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APPROXIMATION BY NORLUND MEANS OF DOUBLE
WALSH-FOURIER SERIES FOR LIPSCHITZ FUNCTIONS

KAROLY NAGY

(Communicated by Zs. Pdles)

Abstract. For double trigonometric Fourier series, Mdéricz and Rhoades studied the rate of uni-
form approximation by Norlund means of the rectangular partial sums of double Fourier series
of a function belonging to the class Lipa (0 < o < 1) [12] and the class of continuous func-
tions [13], on the two-dimensional torus. As a special case, they obtained the rate of uniform
approximation by double Cesaro means.

The main aim of this paper is to investigate the rate of the approximation by the Norlund
means 7,;,(f) of double Walsh-Fourier series of a function in L”, in particular, in Lip(ct,p),
where o >0 and 1 < p <oo. Incase p=-eo, by L” we mean Cy , the collection of the uniform
W -continuous functions.

Earlier results on one-dimensional Norlund means of the Walsh-Fourier series was given
by Méricz and Siddigi [16].

1. Norlund means for double Fourier series

Let {gjx:j,k=0,1,...} beadouble sequence of nonnegative numbers, go o > 0.
Set

Qm,n = Z Z qjk (m,n = 0,1,...).

j=0k=0

The Norlund means and kernels of rectangular partial sums of double Walsh-Fourier
series are defined by

mn(f7x x2 Q ZZQm jin— ijk(f»x x)
mn j=0k=0
agmn(x1 X Z Zq;n —jn— kD( )Dk(xz)'

anj 0k=0

The Norlund method generated by the double sequence {g;} is regular [12] iff

lim

n,m-—oo

Eqm J.k (]=0,1,,m2])
mn]< 0
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and

. 1 &
lim
n,m—oo Qm,n =

Gjink=0 (k=0,1,..;n>k).
0

In particular case, set
—1,7-1 .
gra=AAT (jk=0,1,..), (1)

where A% = (%) = (@@t gor 1 — 12 and AZ =1 (¢ # —1,-2,...).

Then Q,,, = AEqAZ and T, (f) are the (C,B,7)-means of double Fourier series.

For double trigonometric Fourier series, Méricz and Rhoades studied the rate of
uniform approximation by Norlund means of the rectangular partial sums of double
Fourier series of a function belonging to the class Lip o (0 < o < 1) [12] and the class
of continuous functions [13], on the two-dimensional torus. As a special case, they
obtained the rate of uniform approximation by double Cesaro means.

The main aim of this paper is to investigate the rate of the approximation by the
Nérlund mean 7,7, (f) of double Walsh-Fourier series of a function in L, in particular,
in Lip(a, p), where o0 > 0 and 1 < p < eo. Incase p = oo, by L we mean Cy, the
collection of the uniform W -continuous functions. As a special case, we obtain the rate
of uniform approximation by double Walsh-Cesaro means, as Méricz and Rhoades did
in the trigonometric case.

Now, we make a few historical comments on Walsh-Norlund means. The one-
dimensional Nérlund mean #,(f) and kernel L, for Walsh-Fourier series are defined
by

ta(f,x) = i Z Pu-iSk(f,x),  Lu(x) := i z Pn—iDr(x),
P S =i

where P, :=Y7_,pr and {p,} is a sequence of nonnegative numbers, with po > 0. The
approximation behavior of the Walsh-No6rlund mean ¢, in L? was discussed by Méricz
and Siddiqi [16] and recently, in dyadic homogeneous Banach space and dyadic Hardy
space by Fridli, Manchanda and Siddiqi [3].

As special cases Mdricz and Siddiqi obtained the earlier results given by Yano
[20], Jastrebova [11] and Skvortsov [18] on the rate of the approximation by Cesaro
means. The approximation properties of the Cesaro means of negativ order was studied
by Goginava in 2002 [9].

The case when p; = % is not discussed in the paper of Méricz and Siddiqi, in this
case t, are called the Norlund logarithmic means. Recently, the Norlund logarithmic
means for the Walsh-Fourier series was investigated by Gét, Goginava and Tkebuchava
[4, 10], for unbounded Vilenkin system by Blahota and Gat [2]. Moreover, the two-
dimensional Walsh-Norlund logarithmic means was studied in [5, 6, 7, 8].

Our paper is motivated by the work of Méricz and Rhoades [12, 13] on classical
trigonometric system and the results of Gat, Goginava, Tkebuchava [4, 8] and Fridli,
Manchanda, Siddiqi [3] on the Walsh system in present days.

We will use the notations

A0k = qjk — qj+1ks
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8019k = qjk = qjk+1s
AL1Gjk=qjk —qj+1k— 4jk+1 T G141

for j,k =0,1,.... The double sequence {g;} is nondecreasing, in sign g T, if
A10qx <0 and Ag 194 < 0, and is nonincreasing, in sign g« |, if Ajog;x > 0 and
Ap1qjx = 0 forevery j,k=0,1,....

