —.
9 P

b) The embedding (1.1) is compact if and only if
~ _ 1 1
1Bl — || +rn—m+—- < —.
q9 P

COROLLARY 4.3. Let [ = (1,+%0), 0<m<nand 1 <p < q<eo.
1
a) If M, < —, then the following conditions are equivalent:

i) The embedding (3.26) is bounded;
ii) The embedding (3.26) is compact;
n 1
iii)g///m—<n—m— > oy )+-—>0.
k=m+1 q

1 1 1
b) If My > —, then the embedding (3.26) is bounded if and only if — + — —
p 2}

n 1 1
(n —-m— Y Otk> > 0 and the embedding (3.26) is compact if and only if ; + 5 -
k=m+1

(n—m— ) ak> > 0.
k=m+1
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Corollary 4.3 yields that for the functions f € W;-&(I ) the following estimate of
intermediate derivatives holds /

n—1
IDGfllp < c (IID’&prr > D’af(l)> , 0<m<n,
i=0

if and only if

n
n—m— Y o <0 when ., <
k=m+1

)

T

and

n
1
n—m— Y o <0 when ./, > —.

k=m+1 )4

In the space Lj, ,(1,+c) we have that M;, = 1 —y. Hence, we have the following
COROLLARY 4.4. Let [ = (1,+o0), 0<m<nand 1 <p < q<eo.
1
a) If 1 —y < —, then the following conditions are equivalent:
i) The embedding L}, ,(I) — W’"ﬁ_ (I) is bounded;
' q,
ii) The embedding L}, ,(I) — WZB (I) is compact;
> 1
iii) |Bl+n—m+-—-1<0.
q
1
b)If 1 —y> o’ then the embedding L), ,(I) — Wq’"B (I) is bounded if and only if
> 1 1
Bl —y+n—m+~ < — and the embedding L}, ,,(I) — W’"B (I) is compact if and only
qg p ’ 4,
=~ 1 1
if|Bl—y+n—m+- < —.
q P

COROLLARY 4.5. Let [ = (1,+%0), 0<m<nand 1 <p < q<eo.
1
a) If M;, < —, then the following conditions are equivalent:

i) The embedding WI’:&(I) — Ly, (1) is bounded;
ii) The embedding W} g) = Ly, (1) is compact;

iii) v—\o?|—|—n—m—|—$ < M.

b) If M, > % then the embedding W;’&(I) — Ly, (I) is bounded if and only if
v—|&| +n—m+$ < 1 and the embedding W;’&(I) — Ly, (I) is compact if and only
ifv—|&|—|—n—m—|—l < l

9 P
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