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CONCENTRATION-COMPACTNESS PRINCIPLE FOR
EMBEDDING INTO MULTIPLE EXPONENTIAL SPACES

ROBERT CERNY

(Communicated by V. Volenec)

Abstract. Let Q CR", n > 2, be abounded domain and let oz < n— 1. We prove the Concentration-
Compactness Principle for the embedding of the Orlicz-Sobolev space WOl L"log" ! Llog® logL(Q)

into the Orlicz space corresponding to a Young function that behaves like exp(exp(z 1w )) for
large . We also give the result for the case of the embedding into triple and other multiple
exponential spaces.

1. Introduction

Throughout the paper € denotes an open bounded set in R”, n > 2. Let w,_; be
the measure of the surface of the unit sphere in R". By Vf we denote the generalized
derivative of f. The space WO1 "(Q) or WoL®(Q) stands for the closure of Ci(Q) in
W1 (Q) or WL®(Q), respectively.

The classical Sobolev embedding theorem states that WO1 P(Q) is continuously

pn

embedded into L (Q) if 1 < p <n and p* = p If p > n then every function

from WO1 P(Q) is bounded (i.e. belongs to L=(Q)) and in the limiting case p = n, it is

known that every function from WO1 "(Q) belongs to LI(Q) for every 1 < g < oo, but
not necessarily to L=(Q). A famous result by Trudinger (see [15], [22], [25] and [26])
implies that the space WO1 "(Q) is continuously embedded into the Orlicz space L?(Q)
with the Young function ® of an exponential type ®() = exp(17-T) — 1,7 > 0.

1

In [18] Moser proved that for K < nwﬂ we have

Sllp{/gexp([df(xﬂ%)dxfe WOL"(Q)’”VfHL"(Q) < 1} < oo (1)

1
but that for K > nw"} the supremum in (1) is not finite.
For oo <n—1 set

n o n
=—>0 d B=1- =—>0. 2
[ a n—1 (n—l)y> @
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The space WyL"log® L(Q) of the (first order) Sobolev type, modeled on the Zyg-
mund space L"log” L(Q), is continuously embedded into the Orlicz space with the
Young function that behaves like exp(s¥) for large 7. These results are due to Fusco,
Lions, Sbordone [14] for o < 0 and Edmunds, Gurka, Opic [6] in general. Moreover
it is shown in [6] (see also [5] and [7]) that in the limiting case & =n — 1 we have the
embedding into a double exponential space, i.e. the space WoL" log" ! Llog® log L(Q),
o < n—1,is continuously embedded into the Orlicz space with the Young function that
behaves like exp(exp(¢')) for large 7. Further in the limiting case o =n— 1 we have
the embedding into triple exponential space and so on. The borderline case is always
oo =n—1 and for a > n— 1 we have embedding into L=(Q). It is well-known that the
Zygmund space L"log® L(Q) coincides with the Orlicz space L?(Q), where

@)

Y
o g log®(¢)

)

the space L log" ! Llog®log L(Q) coincides with L®(Q) where

lim 0] -
M rlog T log” (0g()

and so on. For other results concerning these spaces we refer the reader to [7], [8], [9],
[10], [13] and [20].
For k € N, let us write

log () =log(logy_yy(¢)),  where  logy(t) = log(r)
and
expyy (1) = exp(expy_y)(7)), where  expy (1) = exp(t) .

Let k € N and o¢ < n—1. Then we have above mentioned embedding results for any
Young function @ satisfying

D(r)
lim
S (H logl (1 )) logf (1)

=1 3)

(1)
" lOg[ ]( )
satisfying (3) give the same Orlicz-Sobolev space. In particular, we have from [6,
Remarks 3.11(iv)]

(for k=1 weread (3) as lim;_, =1). As Q is bounded, all Young functions

PROPOSITION 1.1. Let n > 2, ke N, a <n—1 and let ® be a Young function
satisfying (3). Let K € R and let f € WoL®(Q). Then

/Qexp[k] (K| f(x)[") dx < oo
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Moser-type results

Further for K € R and & satisfying (3) let us set
(k. @) = sup{ | expyy (KIF()")dx 5 £ € WL(@), |[O(VS1) 1) <1} - (4
We have the following result.
THEOREM 1.2. Letn>2, ke N and ax <n—1. Set

fork=1
fork>2.

&)

Let ® be a Young function satisfying (3). Then the following statements hold.

1) If K < K, then S(K, @) < oo.

(i) If K > Ky .0 then S(K, @) = oo.

(iii) If K = Ky, and there are ty > exp[k](l) and a € (O,min{l,% ) such that ®
satisfies

(Hlog )10g[k]( )(1 +10g[7{]”(t)> for 11, ©6)

then S(K,®) <
(iv) If K = Ky .o and there are to > exp[k](l), a € (0,min(1,B)) and C > 0 such that
Cct" Jort €[0,1]
Dt a )
) < {z" (n Hog? (1 )) log{ (1) (1 ~logj; (z)) fort € [tg, ) .

then S(K,®) = oo.

In the case k > 2, all four assertions of Theorem 1.2 follow from [3, Theorem
1.1, Theorem 1.2, Theorem 4.2 and Theorem 4.1]. In case k = 1, assertions (i), (ii),
(iii) follow from [16, Theorem 1.1, Theorem 1.2 and Theorem 4.2]. A weaker version
of (iv) is in [16, Theorem 4.1]. Our version of (iv) is a new result which we prove in
Section 5, Example 5.1.

Let us briefly indicate why the borderline parameter Kj o is the same for all
k > 2 while for k=1 itis n times larger (see (5)). For the value of S(K @), the most

important are radial functions of the growth f(x) ~ (BB wn D log k](l |) For such
functions and 7 > 0 we have

Lt R I\
/B (R)exp[k](rBBw,;Ll\f(xW)dx:C /0 eXPyi (“"glk](?))r s

We observe that the last integral in the case k£ > 2 converges if and only if 7 < 1 while
itist<nfork=1.
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Notice that even though all Young functions satisfying (3) with fixed k € N and
o < n—1 give the same Orlicz-Sobolev space, they give different Moser-type results
in the critical case K = K ;, ¢ -

Let us observe the borderline case K = K; , o in more detail. Since there is a huge
gap between (6) and (7), we see that Theorem 1.2 is not sharp in the critical case (for
the Moser’s case k = 1, o = 0 it is shown in [4] that the borderline Young function is
®(t) =1"(1—log™'(1))).

Concentration-Compactness Principle

Next we are interested in the generalization of the Concentration-Compactness
Alternative by Lions [17] for our spaces WoL®(Q).

Embeddings are usually not compact in the borderline cases. For example em-
bedding of the Sobolev space WOI"p(Q) into L%(Q) for 1 < p < n orinto L®(Q)
for p = n are not compact. However there is the Concentration-Compactness Princi-
ple (see [24] and references given there for the history and applications) telling us that
some substitute for compactness is still available for many embeddings. By this princi-
ple, each bounded sequence can be decomposed into subsequences that either converge
in the target space or have very special behavior. For example such a subsequence can
concentrate around one point and in some sense converge to the Dirac mass at this point.
This observation is often used in many problems from the Calculus of Variations (see
e.g. [11], [12], [17], [24]). In particular, this principle gives the Compactness in the
situations which do not allow the Concentration (see for example the proof a level-set
version of the Palais-Smale condition in [11] and [19], or the proof of our Theorem 1.5
bellow).

