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SOME INEQUALITIES FOR GENERALIZED FRACTIONAL
INTEGRAL OPERATORS ON GENERALIZED MORREY SPACES

SATOKO SUGANO

(Communicated by Y. Zhou)

Abstract. Boundedness of generalized fractional integral operators on generalized Morrey spaces
and their related results were shown by many authors. We consider one of their results in a wider
framework. Moreover, we show some inequalities for another operator on generalized fractional
integrals on generalized Morrey spaces.

1. Introduction

For a function p : (0,4o0) — (0,+o0), the gerenarlized fractional integral operator
is defined by
p(x—yDfO)

R =yl

Tof(x) = dy

for any suitable function on f on R". For the case p(r) = r%, (0 < o < n), we use the
notation I, f(x) for T, f(x). Morrey spaces can reflect the boundedness of I, . Here in
this paper we are concerned with generalized Morrey spaces. For 1 < p < 4o and a
function ¢ : (0, +o0) — (0, +o0), the generalized Morrey norm is defined by

1 Iy 1/p
Iy = s (505 . oras)

r>0

where B(x,r) stands for the open ball centered at x with radius r. And the generalized
Morrey space Lﬁ is defined by L) = {f € L? (R")| [[£1l,0 < oo} . For the case ¢(r) =
74

loc

., (0 < A <n), we use the notation MI’} for Lﬁ.

There is a huge amount of literatures dealing with boundedness of fractional in-
tegral operators on Morrey spaces. In this paper, we deal with the boundedness of 7},
and its variant 7,¥ which is defined by

B p(lx—=y))f(y)
B0 = o TP e
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for some K > 0. We shall give a deep insight of T, and Tf via subtle property of
generalized Morrey spaces. In [7], the authors investigated the operators whose integral
kernel T'(x,y) satisfies 0 < I'(x,y) < C/|x —y["~%(1 + |x —y|)X for some constant C
in connection with elliptic partial differential equations.

The plan of this paper is as follows. In Section 2, we describe known results
on fractional integral operators on Morrey spaces with their generalized versions. In
Section 3, we formulate and prove our theorem on T, . In Section 4, we state and prove
our theorems on TX .

Throughout this paper the letter C stands for a constant not necessarily the same
at each occurrence.

2. Known Results

In this section, we describe some known results on boundedness of fractional in-
tegral operators on Morrey spaces with their generalized version and describe some
inequalities which hold for the function g - T, f (or g -1y f ) for some function g.

Boundedness of fractional integral operators on Morrey spaces was shown in [14]
as Spanne’s unpublished result as the following Theorem 2.1 states.

THEOREM 2.1. ([14, Theorem 5.4]) Let 0 < A <n, l<p<n/a, l/s=1/p—
o/n, Ay =nA/(n— op). Then there exists a positive constant C such that

e < I g M

where f € MI’}.

Adams strengthened Theorem 2.1 ([1]).

THEOREM 2.2. ([1, Theorem 3.1]) Let 0< A <n—ap, 1 <p(< (n—A1)/a),
1/s=1/p—oa/(n—A). Then there exists a positive constant C such that

Haf vz < ClLAllagz» @)
where f € Mz/}'

REMARK 2.3. By Holder’s inequality, if p; < p and p; = (n—A1)p/(n—A),
then || - || i S || - Iz - Hence Theorem 2.2 extends Theorem 2.1. In [2], the authors
P1 p

reproved Theorem 2.2 by using the Hardy-Littlewood maximal operator and proved
Theorem 2.1 as its corollary.

We note Holder’s inequality on Morrey spaces.

LEMMA 2.4. (Holder’s inequality on Morrey spaces) Let 0 < s < 4o, 0 < g <
4oo, 0<u<4oo, 0K v<n 0Su<n, and 0 A <n. Assume 1/qg=1/u+1/s
andthat v/q=pu/u+A/s. Then

g/ Nay < Nglpgellfllage )
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where f € M} and g € MY .