2. Definitions and notations

Let G be the Walsh group. The group operation on G is the coordinate-wise addi-
tion (denoted by +), the normalized Haar measure is denoted by . Dyadic intervals
are defined by

I(x) =G, Li(x):={y€G:y= (X0, s %n—1,Yn,Ynt1--) }

for x € G,n € P. They form a base for the neighborhoodsof G. Let 0= (0:ieN) € G
denote the null element of G and I, := I,(0) for n € N. Set ¢; := (0,...,0,1,0,...),
where the ith coordinate is 1 and the rest are 0 (i € N).

Let LP denote the usual Lebesgue spaces on G> (with the corresponding norm
||.|,). For the sake of brevity in notation, we agree to write L™ instead of Cy and set

1flles = sup{].f(x)| : x € G*}..

Next, we define the modulus of continuity in L?,1 < p < e, of a function f € L?
by

wp(8,f) := sup 1FC+0) = fOllps 8>0.
1<

The Lipschitz classes in L? for each o > 0 are defined by
Lip (at,p) :={f € L? : 0,(8,f) = 0(6%) as 6 — 0}.

For x € G we define |x| by |x| := X7 gx;27/7", for x = (x!,x?) € G* by |x|* :=
(x!)? 4 (x?)2. Thus, for f € LP(G?) (1 < p < ) the modulus of continuity @,(8, f)
is well defined for 0 > 0. We define the mixed modulus of continuity as follows

wﬁ2(617627f) =
sup{[[£(- 42", +2%) = (A2t ) = fl )+ £ s ] < 81,12 < &3,

where 6,6, > 0.
The Rademacher functions are defined as

r(x):=(=1)* (x€G,keN).

Let the Walsh-Paley functions be the product functions of the Rademacher functions.
Namely, each natural number n can be uniquely expressed as n = Y (n;2, n; €
{0,1} (i € N), where only a finite number of n;’s different from zero. Let the order of
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n >0 be denoted by |n| := max{j € N:n; # 0}. Walsh-Paley functions are wy = 1
and for n > 1

oo

wa(x) == [T (re())™.

k=0
The Dirichlet kernels are defined by

n—1
Dn = Z Wi,
k=0
where n € P, Dy := 0. The 2" th Dirichlet kernels have a closed form (see e.g. [17])

2" x €y,

Dy (x) = { ’ . )

0, otherwise (n € N).

The nth Fejér mean and the Fejér kernel of the Fourier series of a function f is
defined by

o) = NS, K= N0 (k<)
k=0

and Ky =0

On G? we consider the two-dimensional system as {w,1(x!) x w2 (x?) : n :=
(n',n?) € N?}. The two-dimenional Fourier coefficients, the rectangular partial sums
of the Fourier series and Dirichlet kernels are defined in the usual way.

3. The rate of the approximation
Our main results read as follow.

THEOREM 1. Let f € LP, 1< oo, and |m| =A>1, |n|=B2>1. Let {qj}
be a double sequence of nonnegative numbers such that Al, 19 is of fixed sign.
If {qjx} is nondecreasing, in sign 1, then

A—1B-1

Zzwwwmw@mefﬂ

Qm" k=0 I=
+O0(wy(2~ A,f))+0(wp(2 B ). 3)

1T () = fllp <

If {qjx} is nonincreasing, in sign |, and

yl m. n
qjkzO for some 1 <y<2, 4
an j=0k=0
then
¢ A-1B-1 . B l
T (f) = fllp < Z Z 2! Gttt 11 g+ 11 (@p (275, ) + 0 (277, f))
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B-1

0 > (m— 2A)2140,n72’+1+1 (0,274 1)+ 0p(271, 1))
mn 120

A-1

Q 2 (n — ZB)qum_szrl_;,_Lo(wp(ziBaf) + wp(zikaf))
mn k=0

C
+

C
+

n—28

o 2 (=20, 210,27 )+ 0@, (27, )

m—24

0 Y (1=25)q 0n_j00p(277, )+ O(@p(277, ). ()
mn =0

+

Cc
+

We will discuss the following case:
The nondecreasing {q;},insign g, T, satiesfies the condition

(m+1)(n+1)gmn
Qm7n

=0(1) (6)

(the conditions of regularity are satiesfied). In particular, (6) is true if g;; has a power
growth both in j and in k. Namely,

qjk:= Pk for some B,y > 0.

The one-dimensional analogue of the following theorem was proved by Moricz
and Siddiqi in [16] for Walsh system. We mention that as special case T,,, is the
(C,B,7y)-mean with respect to the double Walsh-Fourier series and the approximation
rate for (C, f3,y)-summability immediately follows from Theorem 1 (for 8,7 > 1). We
note that the approximation rate of (C, 3, v)-summability for trigonometric system was
given in [12, Corollary 2].