In recent paper [2], there are the techniques for obtaining the Concentration-
Compactness Principle for WO1 "(Q) (see [17]) modified for the embedding of the space
WoL"log® L(Q) into the corresponding single exponential space. The main problem
when adapting the proof was the fact that working with the Luxemburg norm corre-
sponding to a general Young function satisfying the A, -condition is much more diffi-
cult than working with the nice L"(Q)-norm (in particular, homogeneity of the function
t — t" is usually crucial for the techniques used in [17]). Moreover, the proof in [17]
is based on (1) while the proof in [2] requires the Moser-like result for embedding of
the space WyL"log” L(Q) into the Orlicz space corresponding to the Young function
exp(¢7-1-@ ) — 1 given in [15] (i.e. Theorem 1.2 for k = 1).

The aim of this paper is to extend the Concentration-Compactness Principle for
embeddings into multiple exponential spaces. For these spaces our main tool is a Moser-
like result from [3] (i.e. Theorem 1.2 for k > 2).

THEOREM 1.3. Let n > 2, ke N, a <n—1 and let ® be a Young function
satisfying (3), S(Kin,a:®P) < oo and suppose there are T > expy (1) and £ > k such
that

k—1
cp(z)>tﬂ<1‘[1og'[;]—1(t))1og§g](z)(1—1og[;]1(z)) for 1>T. )
=1
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Let {uj}7_; C WoL®(Q) satisfy || @(|Vu;|)||pq) < 1 and

uj—u inWoL®(Q), uj — ua.e. inQand d(|Vu;|) > win A#(Q).  (9)

() If u=0 and u = &, for some xy € Q, then the sequence {expyg (Kinaluj|") 17
is relatively compact with respect to the weak™® convergence in M (Q) and the limits
of convergent subsequences belong to {expy(0)-Z,|q +cby, : ¢ > 0},

(ii) If u # 0 or pu is not a Dirac mass at one point, then there is § > 0 such that

expyy (Kin,a(1+8)|u;[") is bounded in LY (Q) and

CXp[k] (Kk,n,oc ‘I/Lj|y) J:>°° exp[k] (Kk,n,oc ‘I/L|y) in Ll (Q) .

Theorem 1.3 tells us that each sequence of normalized functions from WoL®(Q)
can be decomposed into subsequences (notice that, since WOL‘D(Q) is reflexive, as-
sumptions (9) are obtained just passing to a subsequence) that either concentrate around
a point in Q, or the integrability of such a subsequence is better than Theorem 1.2(i)
says.

The version of Theorem 1.3 given in paper [2] (case k = 1) with our assumptions
S(Kin,00,P) < oo and (8) replaced by assumption (6) is much weaker. Let us explain
why.

First, the assumption S(Kj , o, P) < oo is necessary because otherwise we can find
a sequence satisfying

expiy) (Kenaj|7) "= 0 > expiy) (Ko ul")

(see the concentrating sequences from Example 5.1 and [3, Theorem 4.1]) and thus
neither (i) nor (ii) can hold. Second, let us compare the assumptions (8) and (6). Con-
cerning (6), in view of remarks following Theorem 1.2 we see that assumption (6) is
very restrictive. Concerning condition (8), the larger ¢ > k is, the more permissive this
condition is. Moreover, from Theorem 1.2(iv) we see that already for ¢ = k+ 1 there
are many Young functions satisfying (8) even though S(K , o, @) = oo. Therefore this
condition is practically harmless and always satisfied by reasonable Young functions
satisfying (3) and S(K o, P) < oo.

The author would like to know, if it is possible to remove condition (8).

Notice that the assertion of Theorem 1.3 cannot be valid for K > K, ,, because
by Theorem 1.2 the integral from expyy(K|u|") can be arbitrarily large if K > Ky, -
Conversely, if K < K , o then we have just the Compactness as an easy corollary of
the Moser-type result.

COROLLARY 1.4. Letn>22, a<n—1, keN, K <Ky, o andlet ® be a Young
function satisfying (3). Let {u;}7_, C WoL®(Q) satisfy 1(|Vu; )1 @) < 1. Further
suppose that

uj—u ae in€.

Then '
expy (KJujl") "= expyg (Klul") - in L'(Q) .
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Having a version of the Concentration-Compactness Alternative for embedding
into multiple exponential spaces we also have the corresponding result concerning the
maximum of a functional with the sub-critical growth.

THEOREM 1.5. Let n =22, o <n—1, k€ N and let ® be a Young function
satisfying (3). Suppose that the function F : R — R is even and continuous. Further
suppose that either

F(r)

lim ——=—=0 K <K 10
M g ki) Ao eome K K o

or ®© satisfies additional condition (8) and

. F(r)
lim —=0. 11
1= eXppy (Kicn,o[t]7) (v

Then the functional

Ar(u) = /QF(u(x))dx

attains its maximum on the set {u € WoL®(Q) : ||®(|Vu|)|| .1 @ <1}

Notice that we do not need to assume S(Kj ¢, P) < oo in Theorem 1.5.

The paper is organized in the following way. The third section is devoted to
Lemma 3.2, which provides us with an estimate enabling us to use Holders inequal-
ity much more effectively than in paper [2]. In fact this is the crucial point for us when
replacing assumption (6) often used in [2] by our assumptions S(Ky, ¢, P) < o and
().

In the fourth section we apply Lemma 3.2 in the proof of Theorem 1.3. We use
the techniques from [2] modified for embedding into multiple exponential spaces. We
can use some partial results concerning general Young functions satisfying the A;-
condition from [2]. Therefore we sketch some of our proofs. We also prove Corol-
lary 1.4 and Theorem 1.5 in the fourth section.

In the fifth section we construct an example proving Theorem 1.2(iv) in the case k =
1.

In the sixth section we give a summary concerning the Concentration phenomenon.

2. Preliminaries

The n-dimensional Lebesgue measure is denoted by .%,. Further, %,|q is its
restriction to Q, i.e. %|a(A) = Z,(ANQ) for every measurable set A C R". If u is
a measurable function on Q, then by u =0 (or u # 0) we mean that u is equal (or not
equal) to the zero function a.e. on Q.

By .# (A) we denote the set of all Radon measures on a compact set A. We write

that u; = w in #(A) if [, wdu; — [, wdu for every w € C(A). It is well known
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that each sequence bounded in L!(A) contains a subsequence converging weakly* in
AM(A).

By B(xp,R) we denote an open Euclidean ball in R” centered at xy with the radius
R > 0. If xyp = 0 we simply write B(R).

By C we denote a generic positive constant which may dependon &, n, o, %,(Q)
and ®. This constant may vary from expression to expression as usual. Sometimes we
say that for every € > 0 something is true. Then the constants C in such a case may
depend also on fixed € > 0.

For given functions g,h we say that g(z) >> h(t) for ¢ big enough if we have
limy .o ZE_;; = oo. Analogously g(¢) >> h(t) for ¢ small enough if lim,_q, % =oo

The following lemma from [3, Lemma 2.2] shows that the function log[k] has
similar asymptotic behavior as the function log.