For some function g, we obtain some inequalities for g - I, f. Using Theorem 2.1
and applying Lemma 2.4 to g- I f, we have

THEOREM 2.5. Let 0 < A <n, 1<p<n/a, 1/g=1/u+1/p—oa/n, v/q=
u/u+{nA/(n—ap)}(1/p—a/n), and assume g € M} . Then there exists a positive
constant C such that

g L llagy < Cllgllpgpel £ 1322 (4)
where f € MI’}.

As a special case ¢ = p in Theorem 2.5, we have

COROLLARY 2.6. Let 0< A <n, l<p<n/a, g€ Mg/a. Then there exists a
positive constant C such that

I faf gz < Cliglyo 171 ®
where f € M;}-

REMARK 2.7. We remark that MS Ja is the L/ space by the definition. If we
use Theorem 2.2 for Theorem 2.1, we can obtain an inequality for g- I, f with g which
belong to the Morrey space (see Corollary 2.9).

Using Theorem 2.2 and applying Lemma 2.4 to g - I, f, we have

THEOREM 2.8. Let 0 < A <n—ap, 1 <p(<(n—A)/a), 1/g=1/u+1/p—
a/(n—2A), v/g=u/u+r{l/p—a/(n—A)}, and assume g € Ml . Then there exists
a positive constant C such that

I Lo llay < Cllglage gz (6)
where f € MI’}.
As a special case ¢ = p in Theorem 2.8, we have

COROLLARY 2.9. Let 0 <A <n—ap, 1 <p(<(n—=2)/a), g €M[, ;-

Then there exists a positive constant C such that

. <
I Faf g <Clisll 1 @

where f € Mz/}'

In [13], Olsen obtained another inequality for g - I, f. His notations of fractional
integral operators and Morrey spaces are different from ours. However, we can rewrite
it under our notations as follows:
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THEOREM 2.10. [13, Theorem 2] Let  be a bounded domain. Suppose that the
non-negative parameters p, q, u, A, W, and v satisfy 1 <p<q<u, A <n-—ap,
1/g=(1/u)(1—u/n)+1/p—oa/n, and v/q= A/p. Then there exists a constant
C = Cq depending on Q and the parameters above such that

||g'1af||MqV < C||g||M5 HfHM,@» 8)

for all positive and measureble functions f and g such that the support of f is con-
tained in Q.

As a special case ¢ = p in Theorem 2.10, we have

COROLLARY 2.11. ([13, Corollary 3]) Let Q be a bounded domain. Suppose
that the non-negative parameters p, A, and u satisfy 1 < p <min{(n—A)/o,(n—
w)/o}. Then there exists a constant C = Cq dependeing on Q and the parameters
above such that

g Taf lagz < Cligllyg 11l ©)
r (n—u)/o p

for all positive and measureble functions f and g such that the support of f is con-
tained in Q.

REMARK 2.12. We compare Corollary 2.9 with Corollary 2.11. In (7), the Mor-
rey norm of g is determined by A which appears in the Morrey norms of f and g-If .
On the other hand, (9) holds for g which belong to M(’; —w)/a where U is not necessar-
ily the same as A .

On generalizations of boundedness of fractional integral operators on Morrey spaces,
they studied generalized Morrey spaces earier than for generalized fractional integral
operators. Nakai passed Theorem 2.1 to gerenalized Morrey spaces. Here, to compare
Nakai’s result with ours, we present a precise formulation.

THEOREM 2.13. ([8, Theorem 3]) Let 0 < e <n, 1 <p<nja, 1/s=1/p—
o/n. For ¢(r) assume that there exist positive constants Cy and A such that

1
G < 38 <G for r<t<2r (10)
e () o(r)
/}: tn—ocp+1dt gA,,‘n—ap’ (11)

for every r > 0. Then there exists a positive constant C such that

e g < CILf 5 (12

where f € Lﬁ.
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REMARK 2.14. The condition (10) is called the doubling condition. Under the
assumptions (10) and (11), the Hardy-Littlewood maximal operator is known to be
bounded from Lﬁ to itself, where 1 < p < 4o (see [8, Theorem 1]).