THEOREM 2. Let f € Lip(a., p) for some ot >0 and 1 < p < oo.
Let {q;x} be a double sequence of nonnegative numbers such that in case qjx T
the condition (6) is satisfied, then

O(m=%+n=%), fo<a<l,
| T (f) = fllp = O(m_llogm—i—n_llogn), fo=1,
o(m='+n1), ifor> 1.

At last, we note that if {qﬁk} is nonincreasing, in sign g; « |, then condition (4) is
satiesfied if,

i) gjr= j Bk~ for some 0 < B,y < 1, or

i) gjr:= (logj) P (logk)~7 for some 0 < B, 7.
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4. Auxiliary results

A Sidon type inequality proved by Méricz and Schipp [14, 15] implies that the
Norlund kernels L, and %, , are quasi-positive. Namely, the following Lemma is
true.

LEMMA 1. (Schipp and Méricz) If the condition (4) is satisfied, then there exists
a constant C such that

”D‘Zm,n”l <C, (n=1).

We note that, the analogue of Lemma 1 can be stated for Norlund kernel L, [14] with

the condition
5 1 n

-5 Zpk— (1) forsome 1< & <2. (7)
n k=0

For Walsh-Fejér kernel Yano [19] proved that

LEMMA 2. (Yano) Let n > 1, then
[Knlln <2

We denote by &, the collection of Walsh polynomials of order less than m, that

is, functions of the form
m—1

P(x):= 2 awy(x),
k=0

where m > 1 and {a;} is any sequence of real (or complex) numbers.

On G2 we consider the two-dimensional Walsh polynomials of order less than
(m,n) as Py = {Pi(x)) x Po(x?) : P| € P, Py € Py}

The one-dimensional analogue of the following Lemmas was given by Méricz and
Siddiqi [16].

LEMMA 3. Let P € Py 55, f € LP, where A,B € P and 1 < p < . Then

with the notation x = (x',x*) € G*.

LU0 =) ra(e)PLo)dn )

< C||PH1w{7,2(2_A72_B7f)7
p

Proof. We make the proof for 1 < p < oo, for p = oo the proof goes in a similar
way (where L™ = Cy ). We introduce the notation

AMpf(x,y) = |f(x+y)— fx+y+ep) — flx+y+es) + flx+y+es+ep)l,

where el := (e4,0) and €3 := (0,ep).
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We write the following for any €,p € G,x,y € G* and A,B € P

f( +) A (s () dp (x)

Ir(e)xIp(p)

L 0 = TN () )| =
A

&)xlg(p)

:/1 fng)rA(xl)rB(xz)du(X)Jr F+2)ra (6 )r(x)dp (x)

(e)xIpy1(p) Iny1(e+ea)xIp11(p)
+ Fo+x)ra ) rp()du(x)+ | f+x)rax)re(*)du(x)
Iny1(e)xIpi1(p+ep) IA+1(8+€A)XIB+1(P+EB)
=[SO~ fr kel — S ef) 4 S+ x-+eh +e)dui)
Iar1(€)xIp11(p)

Axpf(x,y)dp(x))| . ®)

/IA+1 (e)xIp+1(p)

We note that the polynomial P(x!,x?) is constant on the sets I4 () x Ig(p) (&,p €
G). This and the generalized Minkowski inequality give

FAB ._

LU0 = ) ral) P 2)du )

p

1

S B R N N B P RN T
&= —0 __0 IA ><IB

i€{0,....A— 1},€{o _____ ,B—1}

p
1 1
< Y 2 |P(ep)l / gf(-+X)—f())rA( s (o?)dp (x)
8,:0 pj= IA(S XIB(p) P
i€{0,....A~1} je{0,....B—1}
1 1
< Z Y. |P(e,p)lx
16{0,..._,14 l}je{(f..:B 1}
| p 1/p
LA o G040 = 70Dt )
G* |/15(e) xIg(p)
The equation (8) gives
1 1 p 1/p
Pos Y s el ([ (] e ) ao)
£=0 pi= G* \Jav1(€)xIp41(p)
i€{0,....A~1} je{0,....B—1}
1 1 1/p
< XX IPen) ([ @ansreoraun))  aut
&=0 pj= In+1(8)xIg11(p) \JG

i€{0,...A—1} je{0,....B—1}
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1
<e Y / \P € p \du( ) 0,274,270 f)
£—0 Iy (e ><IB+1 p)
i€{0,...A— 1},6{0 ..... B 1}

< CHP||10)1,2(2_A72_vi)'
This completes the proof of Lemma 3.

LEMMA 4. Let P€ Pou, f€LP (1 < p< o) and A,B€P. Then

The proof goes analogously as we did above. Thus, it is left to the readers.
For two-dimensional variable (x',x?) € G*> we use the notations

< cllPlwp 274 ).
P

LU0 = O ra ()P du (o)

forany n € N.
Now, we give a decomposition Lemma of the kernel .%, ..

