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Abstract. The object of this paper is to discuss some interesting properties of the integral opera-
tor

D) = (’Z’;(;))a [ (o) swar, (@>o0),

for the class of all analytic functions f(z) of the form f(z) =z+X,_, and", forz€A={z €
C: |z] < 1}. For p =1, this integral operator was introduced and studied by Jung, Kim and
Srivastava in [2].

1. Introduction

Let <7 (p) denote the class of all functions of the form
f@Q=2+ Y a', (peN={1,2,...}), (1)
n=p+1

which are analytic in the unit disc A= {z € C: |z| < 1}. For f(z) € &/ (p), let 2“f:
o (p) — o/ (p) defined by

D) = % [ (02)" syar,
:Zun%(’;ﬂ) wd. (a>0, f(2) € (p)). @)

It is implied from (2) that

A2 (2) = (p+1)P*  f(z) — 2f(2). 3)

When p = 1, the identity (3) is given by Jung, Kim and Srivastava [2].

Motivated by the recent work by the authors in [5] we are interested to study the
generalized operator &% f and establish some more interesting properties by using
differential subordination which are presumedly new.
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2. Definitions and Lemmas

DEFINITION 4. [1] Let f(z) defined by (1) and g(z) = 2"+ X", 1 baZ", pEN,
then the Hadamard product of f(z) and g(z) denoted by (f *g)(z) is defined by

(f*8)(2) =2"+ i baZ', (z€A, peN).
n=p+1

DEFINITION 5. [1] Let f(z) and g(z) be analytic in A. We say that f(z) is
subordinate to g(z), written by f < g or f(z) < g(z), if there exists a function w(z)
analytic in A which satisfies w(0) =0, |w(z)] <1 and f(z) = g(w(z)). If g(z) is
univalentin A, then f < g if and only if f(0) =g(0) and f(A) C g(A).

To prove our result we require the following lemmas.

LEMMA 6. [6] Let h(z) be analytic and convex univalent in A, h(0) = 1, and let
g(z) = 1+biz+by? + -+ be analytic in A. If

28'(2)

8(2) + == < h(z),
then for ¢ #0 and Re ¢ > 0,
o
g(Z)—<;/tC f(r)dr, zeA.
0

Let P(y) (0 <y < 1) denote the class of functions p(z) = 1 + p1z+ paz> + -+
which are analytic in A and satisfy the condition Re (p(z)) >y for z € A.

LEMMA 7. [10] Let p(z) = 14 piz+prz>+--- € P(y) (0< y < 1). Then

Re (p(z)) >2y—1+ 2

LEMMA 8. [9] The function (1—z)Y = e"'°¢(1=3) ¢ £ 0, is univalent in A if and
only if v is in the closed disk |y — 1| < 1 or in the closed disk |y+ 1| < 1.

LEMMA 9. [7] Let q(z) be univalentin A andlet 0(w) and ¢(w) be analytic ina

domain D containing q(A) with ¢(w) #0 when w € g(A). Set O(z) =zq' (z)(¢(q(z))),
h(z) = 0(q(z) + Q(z)) and suppose that

1. O(z) is starlike(univalent) in A,

2 Re{zh’@ } _Re { 0'(4() , ')

00 o) T 0E } >0, (zed).
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If p(z) is analytic in A, with p(0) = ¢(0), p(A) C D, and
0(p(2) +2p'(2)9(p(2)) < 0(q(2) +24'(2)9(q(2)) = h(z),
then p(z) < q(z) and q(z) is the best dominant.

For real or complex numbers a, b, ¢ (¢ #0,—1,-2,...), the Gaussian Hyperge-
ometric function ,Fj(a,b;c;z) is defined by

ab z ala+1)b(b+1)7
Fi(a,b;c;2) =14+ ——+—"F7"——"— 4,
il biez) =14 = f+ —— o

which is absolutely convergent in A and hence represents an analytic function in the
unit disk A (see [[12], chapter 14]).
The following identities are well-known.

LEMMA 10. [12] For real or complex numbers a, b, ¢ (¢ #0,—1,—-2,...), we
have

1. 2Fi(a,bie;2) = g Jo 77 (1 =)0 (1 =12)“dr, Re(c) > Re(b) >0
2. 2Fi(a,b;c;z) = 2F 1 (b,a;c;2)

3. 2Fi(a,b;c;z) = (1 —2) % F 1 (a,c — byc; £5)

z—1
4. (a+1)F(1,a,a+ 1;2) = (a+ 1)+ anFi(l,a+ l,a+2;z).