We note Holder’s inequality on generalized Morrey spaces.

LEMMA 2.15. (Holder’s inequality on generalized Morrey spaces) Let 0 < s <
+o0, 0 < g < 4o, and 0 < u < +eo, and let ¢(r), y(r), and n(r) be functions which
satisfy 0 < ¢(r) < 4o, 0 < Y(r) < +oo, and 0 < N(r) < +oo for r > 0. Assume
1/g=1/u+1/s and w(r) =n(r)4"¢(r)4/s. Then

el < lgllg 171, (13)
where fEL_(f, geL,’].

Using Theorem 2.13 and applying Lemma 2.15to g - I, f, we have

THEOREM 2.16. Let 1 < p <n/a and 1/q=1/u+1/p—o/n. Assume that
¢ (r) satisfies (10) and (11). Assume also that w(r) = n(r)4"¢(r)?/? and g € L.
Then there exists a positive constant C such that

I Ta Ny < Cliglig il (14)

where f € Lﬁ.

As a special case ¢ = p in Theorem 2.16, we have

COROLLARY 2.17. Let 1 < p < n/o. Assume that ¢(r) satisfies (10) and (11)
and assume g € Lrll Ja- Then there exists a positive constant C such that

18- Tafll,0 <Cliglpr, 11,0 (15)
P n/o P

where f € Lﬁ.

Corollary 2.17 was stated as [7, Corollary 2.1]. In [7], the authors obtained the coun-
terpart of Corollary 2.9 on generalized Morrey spaces.

THEOREM 2.18. ([7, Theorem 2.1]) Let 1 < p < +oo. For ¢(r) assume that
there exist positive constants Cy, A, and o and non-negative constants A and § with
ap+ A+ 6 <n suchthat (10), (11), and

o(r) <G (147%) (16)
0 .
for .e\.)ery r > 0. Assume also that g € L(n—/l)/oc OL(nikia)/a. Then there exists a
positive constant C such that

I aflyg <Clsllys | +lsl . )flyg: a7

-8)/a

where f € Lﬁ.
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_ 5 ; o : A
When ¢ (r) = r* (1+ %), the generalized Morrey space Ly 3)/a 18 the same as M5

o
OM(’lnf‘jl)/a. As the special case in § =0 in Theorem 2.18, we have Corollary 2.9.

In [7], the authors considered a related operator on fractional integrals and showed
an inequality on generalized Morrey spaces. And in [17], the authors proved Theorem
2.10 on generalized Morrey spaces and as its corollary they extended Theorem 2.2 to
generalized Morrey spaces. Their definition of generalized Morrey spaces is different
from ours. In this paper, we shall extend and generalize Theorem 2.18. Hence the
details of the theorems stated in another definition of generalized Morrey spaces are
omitted.

It is known that the results on the generalization of fractional integral operators.
In [9], the author introduced generalized fractional integral operators and studied on
generalization of Hardy-Littlewood-Sobolev’s inequality. Eridani, Gunawan, and Nakai
proved Theorem 2.2 for generalized fractional integral operators on generalized Morrey
spaces ([4], [5], and [6]). Their definition of generalized Morrey spaces is the same as
in the one in [17].

Moreover, Nakai proved boundedness of generalized fractional integral operators
on Orlicz-Morrey spaces ([11, Theorem 7.1], also [10, Theorem 2.2] and [11, Theorem
7.3]). In [11], the author showed Holder’s inequality on Orlicz-Morrey spaces ([11,
Theorem 4.1]). Recently, under another definition of generalized Morrey spaces, which
is the same as in [17], we have some inequalities for generalized fractional integral
operators on generalized Morrey spaces ([15] and [16]).