LEMMA 5. Let |m|:=A and |n| := B, then

A—1B-1 2121 12
an mn = Z 2 w2k+1 1 2”1 1 Z Z A171Clm_2k+l+s.’n_2l+1+tﬂK\' K
k=0 I= s=1 1=1
A—1B—1 21 k 2
1
+ 2 2 W2k+1 1 2l+1 1 2 D01k i1 112 Ko K;
k=0 I=
A—1B-1 261
2
+ Z ZWWI 1 2l+1 1 Z ALOGm 1 15 21S2 K Ky
k=0 I= 5=
A—1B—1 5 il )
| 1
+ 2 2 W2k+1_1W21+1_12 2 qm72/",n721K2/"K2l
k=0 1=0

A—1B—12!—12k—1

1 1792
=2 2 X X Attt W SKs D
k=0 1=0 j=0 s=1

A—1B—12!—1

22 qu 2%n-2!—j Waert 2Ky D

k=0 (=0 j=0
A—1B—12k—12/—1

B 2 2 2 2 AO A9 i 2kn 2l+l+t §[+1 1IK D2k+1

=01=0 i=0 t=1
A713712‘71

2
- Z Z 2 ‘lm_i_zlgn_zlwzlﬂ,lz K2 D2A+1
k=0 [=0 i=0
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A—1B—12k—12!—

+2 2 2 2 An—2k—ipn—2! - DékHD%lH

k=0 =0 i=0 j=0

24_ m 281
+ 2 2 dm—k,n— leDl + z 2 dm—k,n— leDl

k=1 1=28 k=24 =1

m—24n—28 | m—24 24 ) 2 _in

m=2"=jn m—=2"—j,

+ 2 D ot juaw DD+ Z Qe Doty

j=0 i=0

=4 1,n—28-i1 1.2

n— 2 —z n—z-—1,

+ Z Q BrALm_zA +Qm72A7n723rArB$m72A7n72B.

. . m—24—j  m—24 7] _ ~n— n—28_; L pLE
with the notatlonQ 9B Ln 2B =" qm 24_jn—28— iDi and Qm 24 m 24 T

m—24
2/ 0 Im—24—jn— ZB—tD

Proof. Set |m| := A and |n| := B. During the proof of Lemma 5 we will use the
following equations [16, 17]:

Dy, ;j=Dyu+raDj, j=0,1,...2"—1. )

Dy i —Dyjet = —wyini_Dyj;  (0<i<2)). (10

Now, we decompose the kernel .%,, .

241281 ) 241 n -
an mmn — 2 2 quk,nle]iD[ + 2 2 quk,nlele
k=1 I=1 k=1 |=2B

m 281
+ Y Guini DD} + 2 2 Gm—tkn—1D{D}
k=24 [=1 k=2A1=28
=Lh+bL+L+1.

First, we decompose I; . By the equation (10) we have that

A—1B—12k—12/—

2 2 2 2 Am—2k—ipn—2!— (D2k+l D2k+l)(D21+j D%Hl)

k=01=0 i=0 j=0
A—1B—12k—12/—1

+ Z Z Z Z A2k —in—21— (D2k+, D2k+l)D21+1

k=0 1=0 i=0 j=0
A—1B—12k—12!—

+ Z Z Z Z A 2k—in—2l— JD2k+1(D21+, D2!+l)

k=0 1=0 i=0 j=0

A—1B—12k—12!—

+ 2 2 2 2 qm72"'7i,n72lijék“D§Hl
k=01=0 i=0 j=0
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A—1B—12k—12/—

- 2 2 2 2 m—2k—in—2— ékﬂ_lwilﬂ Dzk_lD —j

k=0 1=0 i=0 j=0
A—1B—12k—12/—1

22 Y X dudtina— Mot Do D

k=0 1=0 i=0 j=0
A—1B—12k—12!—

- Z Z Z Z A2k —in—21— ,Dékﬂwgm,lDﬁ,

k=0 [=0 i=0 j=0

A—1B—12k—12!—1

+ 2 2 2 2 qm72k7i,n72lijék+lD§Hl
k=01=0 i=0 j=0

= Il -P-F+I.
To decompose 111 ,we set s:=2F—i r:=2!— j and use double Abel’s transformation

A—1B—1 2k 2!