LEMMA 2.1. Let t1,p,q,0,E,L>0 and k € N and let functions f,h:R— (0,)
and g : R — R satisfy

g(t) +Ef(t) > expy (0) and  Eh'(t)fP(t) > expyy(0)  on (t1,%°),

. _ g(t) log(h(?)) )4
fim 1) =ee, S5 E[E4SL and o [—54—5,4 on (t1,) .
Then there is ty >t such that if t > to then
C log(; (g(t) +Ef(1)) C .
- 14+ 1.k (12
logy (f(1)) = log(; (f(1)) = logy (f(1)) for jet b2
and
C log(;; (ER(1) f7 (1)) C .
1— 1+ 2. k). (13
logy (£(1)) = log; (f(1)) = logy (f(1)) for jed -3

Young functions and Orlicz spaces

A function @ : Rt — R is a Young function if @ is increasing, convex, ®(0)=0
and lim;_, % = oo,

Denote by L*(A,du) the Orlicz space corresponding to a Young function @ on
aset A with a measure . If u =%, we simply write L*(A). From some technical
reasons we prefer the space L®(A,du) to be equipped with the norm

S
A

lleoaa = inf{2 >0: [ @(V20) duto < o(n)} (14)
This is different from the definition of the Luxemburg norm where we have the in-
equality [, d)(‘fﬁl—x)') du(x) < 1. We use (14) to have the Holder’s inequality (15) with
a sharp constant.
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Given a differentiable Young function @ we can define the generalized inverse
function to ¢ (u) = ®'(u) by

y(s) =inf{u: ¢(u) > s} for s>0

and further we define the associated Young function ¥ by
t
1) :/ w(s)ds  for 1>0.
0

The dual space to L®(A,du) can be identified as the Orlicz space LY (A,du).
If we have @(1)+'¥(1) =1 then the following generalization of Holder’s inequal-
ity is valid (see [21] page 58 for the proof)

1 0)80) i) < I a8l v ()

We use this inequality for a measurable subset A C R and the measure du(y) = w,_1y" " 'dy.
For an introduction to Orlicz spaces see e.g. [21].
A, -condition

We say that the Young function @ satisfies the Aj-condition, if there are #A > 0
and Ca > 1 such that

D(21) < CpD(1) whenever ¢ > 5.

It is easy to see that if @ satisfies the A;-condition for one fixed 74 > O then it satisfies
this condition with arbitrary 74 > 0 with a different constant Cp > 1. From the A;-
condition one easily proves that for any n > 0 we can find € > 0 so that

D((14¢e)t) < (1+n)D(r), foreveryr > 1, . (16)

It is not difficult to check the A;-condition for our Young functions satisfying (3).
Therefore one easily proves

Wllowan =1 < [ @(f)du() = (1), a7
Hllona =0 = [ @lshdut =0, 1s)

forevery & € (0,1) thereis n € (0,1) such that

flle@an S1-1 = /A‘D(Ifl)dM(X)<(1—§)‘1’(1)7 (19)

and for every n € (0,1) thereis & € (0,1) such that

[ UM aum <-801) = |flwua<1-n. QO
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Orlicz-Sobolev spaces

Let A be a nonempty open set in R” and let @ be a Young function satisfying
condition (3). In this subsection we consider Orlicz spaces only with the Lebesgue
measure. We define the Orlicz-Sobolev space WL®(A) as the set

WL®(A) := {u: u,|Vu| € L®(A)}
equipped with the norm

[ullwreay = [lullpop)+ [VullLon)

where Vu is the gradient of u and we use its Euclidean norm in R”.
We put WyL®(A) for the closure of C3(A) in WLP(A). For this space we prefer
to use throughout the paper the equivalent norm

[ullwyrea) = IVull Lo -

The space WoL®(A) is a reflexive Banach space and it is compactly embedded into L®(A).
We write that f; — f in WoL®(A), if

9fj of ¥ ,
Aaxigdx_)/Aa—x,-gdx foreveryge L (A) andi € {1,...,n} .

Non-increasing rearrangement

The non-increasing rearrangement f* of a measurable function f on Q is defined
by
FA0)=inf{s>0: Z,({xeQ:|f(x)| >s}) <t},1>0.

We also define the non-increasing radially symmetric rearrangement f* by

Fo) = (2L ) forx e BR), Z(BR) = %(Q) .

n

For an introduction to these rearrangements see e.g. [23].
We also use the Polya-Szeg6 principle (see e.g. Talenti [23] for the proof).

THEOREM 2.2. Let Q be an open bounded set and let R > 0 satisfy Z,(B(R)) =
Z(Q). Let @ be a Young function. Suppose that the function f:Q — R is Lipschitz
continuous and supported in Q. Then f* is locally absolutely continuous and

Leqvr@nas> [ (s s, @1)
(R)

Finally, let us recall the Hardy-Littlewood inequality, i.e. for f,g measurable on
we have

[1r@swlax< ["r g @ar 22
Q 0
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Tools from Measure Theory

LEMMA 2.3. Let k€ N, let {uj} ~_1 be a sequence of measurable functions and
let uj — u a.e. in Q. Suppose that there are K,8,y,Cy > 0 such that

lexppy(R(1+8) ")l <1 forall jeN. 23)
Let F be an even continuous function such that

[F ()]

sup ——=—— Sfor some tg >0 .
re(ig.0=) EXPpg (K 1Y)

Then
]—}oo

F(uj)'— F(u) in the L' (Q)-norm .
In particular
expy (K |u;[") e expy (Kul") in the L'(Q)-norm .
Proof. Fist, we observe that if 51,57 > 2, then s1 + 52 < s152. Hence we easily
obtain by induction
51, 22,k€N = expyq(s1+52) = expy(s1) expp(s2) - (24)

Further, as expy (K|t|") = 1 on R, from the assumptions on F we obtain L > 0 such
that
|[F(t)] < Lexpy (K|t|") foreveryr € R. (25)

By Fatou’s lemma we have expy (K|u|") € L'(Q), and thus for every & > 0 there is
& >0 so that

/Aexp[k] (Klu|") < % provided %,(A) <&. (26)

Next, since obviously u € L' (Q), we find M; > 0 such that
L{xeQ: fux)| > M) < E . @7
Fix M > M, large enough so that W <%, KMY >2 and KM >2. We have

by (25), (26) and (27)

- )
IF (1) <L/ expy (Rlul) < LE = ¢
/{\uw} (uzpy L

and similarly we use (23), (24) and (25) to obtain

) <L[  expy(Rlul")
/{|u_,-\>M} S

<L/ expyy (K (1+8)|u;[")
S wgiemy expyy (RS u;l)

C1 €

S S

exp[k] (KSMV) < L

=E£.
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Finally, the assumption u; — u a.e. in Q and the continuity of F imply

8= F(uj) X, j<my — F@)Xujery = 0 ae.in Q.
Moreover
18 ()| < Lexpy (Kuj 1) s <y + Lexppg (Klul") xqjuj<ay
<2Lexpy(KM")  eLY(Q).

Hence the Lebesgue dominated convergence theorem gives for j € N large enough

Fl)=F@l< [ (Fa)l+ [ F@)+ [ o] <3e
/ ! tlzay 0 Sz o

and the result follows. [

3. Estimates concerning the associated function

In this section we follow the ideas of [16, Proof of Theorem 4.2].
Suppose that the function ® : Rt — R™ satisfies (8). In a standard way we can
prove that there is a Young function ®; : R™ — R™ such that

@/ is continuous and increasing on (0,o0)

1
(1) = —t” forr €0,1],

there is G > T such that for every t > G we have (28)

_ _z (Hlogj] >log[k]( )(1—1og[;]1(t)) < %cp(t).

Denote by ¥ the Young function associated to the function ®;. Clearly ¥ (¢) =
"n;ltn%l for t € [0,1]. Hence ®;(1)+¥(1) = 1. Therefore (®;,¥) is a normalized
complementary Young pair and we can use inequality (15).

Let us first estimate the growth of V.

LEMMA 3.1. There is E > 0 such that for every t € R we have
W(r) < ¥(t) := Et71 (1 +|logt|F) . (29)
Moreover there is T > G such that for every t € [T ;) we have in the case k > 2

W) < W(r) = tnl(Hlogj] >log[k]il(t)(l+log[;]%(t)> (30)

and in the case k =1

(n—1)"1

W(r) < (r) = Lirtriog (1) (1+10g, () . G
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Proof. Let us start with the case k > 2. Put

v (n = 1(H10g Ui >log[;%(t)(l+logﬁ (t)) .