3. Our theorem for 7,

In this section, we state and prove our theorem on 7). For simplicity, we write
: for || - below.
Il for 111

THEOREM 3.1. Let 1 < p < +eo, 1 < g < +oo. For ¢(r) and p(r) assume that
there exist positive constants Cy, Cy, Cs, and o and non-negative constants A, 0,
and € with (a+€)p+ A+ 38 <n such that (10), (16), and

p(r) < Csr® (147 (18)
for every r > 0. Assume also that

w(r) = nl(r)ap/(n—l)q)(r)1—0617/("—/1) — n2(r)(a+8)p/(n—/1—5)¢(r)l—(a+8)p/(n—7t—5)

and g € L?nl_ NL"”

that

afap VE-r—8)q/(are)p: Then there exists a positive constant C such

Il

e ToS g < € (gin-ryg/enn

—2-8) a5
+8ll (=1 —8)q/ (ate)p,ma ko) ||fH erepn/n )>

)

qd>
(19)

where f € Lﬁ OLZ).
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REMARK 3.2. The function ¢(r) = r* log(2 4 r) with 0 < A < n— ap satisfies
(10) and (16) for every 6 > 0 and the function p(r) = r*log(2+r) with 0 < oo <n
satisfies (18) for every € > 0.

REMARK 3.3. In Theorem 3.1, thecase p(r) =r*, g=p, m=m=9¢(=y) is
the same as Theorem 2.18.

As a special case g = p in Theorem 3.1, we have

COROLLARY 3.4. Let 1 < p < +oo. For ¢(r) and p(r) assume that there exist
positive constants C, Cy, C3, and o and non-negative constants A, 8, and € with
(a+€)p+ A+ 8 <n such that (10), (16), and (18) for every r > 0. Assume also that

v(r)= m(r)ap/(n—l)q)(r)1—061)/("—/1) — m(r)(a+8)p/(n—/1—5)¢(r)l—(a+8)p/(n—7t—5)

and g € LE’HI_ 2/ OL( _2—8)/( Then there exists a positive constant C such that

o+e)”
”g'TPpr-,ll/ < C(HgH( A)am T ”g” —A—8)/(o+e) nz) Hf”p 0> (20)
where feLfi.

As a special case 6 = & =0 in Theorem 3.1, we have

COROLLARY 3.5. Let 0< A <n—op, l <p(<(n—A)/a), g=opu/(n—A),
v=oapu/(n—2A)+A{l—ap/(n—A)}, and assume g € M}. Then there exists a
positive constant C such that

1—
I~ Zecf gy < Cllgllg 171 op/{n an“"/ Q1)

A A
where f € My NMy .

We compare Corollary 3.5 with Theorem2.8. Let A, p, o, g, u, U, and v satisfy
the assumption of Corollary 3.5. If we use Theorem 2.8 for f € M;,L and g € M}, we

obtain g-IafeM;Q’,where p* and v, satisfy 1/p*=1/u+1/p—a/(n—1), v,/p* =
u/u+A{l/p—oa/(n—A)}. Similarly, if we use Theorem 2.8 forfEM;L and g€ M},
we obtain g-Iyf € M:ff, where ¢* and v, satisfy 1/¢* =1/u+1/q—a/(n—21),
Vg/q" = uju+r{1/q—a/(n—2)}.1f g= p, then ¢* = p* and v, = v,,. Hence the
case g = p in Corollary 3.5 follows from Theorem 2.8. We consider the case ¢ < p. If
g < p then ¢* < p* and since

n—Vg n—Vp n-— A n—/l
q* p* q p
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it follows that (n—v,)/q* > (n—v,)/p*. Hence M;’; is not a proper subset of Mqu :
On the other hand, if ¢ < p then ¢ < p*. Indeed,

Ll 1w 1,
g P q aqn—A) p n-2a
1l n—A—ap ap—n+A
g n—A p(n—A2)
_p n—A—oap n—A—op
g pln=2)  pn-2)
n

