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TWO-PARAMETER SUNOUCHI OPERATOR WITH
RESPECT TO CHARACTER SYSTEM OF p-SERIES
FIELD IN THE KACZMARZ REARRANGEMENT

CHUANZHOU ZHANG AND XUEYING ZHANG

(Communicated by J. Pecaric)

Abstract. Let G, be p-series field. We prove the restricted two-parameter Sunouchi operator
Thx is bounded from Hq':' to L, for 0 < g < 1. By means of interpolation and duality argument,
this theorem can be extended to Hardy-Lorentz spaces. As a consequence, we prove the restricted
Sunouchi operator is of weak type (Li,L;).

1. Introduction

The operator T (called Sunouchi operator) was introduced and first investigated by
Sunouchi [1], [2] in Walsh-Fourier analysis. For example he showed a characterization
for the L, spaces for p > 1 by means of 7. Since this characterization fails to hold for
p =1, it was of interest to investigate the boundedness of 7" on a Hardy space. In [3]
Simon showed that T is a sublinear bounded map from the dyadic Hardy space H into
L. Moreover Weisz [4] proved the restricted double Sunouchi operator Thx is bounded
from H; to L, for 0 < g <1 and double Sunouchi operator TZ* is bounded from H,
to L, for 2/3 < g < 1, respectively.

The Vilenkin analogue of the Sunouchi operator was given by Gat [5], [6]. He
investigated the boundedness of 7' from (Vilenkin) H; into L; and proved that if a
Vilenkin group has an unbounded structure and H; is defined by means of the usual
maximal function, then 7 is not bounded. Furthermore, if we consider a modified
H, space (introduced by Simon [7]), then a necessary and sufficient condition can be
given for a Vilenkin group that 7 : Hy — L; be bounded. All Vilenkin groups with
bounded structure and also certain groups without this boundedness property satisfy the
condition given by Gdt. Thus, in the so-called bounded case the (H;,L;) boundedness
of T remains true also for Vilenkin system. In [8] Simon extended this result, by
showing the (H,,L,)-boundedness of T for all 0 < g < 1. Moreover, the equivalence

1
1l ~ 1T Al (5 <g<1)
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was also obtained for f with mean value zero.

For Walsh-Kaczmarz system, G. Gat [9] proved that the Sunouchi operator is of
weak type (Li,L;), of type (p,p) (1 < p <eo) and of type (H;,L;). In this paper we
consider the restricted Sunouchi operator of the character system of p-series field in
the Kaczmarz rearrangement.

2. Martingale Hardy space

Let P denote the set of positive integers, N := PU{0} and N? be its Descartes
product N x N. An element from N? will be denoted by (n,m) or simply by n. Let
2 < p € N and denote by Z, the p-th cyclic group. That is Z, can be represented
by the set {0,1,---,p— 1}, where the group operator is the mod p addition and every
subset is open. Harr measure on Z, is given in the way that u({j}) = %(j €Zp). Let
G denote the complete direct product of Z,’s equipped with product topology and
product measure U, then G, forms a compact Abelian group with Haar measure 1.
The elements of G, are sequences of the form (xo,x1,---,xk,---), Where x; € Z, for

every k € N and the topology of the group G, is completely determined by the sets
L,(0) :={(x0,x1, "X, ") EGp:xx =0 (k=0,---,n—1)}

(Io(0) := Gp). Let I,(x) :=L,(0) +x (n € N) and I, ,(x,y) := I,(x) x I,(y). The o-
algebra generated by the rectangles {I, ,(x,y) : x,y € G,} will be denoted by Z,(n €
N).

The expectation and the conditional expectation operators relative to %, are de-
noted by E, E,, respectively. Let Lq(GI%) denote the usual Lebesgue space and the
norm or quasinorm of this space is defined by |||, := (E|f|9)"/7 (0 < g < ). For
simplicity, we assume that for a function f € L; we have Egf =0 (n € N).