1 _ 1 2 112
11 - 2 2 2 2qm72k+l+s,n72’“+tw2k+l_1W21+1_1DsDt

k=0 =0 s=11=1

A—1B—1 2k_12/1
12
2 2 W2"‘+l 2’+l 1 2 2 Al71q1n—2k+1+s,n—2’+1+t‘9tKv K;
k=0 1=0 s=1 =1
2l—1

kel 22
+ Z A071qm_2k’n_2l+1+tl2 szK,
=1

2k—1
+ Z A170‘lm—2k+1+s,n—21521K K2[ +2k2 D2k p— 21K21kK221
s=1

Ll 412 13, S14
=0+ 17+ 17+
Now, we turn our attention to 112 (and If goes analogously). Set s := 2K —,

A—1B—1 2k 2!

12 - 2 Z 2 Z Am—2k+1 45 n—21— ékH,lDiD%Hh

k=0 (=0 s=1 j=
By Abel’s transformation we get that

A—1B—12/—12k—1

12 = 2 2 2 2 A170qm72/"+1+s,n72lfjwék+1_1SKs1D§l+l

k=0 1=0 j=0 s=1

A—1B—12!—

21, 122
+Z 2 2 Am—2k n—21—j ékJrl 2k [(kD21+1 =1 +1
k=0 1=0 j=0
Now, we decompose I3 (I, goes analogously). But, for the simplicity we do not
write our result into the statement of Lemma 5. By the help of (9) and (10) we write

m—24B—12/— ,
L= 2 2 2 Am—24—in— 217/D2A+1(D21+j DQHI)
i=0 (=0 j=0



APPROXIMATION BY NORLUND MEANS OF DOUBLE... 311

m—24B—12/—
+ 2 2 2 Am—24—ipn—2!— jD2A+1D2’+1
i=0 [=0 j=
m—24B—12—1
Z Z Z qm—ZA—i,n—Zl—jx
i=0 =0 j=0

x (_DéAwgm,lD%z,j - VAD}W§I+171D§ +D AD21+1 +V}xDilD§l+1)
= -B-B+L+15.

To discuss I} we set s =2' — j and use Abel’s transformation.

| m—24B—1 201 5 -
I; = Z ZDzszm,l Z 01y A _jp—ott14SKS + Gy 08  212° K5
i=0 =0 s=1
L1, 412
=5'+5"% (11)

To decompose 132 we set s = 2! — j and use double Abel’s transformation.

B—1 L 2l _1m—24-1 -
= Z FaWorei_y | — Z Z AL1G 08 i1 i+t 450K KS
=0 s=1 i=1

201

+ 2 A0~,1qO,n—2’“+s(m - ZA)SKrbszK\?
s=1

m—24-1

— Y Aot i1 22 KIS g (m = 212K 0K
i=1

= -'yR? -5+t (12)

By the help of Abel’s transformation we write for Ig‘ that

B—1 . — m—24—1 p
= ZrADle Z Z Aloqm 24 —i—1,n—20— lK +q0n 20— (m 2 ) m—24A
1=0 i=0 i=1
(13)
At last, we discuss I by the help of (9).
m—2A n—28
I4: Z z qm 2/\7]” 2371D2A+1D2B+1
m—ZAn—ZB | ) m—24n—28 | 20
= > D norjub DoaDis+ D, D Guoa s DyarpD;
j=0 i=0 j=0 i=0
m—24n—28 1o m—24n—28 L 210
+ 2 > Gm—24—jn—28_iTADjD3p + > oy Gm—2A—jn—28_i"ATD;D;
Jj=0 i=0 j=0 i=0

=L+ G+L 41
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B__; B
To dlscuss I3, we fix n—2% —i, and we introduce the notation Q"2 =L~ :=
2;" 0 qm 24_jn—np_iDj. This gives
5 23 2 2 1
- —l
L= Z Q' 2 DyrAL (14)

(If goes analogously). Now, we decompose Ii’ (and Iff). But, for the simplicity we
do not write our result into the statement of Lemma 5 (for nonincreasing double se-
quence and nondecreasing double sequence we need different decompositions of the
expressions I3,1}). Abel’s transformation yields

n—28 ) 1m72/\71 )
= 2 D31y 2 AL0Gm—24_j_1 p-28_iJKj
~ =
2’ 3.1 32
+ Y Dysriqo on (m—2MK2 =L+ 17, (15)
i=0

Double Abel’s transformation gives

m—24—1n-28_1

4 2
14—rArB 2 2 AL1g,,— 24 j—1,n—2B—i— 1’JK K;
j=1 i=1

n—28-1

— AT > A071q07n—23—i—1i[(i2(m—ZA)K,,L%
i=1
| 2m72"“‘71 | P
—TalB 2 Al,oqm_zA_j_LOjKj(n—Z K2 5
=1
Frirdgoom—2Ym—25)K! K2 =0+ 0700t (16)

This completes the proof of Lemma 5.