—/l—ocp(p )
AT PP (P ) s,
p(n—24) \q

where we have used 1/u=op/g(n—A), g < p,and p < (n—A)/c. Then we obtain

noV Ve (il o« P &
p = M(q p>+n—)t Ot = A)
YA B . SR B
pPq q

|
‘ ~
I
<
/
S
|
~
I
)
~
\
o

Hence it follows that (n—v)/q > (n—v,)/p* and M;Q’ is not a proper subset of M.
Moreover, if ¢ < p then ¢* < q. Indeed, combining 1/¢* = 1/u+1/qg—o/(n—A)
with 1/u=ap/(n—A)q, wehave 1/q¢* =a(p/qg—1)/(n—21)+1/q. Since p/qg>1,
it follows that ¢* < ¢. Then we obtain

n—v, n—v_apl—i) aln—A1) :a<£_1) -0,

q* g  qn—A)  n-A q

Since (n—v,)/q" > (n—v)/q, M} is not a proper subset of M;g . Considering the

fact mentioned above, if g < p then we have ¢* < g < p*, similarly, if ¢ > p then we
have ¢* > g > p*, and neither M;Q’ nor M;g is contained in M, . Hence we arrive at

REMARK 3.6. We can not obtain Corollary 3.5 combining boundedness of frac-
tional integral operators on Morrey spaces and Holder’s inequality on Morrey spaces
as we obtained Theorem 2.8. We also remark that Corollary 3.5 does not follow from
combining boundedness of generalized fractional integral operators on Orlicz-Morrey
spaces with Holder’s inequality on Orlicz-Morrey spaces obtained in [10] and [11].
(See also Remark 3.13.)

Let L = {f € L”(R")|supp f is compact}. By the monotone convergence theo-
rem, we may assume f € Lﬁ OLZJ N L7 without loss of generality in the proof. (See
[7, p.1129] for the details.) To prove Theorem 3.1, we use a pointwise estimate by the
Hardy-Littlewood maximal operator M the following Lemma 3.7 states.
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LEMMA 3.7. Under the assumptions (10), (16), and (18), we have

_ n— n—>\A — n—A— n—A—08
\Tpf(x)\<C<Mf(x)1 o/ (=2 | f1| 8 R g () el A=) b >>’
(22)
where f € LﬁﬂLZ".

We remark that, since (o +€)p + A + 0 < n, there exists a constant C such that
e 9() o(r)
/r tnf(OHrE)erldt < Crnf(OHrE)p' 23)
To prove Lemma 3.7, we invoke the following Lemma 3.8 from [8].

LEMMA 3.8. ([8, Lemma2]) Suppose ¢ : (0,+c0) — (0,+e0) satisfies (23). Then
there exist positive constants Cy and [ such that

/+w %dt < CO&. (24)

o+¢e)p+1—p

Proof of Lemma 3.7. We follow the argument in [2]. We write, for § > 0 which
will be determined later,

_ p(x=y)f() plx=yDfl) .
Tpf(x)_/\x—yke =y dy+/\x—y|>e oy DA

By using (18), we can estimate /; by

n<cy [ eyt AW,
h ke oo 2KOK [x—y| <2k 10 |x— |
< C(0%+ 07 )M [ (x). (25)
Let
Lf ) ()] )
’<C/ 7d+/ ———dy | =C(+13).
& ( -y 20 [x —y[' Y —y|=6 |x —y[r——¢ Y (I +14)

First we estimate I3. Let p’ = p/(p— 1) and we take o to satisfy n— (a+€)p—u <
01 < p(n—o—n/p’), where u is a constantin (24). Since n— e =01 /p+{—(0o1/p+
o —n)}, Holder’s inequality yields

P 1/p , 1/p'
I < (/ ‘f(y)|a dy) (/ |x_y|(61/p+a—n)l7 dy) = Islg.
—y20 |x — [ lx—y>6

For Is, we have by (10)

1/p
< F )P
Is < / d
’ <kzo o sicato (20)7 ¥

/p
o))
<c (kzo (m)m) I£le.
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We obtain
*‘i 9(20) & (2tey ek g(2ke)
S 2o 5 (2¢0) (2k@)n—(ote)p—p
& (2kg)r(atep—u 2o (1)
X o

k=
gn—(a+e)p—p  peo o (1)
<€ 601 /9 t 7(a+£)p+1—p.dt'

<C

kg m—(at+e)p+l-p

dt

For the last inequality, since 6y > n— (o +€)p — u, we used (2¢)"—(@+elp—p-01 |

for every k > 0. By Lemma 3.8, we conclude

< 902'0) _ 9(8)
];:%(2]‘6)01 QC Qo1 )

