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CHARACTERIZATION OF UNITARY OPERATORS BY ELEMENTARY
OPERATORS AND UNITARILY INVARIANT NORMS

CRISTIAN CONDE

(Communicated by J. Pecaric)

Abstract. In this work we characterize unitary operators via inequalities of elementary operators
with unitarily invariant norms.

1. Introduction

Let 5 be a complex Hilbert space, and let (B(J¢),||.||) the C*-algebra of all
bounded linear operators on .77’ with the usual norm. We denote by GI(7¢) the group
of invertible elements of B(7¢), U(7¢) the unitary operators and Gl,(.7¢) the set of
all invertible and selfadjoint operators.

A linear operator R : B(#) — B(s¢) defined by R(X) = X}, A;XB;, where
A;,B; € B(), with 1 < i< n, is called an elementary operator on B(s¢); and
we denote by R = R;5, where A = (Ay,...,A,) and B = (By,...,B,). This class of
operators includes many important operators of B(.%°) such as the inner derivation
04(X) =AX — XA, the multiplication operator My p(X) = AXB, the symmetrized two-
sided multiplication Uy g(X) = AXB+ BXA and the operator V4 g = AXB— BXA. We
denote by @y the operator Ug g-1.

In [8], Nakamoto proved that a bounded linear operator A on . is normal if
and only if [|0a(X)|l2 = ||8a(X)]|2 for all X € By(.2#°) (Hilbert-Schmidt class). In
[9], Seedik characterizes the operators S for which the Corach-Porta-Recht inequality
([4], [1]) holds, more precisely he proved that an invertible operator S is a non zero
complex multiple of some selfadjoint operator if and only if ||®g(X)|| > 2||X|| for all
X eB().

On the other hand, in [7], the authors ask whether the same characterization ob-
tained on [9] is true for other unitarily invariant norms. They proved that § is nec-
essarily a normal operator if 2||X|| » < ||®s(X)| .~ for all X € B(), with rank one
(Corollary 2.2). Furthermore, in this work Magajna et al. obtained that if .# a norm
ideal and we denote by A = (tS,257!) and B= (S~1,S) for # > 0, then

¥S € Gly(H),y e C— {0}ifandonlyifing||RZ§(X)||y > 2| X||.»
> ’
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forall X € .# of rank 1.

In a recent work [11], Seedik obtains some characterizations of some subclasses
of normal operators in B(¢°) by inequalities or equalities (associated with elementary
operators). Motivated by these results, in [3] we characterized the normal invertible
operators of B(##) via unitarily invariant norms and elementary operators.

The purpose of this work is to find the set for a given norm ideal .

Ey = 1{S€GUA) : [Mys 1 (X) 5+ Mg 1 (X)]| s = 21X s foreveryX € 7).

By a result obtained in [3] this subset is contained in N(J¢) = {T € B(%¢) :
TT* =T*T}.

2. Preliminaries

We recall that .# is a norm ideal of B(J¢) if .# is a two-sided ideal of B(5?)
and a Banach space with respect to the norm ||.|| » satisfying:

1 IXTY |l < |IX||T]||Y] for T € .7 and X,Y € B(#),
2. ||X|l.s = ||X]| if X is of rank one.

In particular, condition 1. implies that the norm is unitarily invariant, |[UXV*|| » =
|X]||.» for X € .# and any U,V € U(5¢). The most known examples of norm ideals
of B(57) are the so called p-Schatten class with p > 1 defined by

By(H) ={X € Bo(H) : {sj(X)} € 1"},

where {s;(X)} denotes the sequence of singular values of X, rearranged such that
s1(X) = 52(X) = -+ with multiplicies counted, with norm given by [|X||5 = ¥s;(X)?
and By () is the ideal of compact operators. When p = o, the norm ||.|| coincides
with the usual norm ||X|| = s;(X). For a complete account of the theory of unitarily
invariant norms the reader is referred to [5].

For sake of completness, we recall three well-known statements that we will use
in the following section. Given a norm ideal .# and a linear operator P: .¢ — .¢ we
denote by

1P|l g(.s) = sup{|[P(X)|l.5 : | X|l.- = 1}.