5. The proof of the main theorems

Proof of Theorem 1: During the proof of Theorem 1 we use the notations of Lemma 5.
Let m,n € P be fixed and set |m| := A, |n| := B. We use the notations x = (x',x?) €
G? and y = (y',y?) € G*. By Minkowski inequality we may write that

Ol fp\H/ )= 1) L))

p

)

p

x) = f()Li(x)du(x)

and so on.
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We will often use the following

o7 5(61,82, f) < @p(01, f) + @p(&, f)-

First, we discuss || [g2(f(. +x) —f(.))lg(x)du(x)ﬂp for i=1,2,3,4.
By (2) we find that

<
p

LU0 =)Dy Dy (2)du ()

< [ Pay@) ([ 140 sraney) auto

IkXI]

<cwp(275 ) +cw,(27 f). (17)

Thus, we immediately have

RGO HEEME]
G P
m—24n—28
< ¢ Z() Z() qm72A7j,n72Bfi(wP(2_A7f) + wp(z_vi))~

Next, we discuss Hsz( FO+x)+ FO)E(x)du(x )Hp for i = 2,3. The equation 15,
Lemma 4 and Lemma 2 yield

/Gz (F(-+x) = f()E () dp ()

<
p

n—28 fm-24-1 A A
<c z Z |A170qm72/‘7j71,n7237i‘j+ 6Io,n—zB—i(m =2%) ) 0, (277, f).
; s

For double sequence g; « T

m—24—1 m—24—1

2 \AI,qu—zA—j—l,n—zB—iU = 2 Am—24—jn—2B—i— (m— 24— l)qo,n—zB—i
J=0 j=1

n—28 m—24

Sc¢ Z Z qm72Afj,n72Bfin(Z_Aaf)'
)4 i=0 j=0

LU0 = fO)B@due)

For double sequence ¢« |

m—24-1

2 |A1,qu—2A—j—1,n—2B—iU < (m_ZA)qO,n72Bfi
j=0
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and

—28
[LUCH0-FORE@E| <3 0= a0,

‘ P =

Now, we study || [z (f(- +x) — f()I{(x)du(x)]| -

For double sequence g; |, Lemma 3, Lemma 1 and condition (4) immediately
give that

< Omn(@p(274, f) + 0p(272, 1)).

For double sequence g, T, we use the equation (16).
Lemma 3 and Lemma 2 yield that

[RGES RO

< CQ;n—ZA,n—2B ||°2ﬂm—2A,n—ZB ||1C0f772 (27A7273af)
P

<

X

p

/Gz(f(. +x) = F(NE (0)du (x)

n—28_1m-24-1

S¢€ 2 2 |A1’1qm—2A—j—1,n—2B—i—1‘ijwﬁ2(27A727Baf)'
=1 j=1

Since Ay,1q; is of fixed sign

n—28_1m-24-1

D D Aidpan g as i glif <
=1

i=1
n—28_1m-24-1

Z Z ALy oA j 1 p28-i1
=1 j=1

(m— ZA)(”_ZB)VIm 24_1p—28_1

2 2 An—24—10-28—-1 X Can

< (m—ZA)(n—ZB)

< —qon—28-1—Gm—24—10 1 90,0l
<

Lemma 3 and Lemma 2 imply again

| Lt rouwane)| <
p
m—24—1
<c Z ‘Al,oquzfli,'fl?o‘j(”_2B)w{7,2(2_A72_B»f)~
=1
From
m—24-1

m—24-1

> |A1L0G—2a— 10l < > An—24_j0
j=1 =



APPROXIMATION BY NORLUND MEANS OF DOUBLE... 315

we get that

g CQmleﬁz(Z*A’sz,f)
P

(the discussion of Hsz (f(.+x) —f(.))If:’2 (x)du (x)H goes analogously).
p
By

/62 (f( +)C) —f())lj’3(x)d“(x)

q0,0(m - 2A)(n - 23) < Qm,n

and Lemma 3 we have that
| [0 = O an )

Second, we discuss || [g2 (f(. +x) — f())} (x)d (x)H for i=1,2,3,4.
1

< CQm,nwﬂz(z_A72_Baf)'
P

Now, we study chz( fl+x)— f())Il1 (x)du(x H By Lemma 3 and Lemma 2
we get
LU= @an | <

14
SISt k l
2 2 2 2 |A171qm*2k+l+s7n*2l+l+t‘stwfa(zi 727 7f)

Using that Ay 1g; is of fixed sign

2k 1211

2 2 |A1’1qm72k+1+.\;n72l+l+t‘St < 2k+l

k__ 21_
2 2 Alvlqm72k+l+s,n72l+l+t
s=1 t=1 =1 t=

Akt
= 2" Gk 2l = Gk g2+ 11— G2kl 1 g2l T Gkt 1 2t |

If g« T, then

If gj« |, then

We discuss chz (f(.+x) —f(.))Ill’i(x)d/,L(x)Hp for i = 3. (For i =2 the proof

goes analogously.) Lemma 3 and Lemma 2 give

l

A—1B—1
S¢ 2 2 2kJrlqm72"',nf2l wﬁ2(2ika271af)'

p k=0 [=0

Lz (f( —|—x) —f(.))]ll’l(x)d‘u(x)