On the other hand, it is easy to obtain

Ig = CO"/pro/rta,

Hence, it follows that
I,<CY(0) 170"/ f]l o

Next we estimate I;. We take 0> to satisfy n—(a+€)p—u <o <ph—o

— & —

n/p'). Since n— o —€ = 0y /p+{—(02/p+ ot —n+¢€)}, by Holder’s inequality we

have

p 1/p , 1/p
L < (/ ‘f(y)|6 dy) (/ |x_y|(62/p+a—n+£)p dy) = L.
=y 20 |x—y[®2 r—y]>0

Since 03 > n— (a.+€)p — u, by a way similar to the estimate /s we obtain

+oo 2k6 1/p
2 0'2 Hf”P,‘D

k=
( ¢6(02)>1/p||fp¢

Iy = Cco "/ ptor/prate.

On the other hand, we have

Hence, it follows that
L <CP(0) /70 PHE| £l g

By the assumption (16), we have

L < Co(6)!/7(1+6%)6% /7| ]l g

< C(14 6%+ ¢ o/Preygot=n/p| g| .

(26)
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Combining (25) with (26), we obtain

T f (0] < C{(0%+0% )M f(x) + (0% Ap 1 guteriontdle) | i .

We consider two cases. For the case ||f||,¢/Mf(x) <1,ie. [fllpo <Mf(x), we
choose 0 = (|| f||p.o/Mf(x))P/"=*)  Since 6 < 1, it follows that

ap(n—2) {p/(n=A)Ha+(A—n)/p}
T,/ ()] < {(%) MFG) + (ﬂjf—(")’) ||fp,¢}

= CMf ()R

For the case || f],.0/Mf(x) > 1, we choose 0 = (|| f]|,.o/Mf(x))?/"=*=9) In this
case, it follows in a similar way that

|Tpf(x)] < CMf(x)!~(relp/(i=2=0) Hf” (a+)p/(n=2~8)

Hence, we obtain the desired estimate. [
Now we are ready to give

Proof of Theorem 3.1. Let

1T £(3)] < € (M) =/ )| 20/ g e —e0pl =) gl n-39))
ZC(Jl(X)+J2( ))

Define 1 € (1,40) by 1/t =1—op/(n—A). By Holder’s inequality, we have

1 1/q
(57 . 01 0r)
1 Jt l/a ap/(n
gc(w) f MO0 |qdy) T
1
G

1 1/tq ap/(n—i)q
<C| —= aq ("l)q/apd) Otp/
(¢<r>/3(x,k roas) (1 | b r\;g(y) y 112

il

C”g” A)g/op.my

In the last inequality we used the fact that ||Mf||,.¢ < C||f|l4,¢ holds under the assump-
tions (10) and (11) (see Remark 2.14). This implies

1—
et g < ClIglnmnyafapm Il 2 N £11 G2

In a similar way we have

—(o+€)p/(n ”fH (a+e)p/(n )L—S).

lg/2llgw < CHgH —A—8)q/(a+e) pn2| qq)

This completes the proof of Theorem 3.1. [
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REMARK 3.9. If we use Lemma 3.7 and the boundedness of the Hardy-Littlewood
maximal operator on generalized Morrey spaces, we obtain the boundedness of 7, on
generalized Morrey spaces. In addition, combining it with Holder’s inequality on gen-
eralized Morrey spaces, we obtain an inequality for g- 7, /. However, the result follows
from Nakai’s theorem [11, Theorem 7.3], which describes the boundedness of 7, on
Orlicz-Morrey spaces ([12]).

For reference, we describe the result which we mentioned in Remark 3.9.