Denote Ji; =¥, ¢ =®) and y = ¢!, hence V() = [y v.
By (28) there is B; > G such that for every ¢ > B; we have

i n—ll_IOg[I()
1<Hlog >log[k]( )ll —log[[ ; H 10;] 0
o l—logm (t) +1 log[e] (t) ] 32)
n 15 logg; (1) ’1I1§=110quU)

" ‘(Hlog 1)) togft (1) (1~ 2log} (1)) = §(0)
Analogously there is By > B; such that for every ¢ > B,

Wi(t) = (n— 1)t T <H10g[ )10g[;]il (1)

_3
2 n—1 1+10g/] (t) o l—l—log[e]“(t) B 3(n—1) IOgH (t)
Son T logy(r)  m T logp (1) 4n - T15_, log(; (1)

_3
H—logm4 (7)

L Py 1. -3 .
(n—1)tnT (Hlog[J >log[k G )(1 + Elogm4 (t)) =y(r).
(33)
1)
10;[;2(]:5) << log[lg](t) we find B3 > B, such that for > B3 we have

) = (n i 7 logp (1) —2logpy (t)>

1 (n—1)logy (1)
= —(n — 1) logm(t) <l — z—logm (t) ) (34)

logyy(r) (1~ log (1)) -

_ a1
logy (7(0)) > logyy (177 log (1
1

_ 1
~ (1)

By Lemma 2.1 there is B4 > B3 such that for r > B4 we obtain

logly () = logf; Yen ) > logm (t )(1 —logﬁ(t)> for je{2,....k—1},
(35
analogously
(36)

Ing;{] (1[7(1)) > logﬁ] ([) <1 _ IOg[;]l (l))
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and trivially
1 —2log, (W(1)) > 1 —2log (1) - (37)
From (32), (33), (34), (35), (36) and (37) we can see that there is Bs > B4 such
that for all # > Bs we have

G(5(0) =W (Hlog,] ((1)) ) loggl (W (1)) (1~ 21logy;| (#(1)))
[n—l %(Hlogb ) —%(I)<1+%10g[;]%(,)>} 1—(1:?1]1)(—)
(Hlog ) log[k]( )(1 — log[;]l (t)>n+k72 (1 — Zlog[;]1 (t))

> 11+ 3 log, () (1-togg ()" (1 210g] 1)

>tr.

WV

It follows that ¢ (r(¢)) > ¢ for ¢ > Bs and thus
t>Bs = ()>¢ ' (1)=y(). (38)

Hence for t > B5 we have
() <Y () +C.

_3 _1 .
Together with logm“( )<< logm2 (¢) for ¢ large this implies that there is T > Bs such
that for all # > T we have
W) <¥(r).

Since W is increasing and ¥(¢) = ’ni, for ¢ € [0, 1], (30) obviously implies (29).
Now suppose that k = 1. This time we consider
- (n — 1)1-&-"% n _

T o _3
Yi(r) = #tﬁ logm’H (t)(l 4—logm4 (t)) .

Estimate (32) for t > B; and k=1 reads

0(r) > " logfly (1) (1 ~2logy/ (z)) = 4(1) . (39)

There is B > B; such that for every ¢ > B,

__a
I

logm"’

—
._.

Wi (1) = (n— 1)1 (1)
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Estimates (34) and (37) are still valid in this case provided 7 is large enough. Next we
need to prove that there is B4 > B3 such that for r > B4 we have

_ 1 _
logf}; (W(r)) > mlogﬁ] <1 4—C10gm1 (t)) : 41)

1)
If o > 0 then (41) easily follows from (34). Otherwise for ¢ large we use (40) and
estimate J(r) < Crit log[_l]m (¢) to obtain

Clogp (f)> .

_ 1 || |
< L ki <
logy (¥(1)) <C+ — logy) (t) + — log(y (1) < — log(7) (1 + Togg (0
This implies (recall o0 < 0) for ¢ large enough

1 ClOg[z] (l) ) o
(n—1) logp; (1)

1 _
> oy o () (1 ~Clogy/ (t)) .

logfi, (W(1)) = logfj, (r) (1 +

Thus (41) is proved.
From (37), (39), (40) and (41) we can see that there is B5 > B4 such that for all

t > Bs we have
G (1)) = " (1) logfly (1)) (1~ 2log ((1) )
H0)]" et 0
(1 ~Clogj (z)) (1 ~2logy/ (t))

> 1(14 30z, (1)) (1~ Clogg! ) (1~ 2108 ()
>1.

Now, we conclude the proof the same way as in the case k > 2. [

LEMMA 3.2. There is ty € (0,1) such that for 0 <t <ty we have

’ )%HL‘*’((t,R),wnqy"*'dy) S Dlog[i] <%) (l +10g[;ﬁ <;>> ’ (“42)
where D = <%) o . (43)

Proof. We want to prove that for

A= Dlogi] (%) (1 “Og&]% (%))
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we have
n—1

R 1 1
I n— < —
[ ¥ (o avv

for ¢ > 0 small enough.

n

min{1, Y}

179

For 1 € (0, exp[j{]l(l)) set M = M(t) = exp( log“ ) )(%)> . We can clearly

(k]
find 7; € (0, ,eXp| '(2)) such that for 0 <7 < #; we have

1 -
t<M<R and W>T

Hence Lemma 3.1 gives us that

/tR‘P(/lyi,A)ynl dy
<[y 3

By (29) we have

Ing/:% l+‘log(ﬁ>’E>dyy

dy
[ (1 o) + 1080 F) 2 < 2.

N

=

where (we observe that (1 —logm (%))’1 < Con (0,t;) C (O,expm1 (2))

n= 25 [ (1 ogr)F) 2

A
Sm(lJrlogE(lOg[k( >>><1+10g(ﬁi/1>>
GRS
and C Cc
Y
h= / 1 (y)E—<log[%"l)y(%)O“OgEH(M))

Hence we obtain

e E (o (e (1) (1 ) o (1)

(1
(1)
Thus there is 7, € (0,#1) such thatif 0 <7 < t, we have

L < n#logE”(i) < ¢

(=17 M
IOg[(k] o (%)

log[k]

Dy (1) (

~|=
—

log[(k"]

,1>yn_l dy=h+1L.

e Dy
n__ minily) logi(7)

(44)

(45)

(46)
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Next we need to estimate /; . Our goal is to prove for # > 0 small enough

e 2 (- ().

First, let us prove (47) for k > 2. Since logm( ) >> log(4) > 1 for small # >0,
we can choose #3 € (0,72) such thatif 0 <7 <3 and y € [f,M] we have

IOg ()L n— 1) logﬁ]l<y"1_1> 1+1()1%7](AL)

lOg[l](ynl,I )
/1 Clogpy(4)
<ot (5) (o)
y logiiy(5) (48)

< L log[_l]l<l> (1+Clog[1]()t) ! )
B IOgm( ) IOgH( )

1 /1 /1
< p— log, <;> (l—i—logm <;>> .
Further, estimate (13) from Lemma 2.1 gives us # € (0,#3) such that if 0 < ¢ < #4 and
y € [t,M], then we have for j € {2,...,k—1}

10gﬁ(#> logm (1> (1—1—@) Slog&f(%) <1+log[;]l(%>> , (49)

o™ (i) <o ) 1) =+ () v )

(50)
1 +logy” (%) <1+ 2log,’ (i) 1)

and .
(1+1og[;ﬁ (;))_j < 1—1og[;ﬁ<%) : (52)

Hence (30), (45), (48), (49), (50), (51) and (52) give us that

e A el AT
1= ) (s () i )
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Further there is #5s € (0,#4) such that for 0 <7 <5 and y € [t,M] we have

(1 log,;* (1))(1+10g” (1)) <1+21ogH (1)) gl—%log[;ﬁe).