A-1B-1
k+1 —k ~—1
<e Y 2 2, g g 0f (275,27 ).
P k=01=0

Jif+0 =1 Wdut

<

X

p

/Gz(f(. +x) — f(NP () du(x)
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A—1B—1 lzk—l o
<e Y, 220 Y A0y gkt gl (275,270 ).
k=01=0 s=1

For g;; T we have
2k_1 2k_1
Y (A ls=(2k—1) — < 2k
1,09 —okt1 g0l |S = Am—2k p—2! Am—2k+14ipn—20 S & G2k n_2!-
i=1

s=1

For g | we get

2k—1 2k—1
D A1 0G gttt s 2t |8 <D Gttt ipat < 25 gkt gty
s=1 i=1
Lemma 3 and Lemma 2 imply
1,4 RS k -1
LU0 =rOn*0dut)| <3, 32, 5, v0f,27427 )
p k=0 =0

ately yield

| [0 = 1 0auts)

Now, we discuss 112 (and 113 goes analogously). Lemma 4 and Lemma 2 immedi-

A—1B—12/—1 ) .
<Y Y Y st 20,275 ).
P k=01=0 j=0

If gj« T, then
2l-1 l
qm—2",n—2’—j <2 qm—2k,n—2l7

j=0

while for g |, we have

21 )
2 qm72"',n7217j <2 Am—2k+141 p—21+141-
Jj=0

By Lemma 4 and Lemma 2 we have again

/Gz(f(.-i-x)—f(.))llz’l(x)d‘u(x) <

p

A—1B—12/—12k—1

< Z Z Z Z |A170qm—2k+1+5,n—2’—j‘Swp(z_k7f)'
k=0 1=0 j

j=0 s=1

If g 1, then
2k—1 . 2k—1
2 ‘A170qm72k+l+s,n72lﬁj|s = (2 - l)qm72k,n72lﬁ/ - qm72k+l+s,n72lfj

s=1

s=1
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< (2k - l)qm—2k,n—2l—j
and
A—1B—-1

< Z Z 2k+lqm—2k,n—2l (Dp(Z_k7f),

p k=0 [=0

LU0 =R (du)

If gjx |, then

2k_1 2k_1

2 ‘Al 0 m—2k+1 45— 2171“9 2 An—2k+1 45— 207X 2 Am—2k+141 n—2!—
s=1

and
2.1 A —k
[0 = )| <52y s 0027
P =0 [=
By the inequality (17)
A—-1B-1
| L0 -rOmeaut]| ¢SS ofh 0,20+ 0,20
p k=0 1=0

k_
where an = 22 125 0 dm—2k—in—2—
If gun T, then

k.l knl
an \2 2qm 2k p—2!-
If gun |, then
k.l 2k2
an X qm— 2kl g2+l

Third, we discuss || [g2(f(. +x) = f(.))li(x)du(x)||, for i=3. For i=2 the
discussion goes analogously, so it is left to the readers.
The equation (11), Lemma 4 and Lemma 2 yield

_2Ap_12_
JRESERVOECTICI z g 18010 21 iaaieisl50p(27, ).

For sequence g T we get

2l—1 2l—1
[
z |A0’1qm—2A—i,n—2l“+s|S = (2 - l)qm—ZA—i,n—2l - Z Am—2A—ipn—2l+11g

s=1 s=1
and

B—1
<c Z 2A_121qm_2A71’,,_21 wp(z_lvf)'
P =0

/Gz(f(. +x) = f(NL (x)du(x)
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Analogously,

B-1
<c Z 2A_121qm_2A71’,,_21 wp(z_lvf)'
P =0

/Gz(f(. +x) = (N7 (x)du(x)

For sequence ¢4 | we get

21 2l-1

2 |A0’1qm72/\7i,n72l+l+s|s < 2 Am—2A—ipn—2l+14
s=1 s=1

and
1,1 B!
/Gz(f(~+x) — O @du)|| <e Y (m=22'q0, pr1,10p27",f).
p 1=0
Analogously,
B-1
LU0 = SO Wdu)| < ¥ 0n-22g0, 01,1027 0)
p 1=0

Now, we study || [z (f(. +x) —f(.))lg(x)du(x)Hp.
Lemma 3 implies

<
P

/Gz(f(+x) —f())lgl(x)d‘u(x)

B—12—1m—-24—-1

<e Y, D D |A1~,1qm—2A—i—1,n—2l“+s|isw£2(2_Aa2_laf)'
=0 s=1 i=1

Since, Ay,1q;« is of fixed sign we have

2 _1m—24-1
Z Z |A1~,1qm—2A—i—1,n—2l+1+s|is <

s=1 i=1
<2'(m-2%)| T
Sem— Am—2A—1p—20+141 ~ Am—24—1 n—2! — 9o p—21+141 T 9o n—2!1-