An integrable sequence (f = f,,n € N?) is said to be a martingale if

1) it is adapted, i.e. f, is X, measurable for all n € N2 and

2) E,f,n forall n < m, where for n = (ny,ny), m= (my,my) € N*, n <m means
that n; < m; and ny < my. For simplicity, we always suppose that for a martingale f
we have f,, =0 if n; or n; =0.

The martingale f = (f,,n € N?) is said to be L, bounded if f, € L, and

1£llq = supllfally <.
n

The diagonal maximal function of a martingale f = (f,,n € N?) is defined by
2 :=sup, | fun|. Itis easy to see that the maximal function can also be given by

1
9 (x,y) = sup ————— dul.
f ( y) nEII\T) ‘u“(ln,n(xay)) ‘ In‘fl(xvy)f ‘u|

The corresponding quadratic variations of a martingale f is introduced with

s- (f) = (2 |fn,n _fn—17n—1|2)1/2

neN
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Obviously,
A1 < 17 M

It was proved by Burkholder, Davis and Gundy [13], [14], [15] in the one parameter
case and by Brossard [16], [17] and Metraux [18] in the two parameter case that

ISl ~ 1571

for each 0 < p < o, where ~ denotes the equivalence of the norms. The equivalences

£l ~ 1 ~ WA

for 1 < p < oo follow from Doob’s inequality (see Neveu[19], Cairoli[20] ).
For 0 < g,s < e the martingale Hardy-Lorentz Space H,ES consist of all martin-
gales for which

1 g, = 17 (f)lg.s <o

Note that in case g = s the usual definition of Hardy spaces H,Eq =H q‘j is obtained.

3. Character system in the Kaczmarz rearrangement

Let I'(p) denote the character group of G,. We enumerate the elements of I'(p)
as follows: for k € N and x € G, we denote r; the k-th generalized Rademacher
function

2
r(x) ;:exp( nlxk) (1:= \/—_I,XEGP, keN).
p
It is known that
p—1 .
1oy Jpifx,=0
Ear"(x>_ {Oifx,,;«éo. M)
Let n € N. Then n can be uniquely expressed as n =Y mp, 0 < < p, my €
N. The sequence (ng,ni,---) is called the expansion of n with respect to number sys-
tem based p. We often use the following notations: [n| := max{k € N : n; # 0} (that

is, pl"l <n < pl"+1) and n® = X7 nip’.
Now, we define the sequence of function v := (y, : n € N) by

oo

Wa(x) := H(rk(x))"" (xeGp, neN).
k=0

We remark that I'(p) = {y, : n € N} is a complete orthonormal system relate to the
normalized Haar measure on G,,.

The character group I'(p) can be given in the Kaczmarz enumeration as follows:
[(p) = {x::n € N}, where

[n|]—1
"n]

Xn(x) = r|"| I (r|,,|_1_k(x))"" (X S Gp, ne P), Xo(x) =1 (X S Gp)
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The Kronecker product o, of two character systems is said to be the two-
dimensional character system. Thus

an,m(xh)}) = a"(x)am(y)7

where o is y or .
The notation

rn,m(xay) = rn(x)rm(y)

is also used. Let the transformation 74 : G, — G, be defined as follows:
Ta(x) 1= (Xa—1,Xa—2, "+ X0, XA, XA 41, )

The transformation 7, is measure-preserving and T4 (74 (x)) = x. By means of the def-
inition 74 we have

n n
Xn(x) = rlrl|‘u/n—n‘,,‘p‘"‘ (T (x))  (x€ Gy, neN).
Recall that the Dirichlet kernel DY := Zz;é oy has a closed form

X W o pn ifoIn
Dy (x) = Dp(x) = {0 if x ¢ I, @

where x € G, o is y or x.

If f €L, then the number f(n,m) := E(f)nm) is said to be the (n,m)-th coef-
ficient of f with respect to system . We can extend this definition to martingale as
well.