Therefore (43) and —.% =B — 1 # —1 imply

n  Wy— n—
b ologg) 7 (F) Tl
Since 1 — =B= 2y ) and log[k]( ) >0, we have (47) in case k > 2.
Now, let us prove (47) for k = 1. We need the estimate
1 1 | 1
n— l n—1
log; (w—l) S (n—1)mT logyy) (y><1+1°gm( )) (53)

For o > 0 estimate (53) easily follows from (48). Let o < 0. This time logm()t) >0
implies

1
log;; <)L }1 1) :logm()%> (l—f—%) < (n— l)logm(§>

and (53) follows trivially.
Hence (31), (45), (51), (52) and (53) give us that

n= [ ) o (i)

(1108 (sms) e
=D 1))
<" log) lt / logm’” y l+log[]<l)>

D1 llog (7)
(1+210g,° ( ))dyy'

Further there is #s5 € (0,24) such that for 0 < ¢ <ts and y € [r,M] we have

(l_logu <1)><1“°gu< ))(”210%@1%(%)) "logu <1>
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Therefore (43) and —-%; =B — 1 # —1 imply

Since 1 - 7% =B = 2y, ) and log[k]( ) >0, we have (47) also for k= 1.

Finally, from (45), (46) and (47) we obtain that there is #y € (0,5) such that for
0 <t <ty we have the desired inequality

/f\{!(kyi_l) "y <1+ 1 < logj! (1>+%<1—%1og§ﬁ(;>)

-1 1
<7 - " w1, O
Wy—1n Wy—1

4. Concentration-Compactness Alternative

Proof of Corollary 1.4. Since K < Ky, o, we can find 6 > 0 such that K(1 +
0) < Kk, - Hence, by Theorem 1.2(i) we see that the assumptions of Lemma 2.3 are
satisfied (with K = K and C; = S(K(1+ §),®) < o) and thus Lemma 2.3 concludes
the proof. [

In the proof of Theorem 1.3 we distinguish three cases. These cases are studied
separately in Propositions 4.2, 4.3 and 4.4 bellow.

Case 1

In this subsection we prove the Compactness in the case u =0 and p # &, .

LEMMA 4.1. Let n 22, a <n—1, k€N and let © be a Young function satis-
fying (3). Let {u;}7_, C WoL®(Q) satisfy [D(IVu;DlL1 @) < 1. Suppose that

up—0 in WoL®(Q) and — ®(|Vuj|) > u inH(Q).

Let F,N C Q be compact sets such that FON =0 and u(N) > 0. Then there is § >0
such that

|| expiyg (Kimo (14 8) ") 12y is bounded . (54)

Similarly, if u(Q) < 1, then there is 8 > 0 such that (54) is satisfied with F replaced
by Q.
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Sketch of proof. In [2, proof of Lemma 3.1] it is shown that if u(N) >0, ® is

a Young function satisfying the A, -conditionand {u;}7_; C WoL®(Q) satisfy ||®(|Vu,|)|| 1 @)

1, then there are § >0, j; € N and {v;}%_; ., C WoL®(Q) such that

J=i1+

/@(\vv,-\)gl and  v;=(1+28)ujonF  forallj>ji. (55
A .

Thus using Theorem 1.2(i) with K =

(1+25)Kkn o < Kin,o we obtain for j > ji

[l exppg (Koo (1+ )|t V)l 1 ) = Il expyeg (K (1+28)7 | ) 1
< [lexpyy (K1vj[) 21 0) < S(K, @) <

Moreover, by Proposition 1.1, for every fixed j € {1,...,ji} there is C; such that
| expy (Kien,er (1 + 6)[uj[¥)|[ 1) < Cj. Hence we obtain (54) for § = (1+6)" —1
with the bound max(Cy,...,C;,S(K,®)).

If u(Q) < 1, then using ®(|Vu;|) = u in .#(Q) with the test-function y = 1

and (20) we find § > 0 and j; € N such that (55) is satisfied with vi=(1 +25)uj
on Q and we conclude the proof the same way as before. [l

PROPOSITION 4.2. Let n 22, oo <n—1, k€ N and let ® be a Young function
satisfying (3). Let {u;}y | C WoLd)( ) (IVu;i])| 1) < 1. Further suppose
that

up—0 inWoL®(Q), u;—0 ae inQ and O(|Vu;|) >u in.H(Q),
where W is not a Dirac mass at one point. Then there is § > 0 such that
expiy (Kin,ec (14 8)[u;]") is bounded in L'(Q)

and

expyy (Kin,oe|uj]") = expy (Kenolul’)  in LY(Q).

Sketch of proof. If u(Q ) < 1, then the proof follows from Lemma 4.1.

If u(Q ) =1, then the same way as in [2, proof of Proposition 3.2] we can find
compact sets F,F» C Q such that F; UF, = Q and the complement of each of these
sets contains a compact set with a positive t-measure. Hence we conclude easily by
Lemma4.1.

The case u(Q) > 1 is impossible as one can see using ®(|Vu;|) = u in .#(Q)
with the test-function y =1. U

<

N
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Case 2
In this subsection we prove the Concentration in the case u =0 and u = §,,.
PROPOSITION 4.3. Let n 22, oo <n—1, k€ N and let ® be a Young function

satisfying (3). Let {u;}7_; C WoL®(Q) satisfy |D(|Vu; )1 (@) < 1. Further suppose
that

uj—0 inWoL®*(Q), u;—0 ae inQ and ®(|Vuj|) =8, in#(Q),

where xy € Q.
() If K > 0 and u; satisfy

/Q expy (Kluj|7) — expyy (0) /=" ¢ € 0,%9) (56)

then ~
expyy (Ku;|") —expy(0) = cby, in A (Q) .

(ii) In addition, if ® satisfies the condition S(Kyp o, P) < oo, then the sequence
{expyg (Kin,o|[uj|") —expyq (0) } 7, is relatively compact with respect to the weak™ con-

vergence in M (Q) and the limits of convergent subsequences belong to

{C6x0 ice [Ovs(Kk,n.,omq)) - exp[k] (O)ZI (Q)}} .

The proof of Proposition 4.3 is very similar to [2, proof of Proposition 3.3]. How-
ever, sketching the proof might be a bit confusing because of the constant 1 in [2] which
sometimes comes from the estimate of the modular in WoL®(Q) and sometimes it is
exp(0) and it needs to be replaced by expy(0) in such a case. Moreover we need to
replace condition (6) by the assumption S(K , o, P) < e. Therefore we give a detailed
proof for the convenience of the reader.

Proof. Let us prove the first assertion. For K = 0 we can only have ¢ = 0 and the
proof is trivial. Thus suppose K > 0. First, we claim that

n>0 — expy (K|u;|") —exp 0)'=0. (57)
[ 5P KI7) —ex 0)

From Lemma 4.1 for N = B(xp,4) and F = Q\ B(x0,n) we obtain that

expyy (K(1+0)|uj|”
oy P KO8

is bounded for some § > 0 and thus we may use Lemma 2.3 to obtain (57).
Further we observe that (57) and assumption (56) imply

n>0 — expp (Ku;|") — expyy (0) = "¢ (58)

B(xo,n)
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Fix arbitrary test function y € C(Q) and let € > 0. Then there is 1 > 0 such that

€

< m whenever |x —xo| <7 . (59)

W)~ wlo)
We have
1= | [wdesy) — [ wlexp (Klu) ~ expy 0)|
= [ewtxo) = [ wlexpy(Kluy|") —expyy (0)|
< ey 11 (5P (K7) —expy 0)
o 1= W)l (Kl ) — expy 0)

Fwo) |- [

(expy (K[us ") — expyy(0)) | = 11 + L+ 15
B(xo,n)

By (57) and supg |w| < o= we see that there is j; € N such that I} < € for j > j;.
Further, using (58) and (59) we obtain

b= [y wo)l(expy (Klul") — expyg(0))
B(xo.n)
£ j—oo € Cc £
< - VY = NI
< ST / oy Pl —expy(0) = 2 s <

Therefore we can find j, > j; such that I, < € for j > j,. Finally, from (58) and
|w(x0)| <o we obtain j3 > j, such that Iy < € for j > j;3. Hence we have I < 3¢ for
Jj large and the first assertion is proved.

