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ON WILKER AND HUYGENS TYPE INEQUALITIES

EDWARD NEUMAN

Abstract. Trigonometric inequalities, which have been obtained by J. Wilker [11] and C. Huy-
gens [4], have attracted attention of several researchers (see, e.g., [1], [3], [6], [7], [8], [9], [10],
[12], [13], [14], [15], [16]). In this paper we offer several refinements and generalizations of
these results.

1. Introduction

In this section we give a brief overview of known results which pertain to the main
results of this paper.
In what follows let 0 < |x| < J unless otherwise stated. The following inequality

. 2
t
(smx) N anx 59 0
X X

is due to Wilker [11]. It has attracted attention of several researchers (see, e.g., [3], [6],
[8], [10], [13], [14]). A hyperbolic counterpart of Wilker’s inequality

(sinhx) 2 N tanhx ) )
X X

(x # 0) has been established by L. Zhu [15]. A. Baricz and J. Sdndor [1] have pointed
out that inequalities (1) and (2) follow from the first inequalities in

sinx 2-cosx
B2

(cosx) B 3

(3
(0<|x| < %) and
13 _ sinhx _ 2+ coshx 4
< < 3 4)
(x # 0) where the first inequality in (3) is due to D.D. Adamovi¢ and D.S. Mitrinovic¢
(see, e.g., [5, p. 238]) while the corresponding inequality in (4) was established by
Lazarevic¢ (see e.g., [2, p. 131]). The second inequalities in (3) and (4) appear respec-
tively in [9], and [7]. Inequalities (1) and (2) have been refined and generalizated as

follows 5
<sinx> ’7+ (tanx)p> < 'x >2p+( X )p>2 5)
X X sinx tanx
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(0<[x] < %)and

sinhx \ 27 tanhx\ ” X \2p X \P
+ > ( : ) + ( ) >2 6)
X X sinhx tanhx

(x # 0). These results or particular cases of those appear in [12], [16], [6], [7], and
[13].

A. Baricz and J. Sandor have pointed out in [1] that the first inequalities in (3) and
(4) also imply the following one

i t
o Sinx n anx 3 7
X X

(0<|x] < %)and

sinhx tanhx
2 +

>3 )
X
(x#0). Inequality (7) is due to C. Huygens [4]. Refinements of the last two inequalities

read as follows )
sinx  tanx b X

2— 4+ —>2—+——>3 )
X X sinx tanx
(0<|x] < %)and
sinhx tanhx X X
2 + > 2— + >3 (10)
X X sinhx = tanhx

(x#0) (see [7, Thm. 2.6]). The generalizations of (9) and (10), similar to (5) and (6),
are obtained immediately by applying Lemma 2 (see Section 2) to (9) and (10). We
omit further details.

This paper is a continuation of our earlier work [7] and is organized as follows. In
Section 2 we give some lemmas and preliminary results. Refinements and generaliza-
tions of Wilker-type inequalities (5) and (6) are presented in Section 3. In Section 4 we
prove generalizations and refinements of the Huygens-type inequalities (9) and (10).

2. Lemmas and Preliminaries
The following lemmas will be used in the subsequent sections.

LEMMA 1. ([7]) Let u and v be different numbers which satisfy the inequality
uu > 1. Then

1 1
U+v>-—+-—.
u v

LEMMA 2. Let u >0, v > 0 be different numbers and let the positive numbers o
and B be such that oo+ =1. If

1 1
OﬂM+BV>OC;+B;>l7 (11)
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then the first inequality in
1 1
o’ + v >oa—+pf—>1 (12)
ubP yP
holds true if p > 0 while the second one is valid for p > 1.

Proof. The first inequality in (12) follows from the first inequality in (11) by let-
ting u :=u? and v =v”. For the proof of the second inequality in (12) we utilize
monotonicity of the power mean in its parameter together with (11) to obtain

(I T B |
(a—+ﬁ—> >o-+p->1
up vP u 14
(p = 1). Hence the desired inequality follows.

LEMMA 3. Under the same assumptions about u,v,o. and B as in Lemma 2 if
u®vB > 1, then
B o
ou+Bv> a<u> +B <K> .
u

v
Proof. We multiply both sides of u®v# > 1 by ow + Bv to obtain u®vP(ou +
Bv) > au+ Bv. Dividing both sides of the last inequality by u®# we obtain the

desired result.
For later use let us record two simultaneous inequalities

4/3  sin cos? 2 +2cos*
(cosg) < % <2 (13)

(0<|x] < %)and

( x>4/3 - sinhx - cosh? 5 +2cosh3

h~ 14
oS3 X 3 (14)

(x#0). (See [7, (2.5) and (2.7)]). They are tighter than the corresponding inequalities
(3) and (4).