Denote by s, . f the (n,m)-th partial sum of the Fourier series of a martingale f
with respect to character system ), namely,

n—1lm—1

sunf =Y, X FkD) s

k=0 [=0

It is easy to see that
Sprpmnf = Jom-
For n,m € N and a martingale f the Cesaro mean of order (n,m) of the double
Fourier series of f with respect to character system Y is given by

The n-th partial sum in the first (resp. second) variable of the Fourier series of

the martingale f with respect to character system x is denoted by s f (resp. s,% f) and

the one dimensional Cesaro operators are denoted by o' and o72. Thus s,,,, = sis2,

12
On,m = Oy, Ops

|| Ms

= 3000 k)

1
Gn,rnf =
m

SO anlf zn‘,zl—— FkD) xiea (x,y)

=1l/=1
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and

k
; F& 1) 0 (x,y).

n
O'S ZSkm 2

Let K¢ := 13" DY, where a is  or y. The next equality will also be used in
our 1nvest1gat10ns(see [6] or [11]): if x € Gp, n €N, then

|| Ms

p—1 k

)4 v .
D (x +ieg), (3)
2pn P ) i L—ri((p—i)ex) 7

where (je;)r =0 (k#1) and (je;); = j. Furthermore, for x € Ix_,(ve;), (j =0,---,
K—r—1;v=1,---p—1)andt € Ig_,,

Ve L P it (p—vle,
Ky(x—1)= T rj(vej)Dpn (x—t+(p—v)ej). 4)

It is simple to show that in case f € L
snf (523) = [ p I D= 0D (= (),
lonf(x) = [ p I D (= OKE (s~ i )du (o),
(o0) = [ [, S00REG=0DE — wdi)du ),

and

Gumf (x,7) = /G /G e, 0)KE (x— KE(y — u)dp (1) (u).

4. The boundedness of restricted double Sunouchi operator on HqD

The atomic decomposition is a useful characterization of Hardy spaces. To demon-
strate this let us introduce first the concept of an atom.

DEFINITION 1. A bounded measurable function «a is an HqD - atom if there exists
asquare I such that [;a =0, ||all. < u(I)""/7 and {a #0} C I.

Motivated by the definition in Mdricz, Schipp, Wade [21], we introduce the quasi-
local operators. Their definition is weakened and extended here. For each interval 7 let
I" be the interval for which I C I" and u(I") = p"u(I). If I:=1, x I, is a rectangle
then set 1" := I] X I5.

DEFINITION 2. An operator V which maps the set of martingales into the col-
lection of measurable functions is called HqD -quasi-local if there exist r € N and a
constant ¢, > 0 such that

/ Val'dp < ¢q
@\
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for every HqD -atom a where [ is the support of the atom.

We say that the operator T is of type (g,q) if ||Tf||4 < ¢4/ f||4 for some constant
cq forall f € L,. T is said to be of weak type (Ly,L;) if there exists a ¢ > 0 such that
forall A >0, f €Ly, the inequalities u(y € G,,|Tf(y)| > A) <c¢| f|li/A holds.

THEOREM A. [26] Suppose that the operator V is sublinear and HqD -quasi-local
forany 0 <q < 1. IfV is bounded from Ly, to L, for any q1 > 1, then

VAlg <cqllfllye  (f € HY).