Let us prove the second assertion. By assumption S(Kj , o, P) < o> we have

uj|") —expyy ()] 11 () < S(Kin,a, @) — expyy(0)-Z5 () . (60)

| expii (Kicn,x

Now, we use the fact that every bounded set in the L!(Q)-norm is relatively compact
in .#(Q) with respect to the weak *-convergence. Further, suppose that {v j};.": 1 C
{u;}7-, is such that

expjy (K nee|vil") — expy (0) Y in.Z(Q) .
Choosing the test function y = 1 we obtain
[ exig (s 11) —expyg 0)
= [ wlexp (K1) —expy(0) =" [ wav=v(@).

Thus the sequence {v j};"z | satisfies the assumptions of the first part of our proposition

with ¢ = v(Q) € [0,S(Kj n,a., P) —expyy (0)-Z,(€2)] (for the upper estimate of ¢ we use
(60)), thus the first assertion concludes the proof. [
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Case 3

In this subsection we prove the Compactness for u # 0.

PROPOSITION 4.4, Let n>2, aa<n—1, k€ N and let ® be a Young function
satisfying (3) and (8). Assume that {uj};?:l C WoL®(Q) is such that

[Vl <1, uj—u inWoL®(Q) and u#0.

Then there is & > 0 such that ||expjy (Kin,a(1+6)[u;|")|| 1 (q) is bounded and

expiy (Kin,ee|u5]") = expy (Kimelul”) — in LY(Q).

The key ingredient of the proof of Proposition 4.4 is the following lemma telling
us that if the sequence {u j};“zl satisfies condition (61) (which is what we do not
want in Proposition 4.4), then we actually have u = 0. Notice that we do not assume
S(Kin,a,P) < oo in the lemma. It is important for us in the last section.

LEMMA 4.5. Let n>2, a <n—1, k€ N and let ® be a Young function satis-
fying (3) and (8). Let R >0 and let {g;}7_, C C'([0,R]) be non-increasing functions
satisfying g;(R) =0. Set

uj(x) =g;(lx|),  x€B(R), jeN
and assume that ||®(|Vu;|)||p1 gy < 1. If

}LIEOHCXP(Kk,n,a(l +0)[ujl"||ppry = forevery§ >0, (61)

then '
/ O(|Vu;|)’="0  foreveryre (0,R) (62)
B(R)\B(r) "

and
u;’=>" 0 uniformly on B(R)\B(r)  foreveryrc (O,R).

Proof. First let us prove (62). If (62) is not true then passing to a subsequence we
can find 7 > 0 and rg € (0,R) such that

/ O(|Vuj|)>1  forall jeN
B(R)\B(ro) '

and thus
/( @V <1t forall je N (63)
B(rg

Put du(y) = ®,_1y" " 'dy and let ®; be the Young function from (28). Fix ¢ € (0,ry)
and for every j € N set

Aj={ye(tn):1g;0)I>G}, Aj={yec(n,R):]g;y)>G}



CONCENTRATION-COMPACTNESS PRINCIPLE 187

(Recall that the constant G comes from (28)). From (28) and (63) we obtain

_ Wp—1 _
| @ullgimhony " dy< 2 | gy
Aj o JA;
Wp—1 /ro / n—1 1
< D(|g; dy = — O(|Vui(x)]) dx (64)
ey =1 [ e(vi)
1
<-(1-7)=(1-7)®(1).
n
Thus (20) gives 7 > 0 independent of j € N such that
Hglj(y)HLdn(Aj,du) <1-27, jeN. (65)
The same way we obtain from ||®(|Vu;[)|[1pg)) < 1
1850 o1 (4,ap) S 1, JEN. (66)

The generalized Holder’s inequality (15) gives

R
gt </ Ig’»(y)\dy=/ X +/~ +/ +/
J( ) ; J (ro.R)\A, Aj (t70)\A; Aj

1 1
SGR—i—/ "(y)|———d + Gr, —|—/ "(y)| ———d
i, 187 ()] oy u(y) +Gro ,, g7 ()] oy u(y)
1 1
+ On1 ng(y)Hchl (Aj.duw) VL (r0.R) )
1 , 1
+ W1 ng(y)Hchl (Aj,d/.l.)‘ ynfl LW((I,R),d/J.) :

Therefore Lemma 3.2, (65), (66) and |\y,1%1|\L\y((,07R)7du) <C (yn%l is bounded on
(ro,R)) imply in case ¢ € (0, min(¢o,7p))

(1— Zf)Dlog[i] (;) (1 —l—log&ﬁ (;)) :

Therefore there is #; € (0, min(z,rp)) such that

gj(t) <C+H+

Wy—1

o1 11
(1— r)—Dlogﬁ{] (;) fort € (0,17) . (67)

Wy —1

N

g;(t)

Finally pick &y > 0 small enough so that

(1+8)(1-7)=n<1 (68)
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and let us show that we have a contradiction with (61). If k > 2, then (67), (68) and
Kina(g2=)7 =1 (see (5) and (43)) imply

| expig (K (1+ )y (o))
B(R)
R
= 0,1 [ expy (Kena (1+ 80,01y dy

<[ Cle;)[ )y dy+c [ I (1 )nild
< [exny (Clay(e) Ny ay-+ [ expy (miogyy (5)) 'y

1

3
<c+c/1y"*2dy<c.
0
If k=1, then (67), (68), n < 1 and K; na( )V = n imply
[ exp (Kl + &)l (0] dx
B(R)
R
= 0nt [ expy (K14 8)lg )y dy
R 5 1
< . )1 / - n—1
C/t1 expy(Clg;(t)[")y" " dy+C [, SXPi) (nnlogm(y))y dy

1
<c+c/ yrimmgy < C.
0

Hence we have a contradiction with (61) in both cases and (62) is proved. Now, fix
r € (0,R) and let us check the uniform convergence. From (18) and (62) we obtain
IVujll o pry\5(ry) — O- Hence [[Vujl| 11 pry\p(r)) — O and thus the radial symmetry
of uj, u j\‘x‘ _g = 0 and the monotonicity w1th respect to |x| imply the uniform conver-
gence. [

Proof of Proposition 4.4. We prove Proposition 4.4 by contradiction. Suppose that

sug || exppyg (Kin, (14 8)[uj[")[[ 1) =0 forevery§>0.
JE

Recall that for fixed j € N and § > 0 we have

[l expyy (Kiener (14 8)|uj[) [ 1) <o
by Proposition 1.1. Thus passing to a subsequence, we can suppose that

lexpyy (Kina (14 8) i)l @) "= = forevery § >0. (69)

By a standard symmetrization argument based on Theorem 2.2 and the density

of C -functions in WOL‘D(Q) (cf. [2, Proof of Proposition 3.4]) we may assume that
Q=B(R), R>0, uj, u are continuous, spherically symmetric, non-negative, non-
increasing with respect to |x| and differentiable almost everywhere. Hence the assump-
tions of Lemma 4.5 are satisfied and we obtain that u; converge uniformly to the zero
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function on B(R) \ B(r) for every r € (0,R). This implies u = 0 a.e. and we have
a contradiction with u # 0.
The last assertion of Proposition 4.4 follows from Lemma 2.3. O

Proof of Theorem 1.3. Theorem 1.3 follows from Propositions 4.2,4.3 and4.4. [

Proof of Theorem 1.5. Put
S :=sup{Ap(u) : u € WoL®(Q), | ®(|Vu|) |10y < 1} -
There is a sequence
{uj}7o1 € {u € WoL®(Q) : [|@(|Vu]) || 1) < 1}
such that Ar(u;) 72 5. We can further suppose that

uj—u inWoL®(Q), wu;—u ae inQ and O(Vuj|) >u in.#(Q),

otherwise we pass to a subsequence. Obviously we have ||®(|Vul)||11(q) < 1, thus all
we need to show is Ap(u) = S.