3. Main Results

THEOREM 3.1. Let oo > 1, A <1, and let —1 < B;<A; <1 fori=1,2. If
Sunctions f;(z) € & (p)(i = 1,2) satisfy the condition

gzoc—l : gzoc :
(1-2) pr(z) +A ZZ:(Z) < h(Ai, By; 2), (1n
then PE()
T =h(1=2y, 1),
where
F(z) = (fi*f2)(2) (12)
and 4(A1 —B1)(A> — B») 1 11
L 1—B1)(A2— B> 1 P+ I
y=1 (1=B)(I—B) [1 22F1 (1,1,—1_/14-1,2)]. (13)

The result is sharp when By = By = —1.
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Proof. Suppose that f;(z) €

a—1 ¢ ar.
pie) = (1) L G TR )
P zP
Then we have p;(z) € P(¢;), where
0 = 1:2‘ (i=1,2).

From (3) and (14), it follows that

P fi(z) =

Now we let
F(z) =

After a simple computation, we get

@aF@%=fji/7G%)Az%%p0Mn
where iy ar
PR =(Prxp2)(x) = (1-24)— @) 12 ZP(Z)
and | 1
p1(2) € P(oy) and pa(z) = %+5 ep@.

By Herglotz formula
(p1*p2)(2) € P(a3),

where
a3 =1 —2(1 — O(l)(l — 062).

By (16), (17), (18), (19), Lemma 7 and Lemma 10, we have

p+1

PUF(z ptA
Re( ﬂ())=:1_k 7 Re (p1* p2)(uz)du
p+1 M — o)
1—)L N (2053 1+u|z\ )d
>% ”x(zo@—w a3)>du
+A
- 4(A; — B1)(A2 — By) 1 p+1 LTdu
(1—B))(1—By) =4 Jo T+u
., MAI-B)A-B) [ 1 p+1
= —aoeya-sy |2\

1

1,z

2

o (p) (i=1,2), satisfy the condition (11). Let

(14)

15)

(16)
a7)

(18)

19)

) o
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When B; = B, = —1, we consider the function f;(z) € «/(p)(i = 1,2), which satisfy
the condition (11) and is given by

pep(o = o (B) [pg (LA
1-1 A -

Then from (16)

o 1

(1+A1l)(1+Azt)>du.
1 —uz

This implies

p+1 e

PUF(2) _ptl ;
1—AJo 1l+u

zP

—1—=(1+A))(1+A4) [ 1

_ 1 p+1 1
=1—-(1+A)(1+A2) [1—521:1 (1,1,m+1,5>] (21

Hence the result. [

COROLLARY 3.1. Let « > 1, A <1, andlet —1 < B;<A; <1 fori=12.1If
Sfunctions fi(z) € &/ (1) (i =1,2) satisfy

@“‘lﬁ(Z)Jr/l@“ﬁ(Z) -

(1-24) . . h(Aj, Bi; z), (22)
then "
@fF(z) <h(1=-2y, —1;2),
where
F(z) = (fi*f2)(2) (23)
and | 5 |
y:[1—§2F1 <l,l,m+l,§)} 24)

The result is sharp when By = By = —1.
THEOREM 3.2. Let 0> 1, A <1 and —1 <B<A 1. If f(z) € & (p) satisfies

2711 (2) +A<@af(Z) <h

zP zP

(1-4)

(A, B; 2), (25)
thenfor me N, z€ A

zP

1
Re (Lﬂz)y > §l/m (26)
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where

A (1-M(1-B) LRI+ 20 B ifB#£0

§= (27)
1-—A ifB=0.

The result is sharp.

Proof. Let
2°%f(2)

zP

g(z) =

for f(z) € &/(p). The function g(z) = 1+ biz+byz> + -+ is analytic in A. By (2),
(25) and (28), we obtain

) (28)

1-— , )
gD+ T %8 (z) < h(A, B; z). (29)

It follows from Lemma 6 and (29), that

p+1 ,%/Z ptl_q (14 At
- 112 — ) dt
s@ =172 "), 1+ B

Pfz) _p+1 ! el <1+Auw(z))

or

2 1A 1+ Buw(z) G0

where w(z) is analytic in A with w(0) =0 and |w(z)|<1forzeA. As -1 <B<A<I,
it follows from (30), that

o ) _
Regz f(z)>p+l u{H (l Au)dt

1
zP 1-4Jo 1—Bu 31

S+(1=D(1-B) LA L1+, 55) ifB#0
1_¢ if B=0.