We define one and two-parameter Sunouchi operator of the character system of
the p-series field in the Kaczmarz rearrangement as follows:

T2f = (Y [spnf — o fP)'V2,

n=0

T f := 2 2 [sprpmf = Shu G f — OpuSon f + Oy f| 22,

n=0m=

n [25] we have verified that in the one parameter case
IT%fllg <cllflly (1<gq<oo,feLIG)). (5)

To investigate the Sunouchi operator on Hardy space we need another operator

TEf =3 Vambnm(Sprpmf = SpuOon f — OpuSon f + Opn pn f),

n=0m=0

where r,,, are the generalized Rademacher functions and v : (v, ,,) is a sequence of
+1. In this section we consider the restricted Sunouchi operator

Th%flz ( 2 ‘Spnmm —Szl,nO'2mf—O';nS12,mf+ O'pnmmf|2)l/2

n,meN, |n—m|<h
and the similarly defined Th% operator where i > 0 is fixed.
LEMMA 1. [4] Let 1 < g <eo. Then

1T  fllg < et T*fllg < c2ll fllg

and the same holds for the operator Thi and Th%.

THEOREM 1. (Main) Let 0 < g < 1. Then

1T fllg < cqliflye (F € H).-
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Proof. By Theorem A and Lemma 1 we have only to prove that the operator Th%
is HqD -quasi-local for every 0 < g < 1. Let a be an arbitrary qu -atom with support

IxJ and u(I) = u(J) = p~X, K € N. Without loss of generalization, we suppose
1=J=1I,

Th{a()@y) = 2 VanFnm(X,)

n,meN, |n—m|<h
<) 0Dty ) = KEa = ) (D —0) = K= D)) ),
By the definition of atom and by (2)
L a0y =)= Ky =) (D= 1) = K (e = 1) dpa(0)d () =0

if n < K and m < K. Therefore we can suppose that n > K or m > K. Choose r € N
suchthat r—1<h<rIfn>Kthenm>n—h>2K—r.Letn>K—randm>K—r.
To prove the quasi-locality of T,ff, we have to integrate Thﬁ over Gf,\([ " J").

Step 1: Integrating over (G,\I") x J". It is shown in [22] that
n—1p—1

PKL(x) =1+ Y rix)p JK‘” (7(x +prD‘” i

j=01=1

||M\

If j>K—r,x¢Ig ,and r € Ix then x—1 ¢ Ig, i.e by (2) Dl’fn(x—t):o.

m,l

Denote It " :=Ix—r(x0, -+ ,%m #0,0,---,0,x, #0,---,0), then

K—r—1 1-1 p-1 p—1 p—1 p—1

G\k-= U U U U UUR,

=0 m=—1xy=0 Xm—1=0xp=1x=1
Let i > K—r and x ¢ Ix_,. Then by [23] K;‘?('L',-(x—t)) # 0 implies that
t€L;(0,---,0,xk—r,---xi—1) and m=1, xo=x,_1 =0. (6)

Let x € I;(—r’ te I,-(O, s 0 XKy -x,-,l). Thus z:= ’L',-(x—t) S Ii(O, - 0,x,- 0)
By (2) and (4) we have
KO- P b et (p—xiers) )
\) = ———F7— il\Z pP—Xi—1)éi—1).
P l—rig(xieiy) P
So by Holder inequality and Lemma 1 we have

|, mateydum) <pon - ¥ [ Vnanlin ()
n>K—r

P m>K— r\n m|<h

x /G a(t.0)(Dlply =) = Kl — )t )

X (D (x 1) = K (x —1))du(1)|%du (y)
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Jrl q /
n>Kr

—Kju(y —u))dpt(u )|
1 n—1 —

) [ at.0)(DF(y )

GI’ m=>K— r\n m|<h Gp

(= X p Z (x = 1)K f(ti(x —1)))dp (1) dp(y)

1
p i=K—r+l s=1

<y | / a(t.y) Pu(»)' 2

n=zK—r

x(— 2 er

n
lerJrl s=1
lnl

(zi(x—1)))du (o))

<)Y S % p / oo RO
—+1 Xi—ls

n>K— rp i= K r
i—l

1—7‘1 l(xz 1€i— l —

conuyy, LY

neK—r P i=K—r+1

s=0
1

P i (x—1)du(t }qxl (x)