THEOREM 3.10. ([12]) Let 1 < p < +oo0, 1 < g < +oo. For ¢(r) and p(r) as-
sume that there exist positive constants C1, C, C3, and o and non-negative con-
stants A, O, and € with (a+€)p+ A+ 6 < n such that (10), (16), and (18). Let

L<pr<+e, pr=p{l/p—(a+e)/(n—-A=08)}/{l/p—a/(n—-A)}, and 1/q=
1/p—o/(n—A). Then there exists a positive constant C such that

—A=6
1T fllgo < C(Iflpo + 171, 5 P02 g 7P 4220 )y
where f € Lf; ﬁLﬁl

Combining Theorem 3.10 with Holder’s inequality on generalized Morrey spaces, we
have

THEOREM 3.11. Let 1 < p < oo, 1 <g< oo, 1 <u<+oo. For ¢(r) and p(r)
assume that there exist positive constants Cy, C,, C3, and o and non-negative con-
stants A, 8, and € with (004 €)p+ A+ 8 < n such that (10), (16), and (18) for every
r>0. Let 1 < p; <+oo, py=p{l/p—(a+e)/(n—A-8)}/{l/p—a/(n—1)}, and
1/g=1/u+1/p—a/(n—A). Assume further that y(r) = n(r)?/*¢ (r)2{1/p=/(n=2)}
and g € L, . Then there exists a positive constant C such that

—-A-0 n—A—38
o (Il 1y 2D £ P20 2y

where f € Lﬁ ﬁL?:l .
As a special case ¢ = p in Theorem 3.11, we have

COROLLARY 3.12. Let 1 < p < 4oo. For ¢(r) and p(r) assume that there exist
positive constants Cy, Cy, C3, and o and non-negative constants A, 8, and € with
(aa+¢e)p+A+0 <n suchthat (10), (16), and (18) for every r > 0. Let 1 < p; < +o0
and py =p{l/p—(a+¢€)/(n—A—=8)}/{1/p—a/(n—A)}. Assume further that
w(r) = n(r)or/ =2 () =er/=2) and g € L?n_l)/a. Then there exists a positive
constant C such that

—-A—-0
g~ oMl < Cllglln-sy/an (1 Lo + A1 6/ Dpll g7 =2=20)
(29)
where f € Ly qu)

REMARK 3.13. As a special case § = € =0 in Theorem 3.11, we have Theorem
2.8.
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4. Our theorems for TpK

In this section, we show some inequalities for the operator TpK on generalized
Morrey spaces.

THEOREM 4.1. Let 1 < p < +eo, 1 < g < +oo. For ¢(r) and p(r) assume that
there exist positive constants Cy, Cy, Cs, and o and non-negative constants A, 8,
and € with (0+€)p+ A+ 8 < n such that (10), (16), and (18).

(1) Let K > (A +8)/p + € and assume y(r) = n(r)®/"¢(r)'=%P/" and g € L
Then there exists a positive constant C such that

nq/ ap’

il s (30)

where f € Lﬁ ﬁLZ’.

(2)Let K > 8 /p+¢ and assume y(r) = n(r)%?/("=2) ¢ (r)1=2P/("=2) and g € L?nf
Then there exists a positive constant C such that

g 75" Fllgw < Cllgllu-

where f € L?: OLZJ .

A)g/ap”

byl R)) pjnl A, 31)

REMARK 4.2. In Theorem 4.1 (1), the case p(r) =r%, g=p,and n = ¢(= y)
was shown in [7, Theorem 2.2].

To prove Theorem 4.1, we need the following Lemma 4.3.

LEMMA 4.3. Assume (10), (16), and (18).
(1) If K > (A+90)/p+¢, then we have

ITX £(x)] < CMf(x) =P || £ 9", (32)

where f € Lﬁ NLY.
(2) If K > 8/p+ ¢, then we have

T F(x)] < CMf(x)1 =002 pl o/ =), (33)

where f € Lﬁ NLZ.

Proof. We prove only (1), since we can prove (2) by the same method as in the
proof of (1). We write, for 6 > 0 which will be determined later,

K plx—yDf ()
o6 = /|x <o =y (1+x—y)K
plx—yDf () o
+/|H\>9 e —y[(1 +|x—y|)Kdy_Il+I2'
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By using (18), as in the proof of Lemma 3.7, we can estimate 1| by

1+ 6°¢
1| < CG“mm{l—i—QS, _gK }Mf(x)

< COMf(),

since K > €. For I}, let

y C( | 7)) .
LIS CL S0 Tyl + =y

+/| _7O)| )Kdy> —C(L,+1}).

