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TWO SEQUENCES OF OPERATOR MONOTONE
FUNCTIONS UNDER STRICTLY CHAOTIC ORDER
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(Communicated by T. Furuta)

Abstract. Based on the well-known operator monotone function logz the chaotic order was
defined by A > B, e.g. logA > logB, and thereby the operator monotonicity of functions under
strictly chaotic order has been introduced. However, until now the revealed operator functions
with such property have been less than those functions under usual order. In this study, we
investigate two sequences of operator monotone functions under strictly chaotic order, following
the trace of Professor T. Furuta, S. Izumino and so on. However, the method is different from
that of the relative results on

=1
- logr’

( ): t_pfp—l(t).

fo(t) It Tog? =1,2,

due to S. Izumino and N. Nakamura.

1. Introduction

A bounded linear operator A on a Hilbert space H is positive, in symbol A > 0, if
(Ax,x) > 0 for all x € H. In particular, A is strictly positive, in symbol A > 0, if A is
positive invertible. The well-known Lowner-Heinz inequality[2] says thatif A > B >0,
then A* > B* for 0 < o < 1. This means that the function t — * (0 < ¢ < 1) on
[0,0) is operator monotone. Another known example of operator monotone function is
t —logt on (0,1) U (1,+e0)[3]. Based on this fact, the chaotic order A > B, which is
weaker than the usual order A > B, is defined by logA > log B between strictly positive
operators A and B. Similarly, the strictly chaotic order is defined by logA > logB.

Recently, Professor T. Furuta, by using Lowner-Heinz inequality, showed the fol-
lowing operator monotonicity of functions

i1

_ tlogt —1+1
~ logt’

o(1) y(t) =

log2 t
under strictly chaotic order:
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THEOREM F. ([4]) Let A and B be two strictly positive operators on a Hilbert
space H. If logA > logB with 1 ¢ 6(A),0(B), then there exists 3 € (0,1] such that
0(A%) > @(B%*) and y(A*) > y(B%*) forall o € (0,).

The first author and L. Zhang extended the result about w(¢) in Theorem F to a
sequence of functions

t*Floght — (1 — 1)k

t)= k=1,2,---):
Wk( ) 10gk+lt ( )
THEOREM J-Z. ([5]) Assume the conditions as in Theorem F; then for all integers
k> 1, there exists B € (0,1] such that yi.(A%) > y(B*) forall oo € (0,8).
Since v (¢) = y(t), we know that Theorem J-Z is an essential extension of The-
orem I

Another extension of Theorem F was given by Professor S. Izumino and N. Naka-
mura:

THEOREM N-1. ([1]) Assume the conditions as in Theorem F, then for all integers
p =0, there exists B € (0,1] such that f,(A%) > f,(B*) forall o € (0,B), where

1—1 t—pfp-1(t)
)= -+—, )= ——7—7", :1727"'
fo(t) logr Ip(t) logr 4
By direct calculation we have fy(¢) = ¢(¢) and f;(t) = w(¢), so Theorem I-N is
also an essential extension of Theorem F.
In this paper, we study the operator monotonicity of two sequences of functions
fp(t) and hp(t) (p,k=1,2,---) under strictly chaotic order. We prove that f,(¢) is

just f,(z), and therefore more general results are obtained.

2. Main Result

First of all, we define two sequences of real numbers {u jk};}’(:l and {v jk}ji:l
by ' '

M = (141454 = U ugd + gt + -
2
(1—|—%+g—!+"')k=1—|—V1kt+V2kl2+"'

> K k 1 :
It’s easy to know that 0 < vj < ujy = T and vy = 5, vj1 = Sk where j. k =

1,2,---.
Now the main result in this paper is given below:

THEOREM 2.1. Let A and B be two strictly positive operators on a Hilbert space
H. If logA >1logB with 1 ¢ 6(A),c(B), then for all integers p > 1,k > 1, there exists
B € (0,1] such that f(A%) > fox(B*) forall o € (0,B), where vor = 1,

(=DPp! po p & j i1 k
fpk(t>:710gp+kt [“log"s Y (=1)/vj_1xlog/ 14+ (1= 1)), pk=1,2,-
Jj=1
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To achive this theorem, we should give some lemmas, involving the discussion of
the relation between {f,(r)},_, in Theorem I-N and {fpx (t)}: 4 in our theorem.