If (10) is satisfied, then let us find § > O such that K(1+9) < Ky .. Now, it
is enough to use Lemma 2.3 (with K = K and C; = S(K(1 + §),®) < ) and we are
done.

If we have (11), we have to be more careful than in [2]. Let us distinguish the three
cases that were important in the proof of Theorem 1.3:

(a) u=0 and u is not a Dirac mass at one point,
(b) u=0 and p = &,
() u#0.

If (a) or (c) is satisfied, then the proof follows from Proposition 4.2 and Proposi-
tion 4.4, respectively, combined with Lemma 2.3.

Finally, suppose that (b) is satisfied. This time we prove

S = lim Ar(1) = Z,(@)F (0) = Ar(0)

the same way as in [2, Proof of Theorem 1.2] and we are done. [J

5. Example

In this section we carefully modify the construction and estimates from [16, proof
of Theorem 4.1] to obtain an example proving Theorem 1.2(iv) in the case k = 1.

EXAMPLES.1. Letn>2, a<n—1 and K =K, o. If there are 10 > 1, a ¢
(0,min(1,B)) and C > 0 such that the Young function @ satisfies

ct" for ¢ € [0,1)]
D) <

"log®(t) (1 - log’“(t)> forz € [tg,0) , 70)
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then for every m € N there is f € WoL®(B(R)) such that Jpr) @(|Vf]) dx < 1 but
| expKIf)Y) dx > m.
B(R)
Proof. For s > 1 we define f;(x) = gs(|x|) where

1
1 1
(—%y+2)K‘?n310g3(2)s?‘3(1+—1°g<s)>Y fory € [£,R]
1
8s(6) = | K 7nPlogh (B )57 (14 2} fory € [Re 7, ]
1
K 7s? (1 +M>Y fory € [0,Re 7] .

An easy computation gives us

J oK@ ax> [ exp(KIAI7) dx

:Ce (1+l°g()). S:oooo.

It remains to prove that [ ®(|Vfs]) < 1 for s large enough. On [Re™ 7, 8] we
have |
lR 1 1 1
16,(")| = K~ Tn®Blogh" 1( ) B(1+ 0g(S)>y. an
y/ R y s

Set M = ,%
and therefore

. Plainly there is s; > 1 such that for s > s; we have Re i <M <

R ) X M g R
| otgmiytay= [~ [+ [P =ntbts. 72)
0 Re™n M 7

1
Obviously (71, —B)<0and |g.(y)|<Cs? P forye (8,R). Hence there is s, > s
such that for every s > s, and y € (¥, R) we have |g}(y)| <1o. It follows from (70) that

k / 1 (L-B)n B
BC [ Gy dy< et —et (73)
2

Using (71) on [M, g} we obtain

og(&(DI" < € (1og"(5) +1og” () ) < C10g" (o) +10g"(57) ) < c1og2"<s>7.4
Now, if § # —1, then 7

R

/M2 logh <§>? = ﬁ {logﬁJrl (;—e”ﬁ; < C+Cloght! (%)
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Further
[log(log(i))y\; < C+C10g<log<%>> .

[ro (8

Thus in both cases we have
(75)

/§ log? (;>d7 < C+Clog5+2<M> < Clog?P*2)(s) .

Ct"(1 + [log(¢)[*) on [0,e0), hence (71), (74), (75) and

From (70) we obtain ®(r) <

log(|gt(M)]) < Clog(sl"g(‘)) = Clog?(s) imply that

R
2

/ €101+ log(g5 () ")y dy

d
< csly log / logB=1n 4 (76)

gcs(y* n log (S)logZBn—2n+4(s)

CS_B 10g2Bn+4 (S) .

1
Since M << s7 % << 1 by (71) we can find s3 > s, such that if s > s3 then

€[Re ", M] = g >10.

Plainly there is s4 > s3 such that for s > s4 we have by (71)

/

lgs)= lim_ [gi(y)|<e'.

sup
y—(Re™ )y

YE(Re™ 1 M

Thus (70) gives us for y € [Re” 7, M| and s > s4 that
o(Ig0)]) < (1- )¢ o) log® (g 77
&) < ) 18:0)["log”(g;(»)]) - (77)

—B s— .
570, there is S5 > §54 such

We are ready to estimate I; for o > 0. Slnce sY
that |g/(v)| < X for o >0, s > s5 and y € [Re™ ", M)]. Therefore from (2), (5), (77)

and —(%—B)n:B: (B—1)n+ o+ 1 we obtain for s > s5 and o > 0 that
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< (1-5) [, 1gmros gy ey
~X Sa Ref% N A
1 1 ¥ M
— <1__u> (1+&(S)>YK VnB”B"s_B/ log(B=1n < >log (les(v )|)_y
s s Re™ y
1 1 7on M
g (1__> <1+ Og(s)>YK },ananfB/ SIOgB 1( )dy
54 s Re™n ys,y
4 n 5)B
<(1- l) (1+ —log(s)) Tty W)l
54 s B
bty
—1 s¢ s
g (78)

Using (73), (76), (78) we obtain that for s large enough and o > 0 we have

R
| @(VAEDdx = w1 [ @)y dy = 0,1+ B+ 1)
B(R) 0

< (1 _ i) (1 + IOg(s)ﬁ—i—Cs_Blong”H(s) <1.

54 K

Now, let o < 0. Clearly we can find s5 > s4 such that for s > s5 and y € [e” 7, M]
we have

g “(600) _ (, , WeHEO e L T )]
log”(%) log(%) log(%) 79
log(s) _log(|log?~1(%)])
<1+C +C .
log() log()

From a <0 We have B 7é 1. Further estimate (79) implies that it is enough to replace
the integral [/, log®~ (%)% in (78) by

M (/R log(s) (B—1)log(log(%)) dy
/Ir%logB 1(_><1+Clog(§)+c toz(®) . )7

1 R\ C R

(55
[BOg )=t 5
B
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Hence finding s large enough we conclude also for o < 0
R / 1
AmgﬂVﬂ@Mszwpg/<mwxwwf*dy:w%mn+b+@>

. (l sl ) (l—f— log(s )) <1+C10fg(s)> 4 Cs Blog?PH(s) < 1. O

6. Some notes on concentrating sequences

In this section (similarly as in [12]), we say that a sequence {u j};"zl C WoL®(Q)
is a normalized concentrating sequence if

(@) [[@(IVuj) DIl =1 forevery jeN,
(i) u; —0 inWoL®(Q) , 80)

(iif) there is xo € Q such that / ®(|Vu;|) -0 forevery p >0.
Q\B(x0,0)

A sequence {u j};"zl C WoL®(Q) is a normalized sequence if it satisfies (i) of (80).

First, let us show that the sequences of functions constructed in [16, Proof of The-
orem 1.2] and [3, Proof of Theorem 1.2] can be modified so that we have a normalized
concentrating sequences proving Theorem 1.2(ii).