THEOREM 1. ([10], Theorem 2.1.) Let S € B(%°) be an invertible and selfad-
Jjoint operator and % a norm ideal. Then we have the following inequality:

1

1Dsl0s) = SIS+ —ere—pr-
) ISTIS=T]

(D

LEMMA 1. Let S € GI(s#). Then ||S||||S~Y| = 1 if and only if S = ||S||V, for
some unitary operator 'V .

THEOREM 2. ([3], Theorem 2.1.) Let S € GI(S) and .# a norm ideal. Then
the following conditions are equivalent:
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1. S is normal,

2. Mg g1 (X)|.r + (M1 s(X) |7 = Mg 51 (X)|.5 + [[Mg1 5 (X)||.5 for every
Xe /s,

3. Mg 51 (X)l.7 + IMg-1 5(X) .7 = 2||X ]| for every X € .7,
=

4. Mg g1 (X)||.r + [[Mg-1 s(X)||.r = 2||X||.5 for every X € .7 of rank one.

REMARK 1. Other characterization of normal invertible operators is given in the
following statement.

PROPOSITION 1. Let S € GI(5€) and & a norm ideal. Then the following con-
ditions are equivalent:

1. S is normal,

2. Mg g1 (X)|.r + [[Mg-1 s(X)|r < Mg 51 (X)[.r + [[Mg1 5 (X) |5 for every
XeJs,

3. [IMg 51 (X7 + [Ms-1 s(X) |7 < Mg 51 (X) |7 + [IMg-1 5 (X)||s for every
X € .Z of rank one.

Proof. The implication / = 2 follows inmediately from Theorem 2 and 2 = 3 is
trivial. 3 = I We consider rank one operators X =x®y € .# defined by (x®y)z =
(z,y)x for x,y,z € 5, then it follows that the following inequality holds

Mg 51 (x@Y)|l.r + [|[Mg-1 s(x@Y)|l.5 < [|[Mge 51 (x@Y)||.r + |Mg-1 5 (x@ )| o
or equivalently,
1SS~ 7+ 185 (x@y)S|ls < IS x@y)S s+ IS~ (x@)S -

It is easy to see that A(u®@v)B =Au®B*v and ||lu®v||s = |[u®v| = ||u||||v||, for all
u,v € 7 and A,B € B(.%). Then

IS W+ IS @IS )< IS* IS O+ IS~ IS W)I-

2)

Assume that S is not a normal operator. Consequently there exist a vector x € J7,
||lx|| = 1 such that ||Sx|| > [|S*x|| (or ||Sx|| < ||S*x]|). It follows, from (2), that for all
ye A with [l =1, [[Syl > [[S*y[| (or [|Sy[| < [|S*y[|), so we have from (2) that

0 < ([ISxfl = 1<) < (ISyll = IS IS IS = o)l
< (ISyll = IS D IS~ IS

Hence, for all y € 5 with ||y|| =1
Sl + IS ~HIS IS I < (15l + 1S~ IS ISyl

Thus [|Sx(| + IS~ [SIIS*]| < 15[+ IS~ T IISIHIS]. It follows that [|Sx[| < [|S*x]],
which it is a contradiction. Therefore S is a normal operator. [
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In [6], Kittaneh obtained the generalization of the Corach-Porta-Recht inequality
in any norm ideal .#. More precisely, for Hilbert-space operators T,R,X with T,R
invertible operators and a unitarily invariant norm .#, the inequality

2|X|ls < IR XT™ +R™'XT*||.#, 3)

holds for all X € .#.
In this work, we consider the polar decomposition of S € GI(4#) given by S =
U|S| with |S| = (§*8)'/? positive and U € U () .

3. Main results

PROPOSITION 2. If S € Gly(H7) and || ®s(X)||.» <2||X||.» forall X € F, then
=S|IV with V € U(¢).