Because Re (w$> > (Re w)% for Re w > 0 and m > 1, hence (26) follows from (31).
To show the sharpness of (26), we take f(z) € </ (p) defined by

P%f(z)  p+1 lu%_l 1+ Auz d
P S 1-2Jo 1+ Buz

(32)

For the above function, we find that

2 f(2) L2200 144z

1-4 —
( ) P P 1+B7’
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and

o 1 —
P f(Z)_}p—Fl um1<1 Au)du (33)

zP 1—24Jo 1—Bu

as z — —1. Hence the result. [

COROLLARY 3.2. Let ov > 1, A <1l and -1 <B<A<1. If f(z) € (1)
satisfies
o—1 o
I i (G L LR
z z

. B; 2), (34)

then )

Re (w) > ()1, (35)

Z

where

A+ (1-5 (=B LR (1L,1,1+ 15, 52) ifB#0

o = (36)

— A ] P
=y if B=0.

The result is sharp.

For a function f(z) € &7 (p), the generalized Bernardi Libera-Livingstone [4] in-
tegral operator
Je: 4 (p) — A (p),

defined by
c

Jof @) = E /Ozt"’lf(t)dt, (c>—p, peN). @37

THEOREM 3.3. Let ot > 1, ¢ > —p, and —1 < B < A < 1. Suppose that f(z) €
o (p) and J.f(z) is given by (37). If

P%%(z)  , PYef(2) -

(1-24) 7 +A 7 h(A, B; 7).
then )
Re(ZE) "> gy
where

A+ (1-2)(1-B) LR, 1L,1+ 82, ) ifB£0O

B = i _ (38)
1- ifB=0.

The result is sharp.
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Proof. From (37), we have

A P2%ef(2) = (c+p)P%f(2) —cPYIf(2). (39)
Let e f( )
OCJC z

8(a) = ———— (40)

Then from (37), (39), (40) it follows that

P%f(2) P%).f(z) 1-2
7 +A p =g(z)+ s

(1-2) 72¢'(z) <h(A, B; ), z€A. O

Following the steps of the proof of Theorem 3.2 we get the result.

COROLLARY 3.3. Let e >1, ¢ > —1,and —1 < B<A < 1. Suppose that f(z) €
(1) and J.f(z) is given by (37). If

P%f(2) n AW“JJ(Z) -
Z Z

(1-4) h(A, B; 2).

Then

Re(@af(2)>ﬁ < (y*)l/m7 41)

Z

where

DA =B) LR (1,1,1+ 4 22 ifB#£0
if B=0. (42)

The result is sharp.

THEOREM 3.4. Let o« > 1, 0< p < 1. Let ¥ be a complex number with y # 0 and
satisfy either [2y(1—p)(p+1)—1|<1or 2y(1—p)(p+1)+1| < 1. If f(z) € & (p)
satisfies the condition

2% f(z)
{ St >+ w
then ,
Pf(z) 1
< P ) = (1 —z)2r(1=p)(p+1) =d(), (zed). “44)

The result is sharp.

Proof. Let

g(z) = (‘@af@ )Y, (ze€A). (45)

zP
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Then from (3), (43) and (45), we get

W@ 1+(1-2p)z

1+Y(P+1)g(1) -z

. (zeA). (46)

If we take

1 1

1) = T gprapipen: 00V = Land 00w) = 7 omy

Then ¢(z) is univalent by the assertion and lemma 8. Here ¢(z), 0(w) and ¢(w) satisfy
the conditions of lemma 9. Since

2(1-p)z
11—z

0(z) =24'(2)¢(q(2)) =
is univalent and starlike in A and

h(z) = 0(q(2)) + 0(2),

hence the condition (1) and (2) of lemma 9 are satisfied. Hence the result follows from
(46), lemma 8 and lemma 9. [

COROLLARY 3.4. Let aa > 1, 0< p < 1. Let ¥ be a complex number with y # 0
and satisfy either |[4y(1 —p)—1| <1 or [4y(1 —p)+1| < 1. If f(z) € F (1) satisfies
the condition

2 f(2)
| Gt ) > “
then ,
2°f(z) 1
( Z z) < (1_Z>4y(1_p)=q(z), (z€A). (48)

The result is sharp.

COROLLARY 3.5. Let « > 1, 0 < p < 1. Let v be a real number with y > 1. If
f(z) € o satisfies the condition (43), then

(L‘Zf(z))%p) >277, (z€A). (49)

The result is sharp.
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