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HYPONORMAL TOEPLITZ OPERATORS
ON THE WEIGHTED BERGMAN SPACES

IN SUNG HWANG AND JONGRAK LEE

(Communicated by J. Pecaric)

Abstract. In this note we consider the hyponormality of Toeplitz operators T, on the Weighted
Bergman space A%C(]D)) with symbol in the class of functions f +g with polynomials f and g
of degree 2.

1. Introduction

Let D be the open unit disk in the complex plane. The normalized area measure
on D will be denoted by dA. For —1 < a < oo, the weighted Bergman space A2(ID)
of the disk is the space of analytic functions in L?(ID,dA,), where

dAy(z) = (o +1)(1 —|z[>)%dA(z).

The space L?(ID,dA,) is a Hilbert space with the inner product

f 8)a= /D F@8@dAR)  (f, g€ [A(D,dAy)).

If a = 0 then A3(D) is the Bergman space A%(D). For any nonnegative integer 7, let

B 'h+a+2)
en(z) = \/mZ (ZGD)7

where T'(s) stand for the usual Gamma function. It is easy to check that {e,} is an
orthonormal basis for AZ (D) ([10]). The reproducing kernel in AZ (D) is given by

1

(o) _
K (o) = 1 —zepre’
for z,@ € D. For ¢ € L(D), the multiplication operator M, on A% (D) is defined by
My (f) = ¢ f. The orthogonal projection Py of L*(D,dAq) onto AZ(D) is given by

(Pof)(z) = <fak£a)>a = /]D) %d‘%}c(w);
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324 1. S. HWANG AND J. LEE

for f € L*(D,dAy). For ¢ € L™ (D), the Toeplitz operator T,, with symbol ¢ is defined
on AZ(D) by Tof = Py(¢- ). We thus have

Tof)@ = [ %ma(m,

for f € A2(D) and @ € D. Itis clear that those operators are bounded if ¢ isin L~ (D).
The Hankel operator on AZ (D) is defined by Hy f = (I— Py)(@- f).

A bounded linear operator A on a Hilbert space is said to be hyponormal if its
selfcommutator [A*,A] := A*A — AA™* is positive semidefinite. The hyponormality of
Toeplitz operators on the Hardy space H?(T) of the unit circle T = dID has been stud-
ied by C. Cowen [1], R.E. Curto and W.Y. Lee [2], [3], [4] and others. Very recently, in
[6] and [7], the hyponormality of T, on the weighted Bergman space A2(D) was stud-
ied. In [1], Cowen characterized the hyponormality of Toeplitz operator Ty, on H?(T)
by properties of the symbol ¢ € L=(T). Here we shall employ an equivalent variant of
cowen’s theorem that was first proposed by T. Nakazi and K. Takahashi [8].

COWEN’S THEOREM ([11,[8]). For ¢ € L*(T), write
E(@) :={kcH” :||k||lc <1and ¢ —kgo € H*(T)}.
Then Ty is hyponormal if and only if & (@) is nonempty.

The solution is based on a dilation theorem of Sarason [9]. For the weighted
Bergman space, no dilation theorem(similar to Sarason’s theorem) is available. The
first named author characterized the hyponormality of T,, on A%(DD) in terms of the
coefficients of the trigonometric polynomial ¢ under certain assumptions about the
coefficients of ¢ ([5]).

THEOREM A ([5]). Let ¢(z) = g(z) + f(z), where f(z) = anz" +anz", g(z) =
a_m?"+a_nN (0<m<N). If apay = a_na_n then

Ty on A*(D) is hyponormal

v (lan> —la-n*) = s (laml* —la-wl®)  if la-—n| <lan]|
N*(la-nI* —lan]?) < m?(|am|* — |a—m|*) if lan| < la-n|.

In this note we consider the hyponormality of Toeplitz operators T, on AZ(D)
with symbol in the class of functions f + g with polynomials f and g of degree 2.
The hyponormality of T, is independent of the constant term ¢(0). Thus whenever
we consider the hyponormality of T, we may assume that ¢(0) = 0. The following
relations can be easily proved:

Tory =Tp+Ty (¢, y €L7); (1.1)
Ty," =T5 (p €L™); (1.2)
T5Ty = Tgy if @ or y is analytic. (1.3)

The purpose of this paper is to prove the weighted Bergman space version of Theorem
A for the Toeplitz operators on A2(D) when o > 0. Our main theorem is as follows.
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THEOREM 1. Let ¢(z) = g(z) + f(z), where f(z) = a1z +az> and g(z) =
a_i1z+a_»z?. If aya; =a_1a— and o > 0, then
Ty on A%(D) is hyponormal

a5 (laal? —las?) = S(la 1 —|ai|?) if |a_o]
4(las|® —lazl?) < lar* = |a_y|? if |ay]

|as|

<
< la—a|.