EXAMPLEG6.1. Letn>2, o <n—1, k€N, K > Ky, o and let ® be a Young
function satisfying (3). Suppose that xyp € Q and R > 0 are such that B(xp,R) C Q and
let j € N. Then there is a function fx,; € WoL®(Q) such that

sptfk,j =B(xo,R) ., [|P(IVfk,iDllL@ =1,

, 1 (81)
[lexpyy (Kfx i) i@y =75 1@V

Mer@sie 1) < 5 -

Proof. We can assume that xo =0€ Q and j > § (%Kk7n7a,d)) (we know that
S(3Kj 0, ®) < oo by Theorem 1.2(i)).

Letus consider k =1 first. By the construction in [16, Proof of Theorem 1.2] there
are A >0, € >0 and s¢ > 0 such that for every s > so the function f;(x) = gs(|x]),
where

0 fory € [R,0)
1
o) = (2—2y)Anf 1?g3(2)s773 fory € [§,R]
’ An® logB(Iy—q)srB fory € [Rexp 7 (s), £

2
fory € [0,Rexp i (s)] ,

<=

As

satisfies

Wp— -
IR(VADI e ST lexp(KIA @) > PR el 49— ce* . (82)
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Let us show that if s > s¢ is large enough and if we set

s

fkj=mor >
7 vasHL‘DQ

where || || 12(g) denotes the Luxemburg norm in L®(Q), then fx ; satisfies (81). The
first property 1n (81) follows from the definition of g;. The second is given by the basic
properties of the Luxemburg norm (® satisfies the A;-condition). The third property
is obviously satisfied by (82) for s large enough. Only the proof of the fourth property
corresponding to the Concentration phenomenon requires some work. First, let us show
that we have for all s large enough

1 Y
EKl,n,Oc < KHVfSHL?(gn . (83)

If (83) is not true, then (82), Theorem 1.2(i) and our assumption S(%Kk7n7a,d)) < j give

j<wwmmmy@zwm@wmg@ﬁﬂﬁajsb@
L

fs Y
wmg@ﬁﬂ

and we have a contradiction. Therefore for all s large enough we have by the definition
of gy, by the definition of fx,; and by (83)

1
_Kl,n,(xaq)> < .]

S HGXP<IK1”°‘ 11(9) <S<z

1_ 1
IV fi.s(x)] <Cs7 % provided |x| > = .
J

Since % — B < 0, the fourth property in (81) follows.

For k > 2, we use the construction from [3, Proof of Theorem 1.2]: there are
A>0,&>0, T >expy(l) and so > 0 such thatfor s > sy the function f;(x) = gs(x]),
where

0 fory € [R,0)
- ptgly 25 orye (L
gs(y) = Alogﬁ](T-i- g)ﬁ*B fory € [Rexp;,/ ( ). 5]
Alogﬁ] (T—l—exp[%k] (S))S%B for y € [0, Rexpy, ’11( IE
satisfies
190Dy <1, llexm (KA > 2ot TP

n expyy (s)
We conclude the proof the same way as in the case k=1. [

Let us give a summary of the properties of the normalized concentrating sequences.
In all following claims we suppose n > 2, o <n—1, k € N and that ® is a Young
function satisfying (3) and (8).
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CLAIM 6.2. Let K < Ky o Then the following statements hold.
(i) For any normalized concentrating sequence

|lexpyg (K [uj[")]|1 (@) — expp (0)-Zn (L) -
(ii) The supremum S(K,®) is attained.
Proof. The first assertion follows from Corollary 1.4. Indeed, since u; — 0 in

WoL®(Q), we have u; — 0 in L' (Q) and thus we conclude the proof using the fact that

each subsequence of {u j}jzl contains a subsequence converging almost everywhere

in Q.
For the proof of the second assertion we use the same argument for a maximizing
sequence. [J

CLAIM 6.3. If K > Ky, o, then there are both normalized concentrating and nor-
malized non-concentrating sequences such that

|| expyy (K71 (@) = == -

Proof. Asanormalized concentrating sequence we can take {u;}7_; == {fk,j}7-1
where fx ; are given by Example 6.1 (constructed on B(xp,R) C ). We pass to
a weakly convergent subsequence, if necessary.

Let us show, how a non-concentrating sequence can be constructed. Fix K €
(Kin,o-K) and a ball B(xp,2R) C Q. Then set

ij= fl?,j , jeN
where fg ; come from Example 6.1. Hence
|| expyg (K1) 1 (3xg.)) = -
Ryyo
For v; = (% )7ii; we therefore have
|lexpyg (KIv; )11 ((xo.R)) — =
and, by the A, -condition (we use a version of (19) for the Luxemburg norm)
PVYiDI L (Brgr)) S 1—1 for every j € Nand some n > 0.

Now it is enough to take some v € WoL®(B(xo,2R)) such that v is non-negative,
[[@(IVVD)I| L1 (B(x,2r)) < M and v is equal to a positive constant on B(xo,R). Obviously,
the sequence {u;}7_; := {v;+v}7, has the desired properties. [

CLamM 6.4. If
|lexpyy (Ko (14 8) )| 1) — oo forevery >0 (84)

is satisfied for a normalized sequence, then this sequence contains a normalized con-
centrating subsequence. Moreover, such a sequence exists.
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Proof. Proving the first assertion let us pass to a subsequence satisfying
uj—u in WoL®(Q) , u; — uae. in Q and ®(|Vu;|) > win #(Q) .

We have u =0 and u = 5X0 for some xy € Q, since otherwise Proposition 4.2 and
Proposition 4.4, respectively, give a contradiction with (84).
Fix p >0 and let y € C(Q) be a test function such that y > 0, y =0 on B(xy, %)

and w =1 on Q\ B(xo,p). Hence we have

o< [ a(Vuh= [ yo(vy)
Q\B(x0.p) T Ja\s) !

< [we(vu) =" [ yas, = vix) 0.

This is (80)(iii) and thus we have a normalized concentrating subsequence.

Let us prove the second assertion. Fix xp and R > 0 such that B(xo,R) C Q.
Now it is enough to set {u;}7_, := {kaﬁn,aJr%:j}?:l’ where fx ; are given by Exam-
ple6.1. O

CLAIM 6.5. If S(Kin,, @) = oo and if {u;}7_; C WoL®(Q) is normalized and

| expiyg (Kiemarlus|")| 1 (@) — o

then this sequence contains a normalized concentrating subsequence.
Proof. The proof follows from Claim 6.4. [

CLAIM 6.6. If K >0 and there is a normalized concentrating sequence {u j}j:f C
WoL®(Q) such that
|lexpyq (K| ")[ |1 (@) — ¢ € [0,%9] ,
then for every d € [0,c] there is a normalized concentrating sequence {v;}7_, such
that
[lexpyg (K[| 10) — d -

Proof. We can use the construction given in [2, Proof of Proposition 5.1]. Notice,
that the assumption K < K ,, o, of the Proposition is not used in the proof, and also the
assumption k = 1 is also not important (the function expy, is as well continuous as
CXpm ) O

REMARK 6.7. We do not know much about normalized concentrating sequences
in the case with K = Ky, and S(Kp, ¢, ®) < oo. Of course, the modulars in the
multiple exponential space cannot exceed S(Ky, o, ®) and obviously S(Kj, o, ®) >
expy (0)-Z,(R). In the W017" -case (itis k=1 and o = 0) there is an interesting result
by Carleson and Chang [1] telling us that

limsup || expyy) (Ki,n,0]u;] =) N @ < S<K17n70,t”>
Jj—oo

for every normalized concentrating sequence and thus S(Kj ,0,7") is attained.
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