—r

o ) laten)Puo)
(L(0,-+,0,x;_7,-+-0)(

~1
“(3 1)~ Ddp@x 1, ()

n—1
<eul) LY B[ Jaton) Pau()?

n=zK—r 4 i=K—r+1

B[ latey) Pau(s) )y ()

Hence we have

| ] Iatey)rap)ane
G\I" JJr

K—r—-1 1

<e ¥ ouUn"Tlx Y

n=>K—r D =

=0
x /I,[EiH( / ale.)Pdu)

K—r—1 1

S‘j p(i*l)q

K—r+1

~E( [ Jat)Pdu(:) L, ()

"i D

n
neK—r P i=K—rt1

=0
x /I Eini( /G Jate )P

~E( [ laley)Pdu()" 2] Pdp(o ()

oo n
¢ X op U Y X pTEB-EB);,
= n=K—ri=K—r+1
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where B = (/g la(x,y)|2du(y))/2. 1 < m implies

Eo((E;+1B—EB)(E,1B—E,B))

From this and Bessel’s inequality we have

=

n—1
ICY P Y PEMB=—EB) 3

n=K-r i=K—r+1

</G 2 2 A E; 1B~ E;B(x)[*dx

S / 2 2 PzH"\EjHa(x) — Eja(x)[*dx

Gp i=0n=i

< / 3 |Ei1B(x) — EB(x)2dx
Gp i=0
2 2
< |[Blz = |lall3-

Therefore we have

|, [ e rautan

K—r—1
<c Y pAptEmEa) g
1=0
K—r—1
<c Y pAptETED g4 (1 x J)1

~
Il
=]

'y 2 p(~KN(2a) 2K(1-0) < ¢ 8
=0

Step 2: Integrating over (G,\I") x (G,\J"). Similarly to Step 1 we can show that
for x € (G,\I") and y € (G,\J")

Talxy)l < | ZK / /J alt, )K= 0)) % K (x = 1)) [dp () dpa )

nm>1< ,//|a ) mi i x—0)K ) (1j(x—1))

j K—r+l s=1

x(— 2 er (x =K (Ti(x —1)))dp(t)dp () ||

n
p i=K—r+1 s'=1
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g[@;r/fm;;{r/la(t’u)x(p% Y Y - nKi(ti(—1))du(r)

j=K—-r+1  s=1
x(~ 2 pzr (e =K (5x— 1)) (1) 1

p " iI=K—r+1 s'=1
By using twice the method of proving of Step 1, we have
| Tax,y)]

oo n—1

T P Elate)| - Bl

1 m—1

w2 PEala(ey) = Ej(la(y) )y (01, ().

m=K—r P j=K—-r+1 -

Therefore

/(G \I7)x(Gp\JT) [ Tialey)lfdp(ndp )
P 14

K—r—1 oo m—1
/ 1 .
721 2 -1
<c 2 p 2 ptkniza) 3 I > PElaloy)| = Ej(lalx,y))I5
m=K—r Jj=K—r+1
K—r—1 , K—r-1
<c 2 721 —K+r)(1—q/2) p72lp(fK+r)(lfq/2)HaHg

-~
Il

0

K—r—1
< cp(’K”)(z"f)HaHZou(I > J)q/2 <c 2 p*2lp(*K+r)(2*q)p2K(1*4/2) <cgr 9
1=0

Step 3: Integrating over I” x (G,\J"). This case is analogous to Step 1.
Taking into account (8) and (9) we conclude that

valld Cg,
/GIZ,\(I’xJ’)| fan < eq

which complete the proof. [

The results concerning the Thx operator follow easily from this theorem.
COROLLARY 1. Let 0 < g < 1. Then
Il < cqll flye (F € H)-
COROLLARY 2. Let 0 < g <o and 0 < s < . Then
1T fllgs < cqill fllye,  (F € Hyy).
Especially, if f € L', then

supu (|7 f > 4) < el £
A>0
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