3. Wilker’s Type Inequalities

The goal of this section is to obtain some inequalities similar to those listed in (5)
and (6).

A refinement of the second inequality in (5), when p = 1, is contained in the
following.
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THEOREM 1. Let 0 < |x| < Z. Then

sinx\?  tanx X \2  x sinx tan(x/2) \ >
— +—><.—) b > [ 5=
X X sinx tanx X x/2
2 \2
al +<L> >2. (15)

sinx tan(x/2)

Proof. First inequality in (15) is a special case of (5) when p = 1. For the proof

of the second inequality in (15) we let a = “xﬂ and ¢ = mﬁ . Using the half-angle

formula for the tangent function tan 5 = ljicn(fsx the inequality in question can be written

as

1 +acosx > a +a*c?.

For the proof of the last inequality let
f(x) =14acosx— (@ +a*c?®) =: g(x) + h(x), (16)

where g(x) = 1+acosx and h(x) = —(a® +a*c?). Itis easy to verify that 1 < g(x) <2
and also that g(x) is strictly decreasing and strictly concave for 0 < x < §. We shall
establish now some properties of the function 4 (x). It follows from the left inequality
in (13) that ¢> > @~3. This in turn implies that a® + a*c?> > a® +a. Since a = a(x) is
strictly decreasing and strictly concave on (0,%), h(x) < —(a® + a), where the right
side of the last inequality is a strictly increasing and strictly convex function. Moreover,
—2 < h(x) < —[(%)*+ %] = —0.680... Making use of all properties of functions we
conclude using (16), that f(x) >0 for 0 <x < Z. Since f(x) is an even function we
conclude that f(x) is positive for all x which satisfy 0 < |x| < % . For the proof of third
inequality in (15) we write the first inequality in (13), using the half-angle formula for
tangents function, as
uv>1,

. 2
where u = ** and v = (%) . Making use of Lemma 1 gives the desired result.

We shall establish now the fourth inequality in (15). With 7 = x/2, the inequality in
question can be written as

i 1 t
- <1 +cos’ 1 —— ) . (17)
X 2 sint

Utilizing the second inequality in (13)

sinx  cos?s+2cost

<
X 3

we see that in order to establish (17) it suffices to prove that

cos?t + 2cost _ 1 <
3 2

t
1+cos3t_—> (18)
sint
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holds true for 0 < |t| < /4. Since both sides of (18) are even functions, we will assume
that 0 < ¢ < /4. Inequality (18) can be written as

t
2cos’t +4cost < 3+ 3cos’t—. (19)
sint
Application of
t

— < (cost)™!/3

sint
(see the left inequality in (3)) to the last member of (19) gives

2cost +4cost — 3(cost)¥? —3 < 0. (20)

Let f(x) denote the left side of (20). In order to complete the proof of the theorem we
have to demonstrate that f(x) <0 for 0 < x < 7. Differentiating f(x) we obtain

f'(x) = —4sint (% —d5/3> <0

(d = cost) where the last inequality is a consequence of

Tl ar

which follows from the inequality of arithmetic and geometric means of d and 1 and
also from the monotonicity of the exponential function d*. Since f(0) =0 and f(x) is
strictly decreasing we conclude that f(x) <0 on (0,%). The proof is complete.

COROLLARY 1. If 0 < |x| < Z, then

sinx\?  (tan(x/2)\*" X \P x/2 \?
— —_— _— — 2. 21
( X ) +< x/2 ) ~ (sinx> +<tan(x/2)) ” @
The first inequality in (21) holds for all p > O while the second one is valid if p > 1.

. 2
Proof. Apply Lemma 2 to last two inequalities in (15) with u = 3% , v = (%)

and a=p=1%.
There is no full counterpart of (15) for hyperbolic functions. There is numerical

evidence that 5
( X )2 X sinhx n tanh(x/2)
sinhx tanh x X x/2

holds for 0 < |x| < 1.88 with the inequality reversed if |x| > 1.89. The hyperbolic
counterparts of the last two inequalities in (15) are contained in the following.

THEOREM 2. Let x #0. Then
sinhx tanh(x/2)\ x x/2 2
2. 22
X + ( x/2 ” sinhx+ tanh(x/2) ” 22)

For the proof of (22) one might follow the lines of proof of the corresponding inequali-
ties in (15). We omit further details.
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COROLLARY 2. Let x# 0. Then
sinhx\?  (tanh(x/2)\* X \P x/2 \*
—_— _— _— 2. 23
< X ) +< x/2 ~ (sinhx) + tanh(x/2) ” @3)

The first inequality in (23) is valid for p > 0 while the second one holds true for all
p=1.

sinhx

Proof. Inequalities (23) follow from (22) by use of Lemma 2 with u = ¥,

2
v:(mnz/#) and a=f=1.