If qjk T, then

<
p

/Gz(f(—kx) —f())l?l(x)d‘u(x)

B-1
<e Y 227G, g, (@27 )+ wp (27 ).
=0

If qjk |, then

B-1
< c Z 2l (m — 2A)q0’n_21+1+1w{2 (2_A72_lvf)'
P =0

/Gz(f(. +x) = F)E (x)dp (x)
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Lemma 3 and Lemma 2 yield

<
p

LU0 = OB dut)

B—1m—-24—1

Sc¢ 2 2 |A1’0qm—2/\—i—l,n—2’ |i21wﬁ2(27A72717f)'
=0 =1

For double sequence g T, we get

m—24—1 m—24—1

. A
2 |A170qm72/‘7i71,n72l ‘l = 2 qm72/‘7i,n72l - (m —-2" - l)qo7n—2l
i=1 i=1

and
B—1
/G A0 = FOBE@dp@)|| <e Y gyoni, 220,274,270 f)
14 =0

B—1
sc z qm—ZA*I,n—212A_121(wP(2_A+17f) + wp(Z‘l,f)).
=0

For double sequence g; |, we get

m—24-1

2 |A1’0qm72/‘7i71,n72l i < (m— ZA)qo,nle
i=1

and

B-1
Sc¢ 2 qO,n72’“+1(m - 2A)2lwﬁz(27A72717f)~
1=0

/GZ (f( +x) —f())lgg(x)d‘u(x)

p

Lemma 3 and Lemma 2 immediately imply again

<

X

p

/Gz(f(. +x) — F())L2(x)du (x)

B—12!—1

g ¢ 2 2 ‘A071q07n72l+1+s|s(m - ZA)wﬁ2(27Aa271af)'
[=0 s=1

and

For double sequences g T and g;; | we get the same estimations as for the
expression Hsz (f(.+x) —f(.))132’3(x)du(x)H we have.
p

B-1

J D = FOR @) <3 a0, m=22 00,7271,

p
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By (17) and Dy1 < 2Dy we have for || [ (f(-+x) — f(.)] (x)du (x)Hp that

< COmnp(2~, f)
p

/Gz (f(-+x) = f())B (x)du(x)

m—24B—12/—-1

+c Z Z Z qm72A7i,n72’7jwp(2_l7f)'
i=0 [=0 j=0

If g4 T, then

g CQm7an(27Aaf)

p

[0+ O

B—1
+c ) 2A*12’qm72A,17n72, wp(270, f).
=0

If gj« |, then

LU0 =B < c0na2.1)

p
B—-1
+c Z (m— 2A)2lq07n_21+1+1wp(z—l,f).
=0

At last, we discuss || [2 (f(. +x) —f(.))lé‘(x)du(x)”p. (13), Lemma 4 and Lemma 2
imply
| [0 - OB

B—12!—1m—-24—1

CZ Z Z |AL0G 24—y pnl—jli@Op(2~ )

B12’1

+CZ Z Gopni—j(m— 2w, (274, 1).

<
P

For double sequence g;x T, we have

m—24-1 m—24-1 "
Z |A170qm—2A—i—1,n—2l—j‘l = Z qm—2A—i,n—2l—j - (m —-20 - 1)q0,n—2l—j
i=1 i=1

and

< CQm,nwp(z_AJc)-
p

/Gz (f(-+x) = f()E () dp(x)

For double sequence g x |, we have

m—24—1

2 |Al 024 i 1,n— 20— ‘ < (m 2 )q07n72l*j
i=1
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and

This completes the proof of Theorem 1.

The proof of Theorem 2 goes analogously as Mdricz and Siddiqi did for the one-
dimensional Norlund mean [16]. Thus, it is left to the readers.

We note that analogue results could be reached for Walsh-Kaczmarz system, more
generally for piecewise linear rearrangements of Walsh-Paley system [17].

At last, we note that if the nonincreasing double sequence {g;«} is choosed spe-
cially, as i.) or ii.) mentioned above, then we could reach better result than in Theorem

1. For example, set the double sequence {g;} as ini.), then the one-dimensional ker-

B
nel L'~2,7"" in the equation (14) satiesfies the condition (7) with 1 < 8 < 1/B (and

0 < 2 can be choosed). This and Lemma 4 yield that Hsz (F(4x) = F)E(x)du(x) Hp
< cOmpn wp(2_A7 f). Thus, to reach a better result in this case i.) it is needed to discuss
the expression || fg2 (f(. +x) — f(.))I3(x)dp(x)]| ,. But, this is out of the main topic of
this paper.

/Gz (f(-+x) = f())E (x)du(x)

B-1
e (m— ZA)ZICIo,nszIHwp(ziA’f)'
P =0
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