LEMMA 2.2. fp1(t) = fp(t) forall t € (0,1) U (1,+e0) and p=1,2,---.
Proof. By the definition we know that

ﬁmﬂzg;ﬁmgemmwur4n=wm=ﬂam

Supposing fji(t) = fj(t) for j=1,2,---,p—1(p >2), we have
fp(t) — t_pfp—l(t) — t_pfp—l7l(t)

logt? logt?
_ b t— M[ﬂo tpil(_l)jv. lo j_1t+(t—1)]
~ logt b log”t & = j-11i08
j_
(= 1)”1)‘[ LS = (=nr ]
= tlogt —1)/v;_1log/ "t +(t—1)+——tlog’t
logh ™! g j:21( )vj-1,1log ( ) Iy g
—1)?p! p_l ) .
_ ! p)+1p {tlogt[ (—1)vj11log/ M+ (= 1)Pvp_y 1 log? ] + (1 — l)}
logl™ ¢ =1
(—1)Pp! [ ; }
= tlogt » (—1)7v log/ 't+(t—1
10gp+ll‘ g 1:21( ) j—1,1108 ( ) fpl()
And hence, we get the conclusion by inductive method. O

According to Lemma 2.2, we know that our theorem is an essential extension of
Theorem I-N!

LEMMA 2.3. If we denote

p !
p: i
Ful) = C2P “kz vy et~ (¢ = 1)1,

then )
= ple" 2(—1)‘fvj+p,kl‘f =p! nglzti (pk=1,2,--),
= i=0

in which ug, = 1 and

Z ul jkvj+pk(l_07l72 ‘s p»kzlvzv)
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we have

(=Drplet &

— 1kt [ 2 . . 1 S
oi(t) = — [2(—1)JVj1,kt*’l + t_k(l —e’)k] =0 N (— 1) vjt!

J=p
= pl Y (1) Pyl P = p! (21%’ ) [2 1)/ "/+p,ktj]

J=pr Jj=0
oo i .
=p! [2(—1)~’ui_j7kvj+p’k}t’—p!Ekat’
i=0 Lj=0 i=0

O
Now, we should know more details about {v; } and {wl(;,)c} It is well-known
that (x— 1)* = 3o Clx(—1)*"7 leads to ¥5_oC{(—1)*"9 =0, by this means and
inductive method it is easy to get the lemma below:
k

k .
LEMMA 2.4. Y CZ(—I)k”qu =0 forallintegers j: 1< j<k; %[ > CZ(—I)k’qqk] =
g=1 Cg=1

LEMMA 2.5. According to the definition of {vjk}, we have

k

j+k q

Vik = y Z Ck ’
g=1

as well as the inductive relation

k
Vik = ﬂ(vj—hk"‘vj,k—l) (vor = 1,vi0=0)
fOV J?k: 1,2,"'

Proof. By the definition and Lemma 2.4 we know that

S 2 2 3
; t t
tk(1—|—2vjkt1) =1 (1+2'+3' 4.k TR V= (e — 1)k
j=1
k k = (q1)/
_ qt) _
=y cter-o=3 (1 3 9 e
q=0 q=0 j=1 J:
k . < 1 [k i .
=Y Cl(-1)1+ Y _—'[ZCZ(—I) qqf}zf
4=0 j=1J Lg=1
| k .
=X Y Cl(—1) g7 ¢/
=17 Lg=1

-Hgaer e g

J#kJ
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k
[ S (—1)qqf+’<c,‘g} k.
And hence it follows that

Vi = (_1)k i(_l)q j+kaI
KGR A T

(=)

by comparing with the coefficient of /.
Furthermore, by the direct calculation, we have

(Vjicik+Vjik-1)
k (—l)k k (_l)k—l k—1

agHHh=1cd 4 agit-lct
T k| G+k—1)! qg‘ (j+k—1)! g‘

J+k

— ( 1) qj+k I(C CZ 1)+(_1)kkj+k—l

—
—_

—

e

B bl
T

—_
—_

..
T
Lol

(_l)k j+k—17,~q—1 kpj+k
= (—1)g" ket + (— 1)K

..
T
LI

(_l)k q,j+tkeq kg j+k
= — (—l) q Ck+(—l) k = Vjk-
Y]