Proof. Since ||Ps(X)||.s < 2||XHy forall X € .7, it follows that || @s|| () < 2.
By (1) we have that 2 > || ®s| 5.~ HS||||S Y+ HSHHS s = 2-

From this we derive that ||S||[|S™ IH + W =2, so it follows immediately that

ISIIIS~Y|| = 1. So from Lemma 2 it turns out that S = ||S||V with V an unitary operator
and this finishes the proof. [

Now, we obtain a generalization of [11], Th. 8.
COROLLARY 1. Let . a norm ideal, then
Us() ={S € GI;(S) - ||S|| = 1 and || Ds(X)||» < 2| X]| .+ forallX € .#}.

where Us(5) denotes the unitary selfadjoint operators in B(.5).

Proof. If S € Uy(S7) then S € GI;(H),||S|| =1 and for any X € .# we have
[s(X).r = 1SXS™ + 571X S]|» <2/|X]|.o,

by the unitary invariance of the norm. Thus, the result follows immediately from Propo-
sition2. [

In the previous statement, if we omit the hypothesis ||S|| =1 we obtain a charac-
terization of R*U,(.5¢), with R* =R — {0}.

If S=U|S| € U(S) then necessarily |S| € Uy(#) and in consequence |S| is
characterized by the previous corollary. In the following result we prove that a condition
which holds for the modules of S is a sufficient condition for determinate if S is an
unitary operator in B(7¢).

THEOREM 3. Let . a norm ideal then

U(H)={SeGUH):|S|=1,S=Ul|S|and ||®5(X)|.» <2|X]||.r forallX € .7}.
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Proof. By the hypothesis, [|®g||p.») <2. By (1) we have the following lower
bound for the operator @),

1

1@is 110y = WISHTISIT I+ Frermrer=rr = 2
S ISIERL
From this inequality and the condition obtained above, we get that

L
SIS

1

= SIS~ + ey =
SIS

11513y = I ISTIIISI I+ 2.

In other words, ||S|/||S~!|| = 1. Then the result follows immediately from the
Lemma 1.

On the other hand, if S = U|S| € U(#) then for any X € .# we may write X =
U*Y with Y € .# and since ||S|| = 1 we have that

P15 (X)L = ISIUYIS| ™" + S| 7' U YISl = 7Y S +57'YS"||r <2|[Y s
=2[|X]|.r-

This concludes the proof. [

Since the norm of the operators $*YS™! +$71Y$* SXS~1 4 (§*)71XS* and P
are related via unitaries operators, more precisely for all X € .

1Dy (X)L = NISIXISI ™ + 1S XS] [+ = [|S*(UX)S™ + 571 (UX)S"].»
and
1151 Ol = 107 (XS +(5) XSV Ly = [SXS™1+(87) ' XS7||.o
where S = U|S|, we obtain the following characterizations of U (/7).

THEOREM 4. Let % a norm ideal then

UA)={ScGLHA):|S||=1,||S* XS +571XS*|| » < 2| X|| s forallX € .#}
= {SeGI(H):|S| =1,||SXS~ +(§*)"1XS*|| » < 2||X|| s forallX € .#}
={SeGUA):|S|=1,||S* XS+ 571X8"|| » = 2| X|| s forallX € .#}
={SecGI(A):|S| =1,]SXS7 +($*)7'XS*||.» = 2||X||.~ forallX € .#}.

REMARK 2. The operator which characterizes the unitary operators of B(.#’) can
be written as follows

SXS™ 4 (8)71xs* =8sx57 1 (7 x5* = sx57! 4 (sx*s*
in particular if X is a selfadjoint operator then
SXS™1 4+ (5*)71XS* = 2Re(SXS7Y),

where Re(T) = 3(T+T%).
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A natural question is if with the selfadjoint operators of .# we can describe all
U (), more precisely

U(H)={S€Gl(HA):|S||=1and ||[Re(SXS™ )|~ < ||X|| s forallX € .7, X = X*}?

We give a particular example when .# is the 2-Schatten ideal. Every X € B(5¢)
can be written as X = Re(X) +iIm(X), where Re(X) (defined above), Im(X) are self-
adjoint operators and Im(X) = 5-(X — X*). This decomposition is called the Cartesian
decomposition of X .