—y|20 X —Y["TEE(L + x — ]

As in the proof of Lemma 3.7, for Ig we have by (16),

1 6
1g<cea—n/pewmm{1+ew ‘ }f||p¢

<CO*P||f| 0,

since K > (A +0)/p. Similarly, for I, we have by (16),

1
I, < CO*"/Pot/Ptemin {1 +0%/P, + 6 } £l .6
<CO* || fllp.os
since K > (A +8)/p+ €. From (34) and (35) we have
5] <CO*| £l po-

Then it follows that
T ()] < € (09MF()+ 07 £ 0)
We choose 0 = (||pr,¢/Mf(x))p/n and we obtain

ITK ()] < CM ()P f1%0". O

(34)

(33)

We prove only (1) of Theorem 4.1, since we can prove (2) by the same method as

in the proof of (1) by using Lemma 4.3 (2).

Proof of Theorem 4.1 (1). Let 1/t =1 — ap/n. By Holder’s inequality and the
boundedness of the Hardy-Littlewood maximal operator on generalized Morrey spaces,

we have
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(g rrna)

1/q
< (i fo, r0 >|‘f/’g<y>|qdy) AN

c( " / Mf(y)l"dy)l/lq<nér) [, tereras) "

ao I

This implies

1- Ocp/n”fH(xp/n. 0

As we mentioned for 7T, in Section 3, if we use Lemma 4.3, we obtain the follow-
ing theorems.

THEOREM 4.4. Let 1 < p < 400, 1 < g < 4o, 1 <u < +oo. For ¢(r) and
p(r) assume that there exist positive constants Cy, Cy, C3, and o and non-negative
constants A, 8, and € with (a+€)p+ A+ <n such that (10), (16), and (18).

() Let 1/s=1/p—o/nand K > (A+0)/p+ €. Then there exists a positive constant
C such that

175 flls.o < Cl£llpg (36)
where fELf;.

Q) Let 1/s=1/p—o/(n—A) and K > 8/p+ €. Then there exists a positive constant
C such that

L5 fllso < Clfllp.o (37)

where f € Lﬁ.

THEOREM 4.5. Let 1 < p < +o0, 1 < g < 4o, 1 <u < +oo. For ¢(r) and
p(r) assume that there exist positive constants Cy, C,, C3, and o and non-negative
constants A, 8, and € with (a+€)p+ A+ < n such that (10), (16), and (18).

(1) Let 1/g=1/u+1/p—o/nand K = (A +08)/p+ €. Assume that

w(r) = n(r)/ o (/e

and g € Ly . Then there exists a positive constant C such that

(38)

where [ € Lﬁ.
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(2) Let 1/g=1/u+1/p—o/(n—A) and K > 6 /p + €. Assume that
w(r) = n(r)¥ g (r)rtt/p=a/n=A)}

and g € Ly . Then there exists a positive constant C such that

Ig-TXf 1£llp.os (39)

av <Clgllun

where f € Lﬁ.
REMARK 4.6. As we mentioned in Remark 3.9, (2) of Theorems 4.4 and 4.5 fol-
low from [11, Theorem 7.3].

We only prove (1) of Theorems 4.4 and 4.5.

Proof of Theorem 4.4 (1). By using (32) and the boundedness of the Hardy-
Littlewood maximal operator on generalized Morrey spaces, we have

1 1/s

Ken o < - (I—ap/n)s op/n

I 1o <€ 0 (575 . MrOIT 0y s
r>

1— n n
< QI en
=Cllfllpo- O

Proof of Theorem 4.5 (1). Let 1 <s < +o0 and 1/s=1/p— o /n. By Holder’s
inequality on Morrey spaces, we have

Ig-TXf

Combining (36) with (40), we arrive at the desired inequality. [

o < |gllunll T flls.0- (40)
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