I
—_

LEMMA 2.6. wgl,z = Uiy k — Virix for 1 =0,1,2,---;k=1,2,--- and w(? =

mfor 1—0,1,2, ,p:l,Z,

Proof. By the definition of {uj}, {vjc}, {wglz} and Lemma 2.3, we have

Flk(l) lm I:tkekt — (et — l)k]
1 2 3 2 3
= n [(1 Fupt +ugpt” Fugpt” + o) — (L vt +vopt” +vspt” + )]
= (e — vig) + (ox — va)t + (uze — vae)t> + -

and hence, we get wgllg =Uip1f—Vip1 k. fori=0,1,2,---;k=1,2,.--.
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While
0 _ N (1) i (=1’
Wl = 3 (<D javjeps =
n = LV = B TG
l j+p+1
B z+p+1 vjzg) ey
i—1
= S c{*”+c{+”“)+(—1)i]
l—|—p—|—1 'LO +p +p
i i
_ JCJ+17 (— )jcl+P:|
z+p+1'[10 +p j_zl +p
N (l—|—p—|—1)' Frp = (i+p+Dilpt
This completes the proof. O

LEMMA 2.7. According to the definition of {WI(;])C} in Lemma 2.3, we have the
inductive relation

k i i— d 1
5712 prkti w() k—i—w( 1)+Z : w(‘{)_ for i=1,2,--;p,k=273,---.

) _ (0 _ W) — 1 S . _
where Wk = Vpks Wi = Uit 1k = Vil Wyl = Eprnipt for i=0,1,2,--; pk =

1,2,---.
Proof. By the definition of {u}, {wl(;,)c} and Lemma 2.5, we have

i

4 ; +p+k
2 ”l /k(VJ+17 Lkt Vjtph— 1) 2 i—j %"/ﬂ%k
Jj=0 Jj=0

4 pkti—(i—j
= 2(—1)1%(1)%—]71{"#1%
j=0

k+i o) (e
prkt+t o _ (-1

k pk pk
and
d : d (k—1+1)"/
N (=D i javispr—1 = 2(—”’%"#1771&1
j=0 j:() (i=j)!

[ 2 ] Vitph—1

4 I (k-1
- Z“”’LZO ﬁ}

j=0
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i ri=j 1
= 26(—1)" { 2 m”h,k—l] Vitpk—1
j= h=0 :
q=i—j—h i T
= Z(—l)j { Z a”i—j—q,k—l] Vitpk—1
Jj=0 q=0"1"
i 1 q .
q= “Lj=
SN )
= ; w o
o (l_q)v pk—1
Therefore
i . i
i i p+k+i ( i1 1
WEJ)—l,k = Z(_l)jui*jvkvfrp*lvk = k WE)IZ - W;k = ZO (i— q)'WEJK{]Z—l'
- !

While, we have WESC) = v, by direct calculation, and wgllz = Uit 1k — Vit wgf =
m fori=0,1,2,---; p,k=1,2,--- by Lemma 2.6, then the proof is completed. O

LEMMA 2.8. 0 <wl) ugvpe for i=0,1,2,1p,k =12,

((I)c) =y >0 (p,k=1,2,--) by the defi-

Proof.  Firstly, we have known that w,

nition and W) = iy 16— viprx >0 (1=0,1,2,5 k=1,2,-), wl = T >
0(i=0,1,2---; p=1,2,---) by Lemma 2.6. And hence it follows wl(;,)c >0 (i=
0,1,2,--+; p,k=1,2,---) by Lemma 2.7 and induction.
Secondly, by direct calculation, we have WES{) = uovpr (uox = 1) and
0 _ N (1) SO
W = 2 (D i v s = wavpr — 2, (= 1) i kv p
j=0 j=1
i-1 ' (i-1)
= WikVpk — Z (=) s j ks pt e = UikVpr — Wpitk
j=0
< upvpr for i,pk=1,2,---.
O

LEMMA 2.9. Let A be a self-adjoint operator on a Hilbert space H. If a,b € R
such that 0 < a < b, then aA > —b||A||l.