In [2], Bhatia and Kittaneh prove sharp inequalities comparing the norm | X[,
with (HRe(X)||12,+ HIm(X)||12,) More precisely, for p =2 we get

IRe(X) 13+ [[Im(X)|13 = |IX|3-
THEOREM 5.
UA)={SeGl():|S|=1and |[Re(SXS™ ") ||, < ||X]|, forall X € B(7)}
={ScGI(A):||S|=1and |[Re(SXS)||2 = || X||2 forall X € BS()}.

where BS(J€) denotes the selfadjoint operators in By(H)

Proof. Let Z = Re(Z)+ilm(Z) € Bo(#) then
1SZS~! + (81 ZS* |13 = ||S(Re(Z) + ilm(2))S 4 (S*) " (Re(Z) + ilm(Z2))S* |13
= ||12(Re(SRe(Z)S™") + iRe(SIm(Z)S 1)) |13
= 4||Re(SRe(Z)S™ 1) + iRe(SIm(Z)S™Y)||3
= 4(||Re(SRe(2)S™")|I3 + [|Re(SIm(Z)S~)|3)
<A([Re(2) |3+ lIm(2)3) = 4)1zI13. O

We observe that if S=AV with V € U(#) and A € R*, then for every X € .¥

ISXS7 | + IS7'XS||.s =2[|X||.s- 4

Now motivated by the conclusion of Proposition 2 and the equality (4), we char-
acterize the real multiples of some unitary operator.

THEOREM 6. Let S € GI() and . a norm ideal. Then the following condi-
tions are equivalent:

1. S=AV with A € R* and V € U(5€),
CISXSTY s+ 1STIXS| s = 2||X || for every X € 7,
NS XS o+ ISTIXS || o = 2||X || for every X € 7,

A wWoN

NS XS+ ISTIX S| s < 2||X || for every X € .,
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5. 1S XS+ S7IXS*|| s <2||X || forevery X € 7,
6. ||S* XS~ +8571XS*|| s =2||X|| s for every X € .7,

7. IS XS~ + 871X S*|| s =2 forevery X € .7,

X|l.»=1.

Co

- SXST L +11(87)7IXS s = 2]IX |5 for every X € .7,

Nel

- ISXSH L+ (1(S%) XS || <20|X|s for every X € 7,
10. ||SXS™1+(S*)7IXS*|| s < 2||X||.s for every X € .7,
11, ||SXS™ -+ (S*)7IXS*|| .o =2||X||.» for every X € .7,

12 ||SXS™ 1+ (8%)'XS*|| » =2 forevery X € .7, | X|| s = 1.

Proof. The implications /. = 2., 3. = 4.,4.= 5. and 6. = 7. are trivial.

2.=-3. This implication is a consequence of the unitary invariance of the norm
and the fact that S is a normal operator (see Th. 2).

5.=6. Let X € . then

20Xl = IS°XST - STIXS s = (1@ (UX) ||y > 20|U°X s =2]1X].s,

in the last inequality we use (3).

7.= 1. By the hypothesis and the inequality (3) we get that | ®(g[|p.») = 2. In
other words, ||S|||[S™!|| = 1. Then the result follows immediately.

We actually showed that the first seven conditions are equivalent. With a simi-
lar argument (using (3)) we obtain that the conditions 2,8,9,10,11 and 2 are also
equivalent and this concludes the proof [J

REMARK 3.
1. This theorem is a generalization of [11], Th. 6.

2. If ¥ = .74 is anorm ideal associated with a ¢ regular symmetric norming func-
tion (we refer to [5] for details on norm ideals generated by a symmetric norming
function), that is

}Elgo¢(€n+laén+2a") :Ov (5)

or the equivalent condition f;o) = 4y where f;o) denotes the closure of th
ideal of finite rank operators, B (), with respect to the norm ||.||.~, then
in the previous results we can relax the hypothesis for all X € Bg (). For
example, the ideal B, () with 1 < p < o satisfies the condition (5).
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