4. Huygens Type Inequalities

In this section we shall establish refinements of first inequalities in (9) and (10).
Generalizations of the last two inequalities

. p p
2(ﬁ> +<t—anx) >2(.i>p+(—x >p>3 24)
X X sinx tanx
(0<|x| < %) and
5 sinhx ’7+ tanhx ’7>2( 'x )p+( X )p>3 25)
X X sinhx tanhx

(x # 0) are obtained applying Lemma 2 with o¢ =2/3 and = 1/3 to (9) and (10).
First inequalities in (24) and (25) hold true if p > 0 while the second inequalities are
valid provided p > 1.

We are in a position to prove the following.

THEOREM 3. Let 0 < |x| < 5. Then

sinx tanx  sinx tan(x/2 X X
ZT+—>—+2 (x/2)

— 4+ —>3. 26
X X x/2 sinx+tanx> (26)

Proof. Without a loss of generality, we may assume that 0 < x < 7. For the proof
of the first inequality in (26) we use the following statement

1 4
14—>— 27
cosx 1+4cosx

which can be written as (1 — cosx)? > 0. Multiplying both sides of (27) by % and

next adding to both sides % , wWe obtain

sinx tanx  sinx sinx 1
22—t — > — _ .
X X X 1 +cosx x/2
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Application of the half-angle formula for the tangent function tan 5 = liié‘(j‘sx gives the

assertion. We shall establish now the second inequality in (26). It suffices to show that

sdﬂ+2tan(x/2) X, x/2

— 28
X x/2 sinx  tan(x/2) (28)
because P
x x x x
AR A, J SR, 29
sinx * tan(x/2) sinx * tanx 29)

int
For the proof of (28) we let a = g , c=cost and ¢ = 5. It is easy to see that (28)

can be written as

2¢7+1
2
——. 30
g +2 (30)
The first inequality in (13) can be written as

2> 1+c\*?

3 .

We shall prove (30) showing that

1+c\*?  22+1 G1)

2 242

For the proof of (31) we introduce a function

-5~ (55)-

Function f(c) can be written, after a little algebra, as

(1—c)?

— 8 7 6 5 4 3 2
—m(c +6¢’ +23c"+68¢” +34c" +72¢” +4¢* 4 16¢ — 8).

f(c)
Since 0 <x< %,0<r<%. Thus % < ¢ < 1. Itis elementary to verify that f(c) >0
in the stated domain for c. This in turn implies that the inequalities (31), (30), and (28)
hold true. Making use of (29) and the second inequality in (9) we obtain the asserted
result. The proof is complete.

Combining the last three terms in (26) with (28) and next using Lemma 2 we
obtain the following.

COROLLARY 3. If 0 < [x| < §, then
sinx)” tan(x/2)\” X \P x/2 \’
TN o (2RA) AT L N (/i 2
( x ) * ( x/2 ) ” (sinx> + <tan(x/2)) >3 32)

where the first inequality is valid if p > 0 while the second one holds true provided
p=1.
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A refinement of the first inequality in (10) is obtained in the following.

THEOREM 4. If x # 0, then

sinhx tanhx  sinhx tanh(x/2 X X
2 + > (x/2)

3. 33
X X X x/2 sinhx | tanhx ~ (33)

Proof of the last result is very similar to that of Theorem 3 and for these reasons is
not included here. The hyperbolic counterpart of (29)

X x/2 X X
=2 34
sinhx = tanh(x/2) sinhx + tanh x (34

and the first inequality in (14) are utilized in the proof of (33).
The following result is obtained with the aid of the last three inequalities in (33),
identity (34), and Lemma 2 used with or = %, B= %, p= S andy= % We

X 9
have

COROLLARY 4. Let x #0. Then

(Shlﬂ)pH(%)p > (sirfhx>p+2<%>p 3

where the first inequality holds true if p > 0 while the second one is valid for all p > 1.

We close this section with proofs of some refinements of inequalities (7) and (8).
We have

THEOREM 5. The following inequalities

2sinx n tanx S 2cosx+1 >3 (35)
x x (cosx)?/3

(0<|x| < %)and

sinhx tanhx 2coshx+1

> >3 36
x x (coshx)?/3 (56)

(x #£0) are valid.

Proof. We shall establish the inequality (35) only. Its first part follows immedi-
ately from Lemma 3 applied with u = S%, V= ‘a%, o= % and § = % Let ¢ =cosx.
Then the second inequality in (35) is equivalent to 2¢+1 > 3¢/3 orto f (¢) >0, where
flc) = (2c+1)3—27¢2. Clearly f(0) =1, f(1) =0, and f'(c) = 6(4c—1)(c—1).
Thus f(c) is strictly increasing on the interval (0,) and strictly decreasing on (4,1).

Hence the assertion f(c) > 0 for ¢ € (0,1) follows and the proof is complete.
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