2. The proof of the main theorem
We need several auxiliary lemmas to prove Theorem 1. We begin with:

LEMMA 1. For any s,t nonnegative integers,

T(s+ D) (s—t+a+2) _g—¢ s>t
Po(Z2) = {g(wiaﬂ)r(sm)z ’fl ;s/< t

Proof. Let m be a nonnegative integer. A direct calculation shows that
(Pue(Z2), 2")a=0 ifm#s—t.
If s > 1, then
a2, 2= |21 = N D

Thus we have that
s Is—t+o+2) T(s+DI(a+2) .,
Pa(?Z): .
I's—t+1)INa+2) T(s+o+2)
_F(s+l)F(s—t+a+2)
TTGta+2)(s—t+1)° E

which gives the result. [
Write
2) =Y cppiz"t (i=0,1)

We then have:

LEMMA 2. For 0 <2andi=0,1, we have

<m
E = i Cn+m+i)T(o+2)
S T2n+m+i+o+2)
i (2n+i)1’T (2n+i—m+a+2)T(a+2)
N ~ T (2n+i+a+2)’T(2n+i—m+1)
—my,. 2 _ ) n=0
(i) [1Po (ki) = i (2n+i)12T (2n-+i—m+o+2)T(042)
= T'(2n+i+o+2)°T(2n+i—m+1)

() ||7"ki(z ?

‘ Con+i

‘62n+i‘2 ifm<i

‘C2n+i‘2 ifm> i
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Proof. Let 0 < m < 2. Then we have

2

et
2 ContiZ n—+i+m
n=0

12"ki(2) o =

o
Z JeansiPlI2

i (2n+m—+i)'T (0 +2)
S T(2n+m+i+o+t2)

|C2n+i|2~

This proves the equation (i). For the equation (ii) if m < i then by Lemma 1 we have

2 o (2n+)T2n+i—m+a+2) ontiem||?

H :HZ — Cop+ik
I2n+i+a+2)T2n+i—m+1)

S (2n+i) T (2n+i—m+o+2)[(o+2)

= T@2n+i+o+2)T2n+i—m+1)

[P (Z"ki(z

|C2n+i|2~

M

If instead m > i, a similar argument gives the result. [

LEMMA 3. Let f(z) = ajz+axz® and g(z) = a_1z+a_»7*. If a\@; = a_1a >,
then

<H7ko(Z)7H7k1 (Z)>a = <H§k0(1)7H§k1 (Z)>

o.

Proof. Observe that

Mko(z) Z o z+a22021 Z,
n=0 n=0
and
122
Miki(z 2 Can412”" z+a2262n+12 Tz,
n=0 n=0
and

2n— 2n+1= 2n=2 2n+12 _
<Z 2,27, D, o2 z> = <Z 2,27, Y, w12z > =0,
o

n=0 n=0 o n=0 n=0

which implies that

<M7k0(2),M7k1 (Z)>a = a_laz< S 'z Y, 62n+122"+122>a

n=0 n=0

—|—a1a2<202n2 Z, Zcz 21z) @.1)
o.
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Similarly,

<M§k0(2),M§k1 (Z)>a = a_—la—2< Z "7, Z 62n+122"+122>

n=0 n=0 o
+6171E< S 'Y, cons 1z2”+1z> (2.2)
n=0 n=0 o
Combining (2.1), (2.2) and the assumption a|a; = a_ja_,, we get
(e anc), - (), e
On the other hand, it follows from Lemma 2 that
<Pa(2pko(z)),Pa(Z”k1 (z))> —0 forall p=0,1,2,--,

o

so that
(Thol@), Tk () = (aTPa(ko(2)) +T2Pu(Pho(2)), TTPalTk1 (2)) + TP (k1 (2)))
= aiax(Pa(Z'h0(2)), Pu(@ha(2))

+ a7 Pa(Zho(2)), PulF(2)))

o

o.