Proof. For u € o(aA+b||A||I), there exists A € 6(A) such that u =aA +b||A]|.
It is well-known that |A| < ||A]|, so 4 = aA +b||A|| = b||A|| — a|A| > 0. Noticing that
aA + b||A||I is also self-adjoint, it gives aA + b||A||I > 0. O
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LEMMA 2.10. Let A and B be two self-adjoint operators on a Hilbert space H.
If A> B, then for all integers p > 1, k > 1, there exists 3 € (0,1], which is independent
of p, such that Fy(0A) > Fy(oB) for all oo € (0,B), where Fy(t) (p,k=1,2,--)
are defined in Lemma 2.3.

Proof. As A > B holds, there exists € > 0 such that A — B > &l > 0. Denote
wih)

"pk and choose

inf
M= p=1 Vpk

. Ui €
p= m‘“{ (KA + (RTET) 1}'

Now, itis easy to see, from Lemma 2.5, (i) v,11 4 = Iﬁ (Vpxk+Vpi14—1),and by
definition, (ii) v, 111 < Vpy14- thus, by (i) and (ii), we can obtain v, < #vmk.

1
Note that by Lemmas 2.3 and 2.8, a)(k) = UKV pk — UOKVp+1,k = kVpk — Vp11x > 0, thus
o o)
Pk <k:while, 5P =k —EEE > k— k= B> 4 then § <y < k. And hence,
ﬁ can be independently from p and 8 € (0,1].

Next, by Lemma 2.3, Lemma 2.8 and Lemma 2.9, for all o € (0, 3), we have

Fp(0A) — Fp(0B) = p! Ew [(aA)' — (aB)]

— ap![wl(a—B) +azwg,gafz<Af_Bf>}
i=2

[ 1 had . .
= op! w;k)s — 0 upvpel|A’ —B‘||}I
L i=2

> apt [l — avye S 1A+ 81|
i=0

= ap! wsk)s - Ocvpk(ekHAH +ek3)} 1>0.

It gives the conclusion. O
To prove Theorem 2.1 in this paper, we have only to replace A and B by logA
and log B respectively in Lemma 2.10.

LEMMA 2.11. Ifwe denote

Hpi(t) = i;[(é_

Hult) = Y, @t for ph=1,2,-

1\ & ,
) =S
j—1k ’
Jj=1

then
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where
1(7/3: Zu, jkVjtpk inwhich ug =1
Jj=0
as well as the relation w(’) T ori=0,1,2,---;p,k=1,2,---
pk l+p

LEMMA 2.12. Let A and B be two self-adjoint operators on a Hilbert space H.
If A> B, then for all integers p > 1, k> 1, there exists B € (0,1] such that Hyi(0tA) >
Hi(aB) forall o€ (0,f).

Proof. As A > B holds, there exists € > 0 such that A— B > €I > 0. Choosing

(1)
o'e
pk
B= mm{ SHAT B 1}’
Al IBI[P

we obtain, by Lemma 2.9 and Lemma 2.11, for all o € (0, f3)

H,i(0A) — Hyi(aB) 2 [ — (aB)]
~a Iﬁk)(A—B +aZwI§2ai‘2(Ai—Bi)]
= (2k)"P :
>« mpks—az( )|| Al —B|| |1
L =2
[ (1) S (2k)’+”<AII’+” BII”””
> ol eE—o - + 1
| ,-zzo(ﬂrp)! lAfle-iBl»
r 2kl G218
e e o )
ol )e—o| ——+——]|1>0.
| All>- Bl
It gives the conclusion. O

THEOREM 2.13. Let A and B be two strictly positive operators on a Hilbert
space H. If logA >logB with 1 ¢ 6(A),0(B), then for all integers p > 1,k > 1,
there exists B € (0,1] such that hp(A%) > h,(B*) forall o € (0,B), where vor =1,

k
h _ =1y S . log/! k=
pk(t) - Zvj—Lk 0og t, Dk= 1727 .

logPt | \ logt =

Proof. We have only to replace A and B by logA and logB respectively in
Lemma 2.12. O
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