Similarly, we also have that

(Teko(0), Te1(2)) = a1 2{ Pu(Tho(2)), Po(Phi (2)))
o o
ta 1T PalFho(). Pa( (2)))

Hence, again by assumption a a; = a_ja—,, we get
(Tiko(2). TB7a (2)) = (Teko(2), Tk (2)) (2.4)

Combining (2.3) and (2.4) it follows that
(Hrho@) Hk(2)) = (Mpko(@) Mk (@)~ (Trkol@), Tk (2))

= <H§k0(2)7H§k1 (Z)>a'

o

This completes the proof. [

We are ready for:

Proof of Theorem 1. Put K; := {ki(z) € A%(D) : ki(z) = Sov_gcanriz?" i} for i =
0,1. Then it is easy to see that T, is hyponormal if and only if

<(H%H7—H§*Hé—,)(ko(z) +h1(2), (ko (2) + ki (z))>a >0 forallk€K; (i=0,1).
(2.5)
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Also we have that

(B ko (2) +ha (D), (ko @) + ki (2))),
= (Hgko(2), Hyko(2)) -+ (Hzko(2). kal( 9). (2:6)

+ <H7k1 (2), H7k0(2)> <H k1(2), Hk Z)>a
and

(HgHp(ko () +1(2), (ko) +a (2) )
= (Hgko(2), Heko (z)>a + (Hgho(2), Haky (z)>a 2.7)
+ <Hz?k1 (2), 1"11?160(1)>0c + <H§k1 (z), Hgky (Z)> :

o

Substituting (2.6) and (2.7) into (2.5), it follows from Lemma 3 that

T, : hyponormal <> <(H%H7— HZHg)(ko(z) +ki1(2)), (ko(2) + k1 (Z))> >0

o

1
= X (Il gl + [1Pu(@) o~ 1Pa(TRI ) >0

Therefore it follows from Lemma 2 that T;, is hyponormal if and only if

2n+2) (2n)°T(2n)
(alz_a*'z){ Fat3) °2+2< 2n+0H—3)_(2n+a+l)2F(2n+a+l)>62"|2

+i I(2n+3) (2n+1)2T(2n+1) e
T2nto+4) (2nta+2)T(2nta+2) |

n=

2 = [ T(2n+3) (2n—1)%(2n)’T(2n—1)
Hlazl*~lal?) { I'(o+4) eol*+ 2 (F(2n+a+4)  (2n+0+1)2(2n+a)2T(2n+0)

n=1

N——

y |C2n|2+ Pt Z T(2n+4) (2n)%(2n+1)*T(2n)
INa +5) I2n+a+5) (2n+o+1)22n+a+2)2T(2n+a+1)
X |C2n+1|2} 2 07

or equivalently
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n

L T'(n+3)
+ (laa)* - |a_22){;6m|cn|2

n+3) (n_1)2n21—~(n_1)
+2< T(n+a+4) (”+O€)2(n+a+1)21“(n+oc)>|C"|2} > 0.

1 < I'(n+2) n’T(n)
(jar s 2){ T(a+3) leol*+ ; (F(n+a+3) N (n+a+1)2r(n+a+l)> |C"|2}

(2.8)
For n € N, define {, by
C(n+2) n2T(n)
Coln) = T(n+a+3)  (n+a+1)2T(n+a+1)
« T T(n43) (n—1)2n2T(n—1)

Tnta+4d)  (nta)2(n+ra+1)’T(n+a)
A direct calculation gives that

(n+a)(n+oa+3)
4 +4(o+2)n+20

Ca(n) =

Write
(x+a)x+a+3)

RY).
prora) e F G

Co(x) :=
Then we have that
(a4 1) + (202 +50)x + (o + 402 + 301)

balr) = (22 +2(a+2)x+ @)’ =

which implies that {(n) is strictly decreasing function. Let |a_»| < |az|. Observe that

1

lim, . Co(n) = (2.9)

and

s (“g(;)(j‘g“) > 4(2). (2.10)

Therefore (2.8) and (2.10) give that T, is hyponormal if and only if
2(|azl? ~la-af?) > (o0 +3)(|la-1* ~ a1 ).

If instead |a| < |a_s|, since {q(n) > 1, it follows from (2.8), (2.9) and (2.10) that T,
is hyponormal if and only if

jaaf? =lazf’) < (Jai  — a1 ).

This completes the proof. [
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EXAMPLE 1. Consider the polynomial

0(z) = 47> + 27+ 52%.

A simple computation gives that

2(|azf ~la—2l) = (ac+3)(la-1]* — |ar]*).

Observe that

(T3, T,)(1+2),(14+2)) = —% <0

which says that T;, is not hyponormal. Note that a @, # a_j@—. Thus this example
shows that if the hypothesis aja; = a_ja_; is not satisfied then Theorem 1 is not true.
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