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BEST POSSIBLE INEQUALITIES AMONG HARMONIC,
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Abstract. In this paper, we find the greatest value « and the least values 3, p, ¢ and r in
(0,1/2) such that the inequalities L(cta+ (1 — )b, ob+ (1 — at)a) < P(a,b) < L(Ba+ (1—
B)b.Bb + (1-B)a), H(pa+(1—p)b,pb-+ (1 - pla) > Gla,b), Higa+(1—q)bqb-+ (1
q)a) > L(a,b), and G(ra+ (1 —r)b,rb+ (1 —r)a) > L(a,b) hold for all a,b >0 with a #b.
Here, H(a,b), G(a,b), L(a,b) and P(a,b) denote the harmonic, geometric, logarithmic and
Seiffert means of two positive numbers a and b, respectively.

1. Introduction

For a,b > 0 with a # b, the harmonic mean H(a,b), geometric mean G(a,b),
logarithmic mean L(a,b) and Seiffert mean P(a,b) are defined by

2ab a—>b

H(a,b)=——+, G(a,b)=Vab, L(a,b)=—"—/—#¥— 1.1
(@)= = Glab)=Vab, Lab)=pompn (D
and b
a—
P(a,b) = , 1.2
(@5) 4arctany/a/b—1 (-2
respectively.

Recently, the inequalities for means have been the subject of intensive research. In
particular, many remarkable inequalities for the harmonic, geometric, logarithmic and
Seiffert means can be found in the literature [1-18]. Let I(a,b) = 1/e(b”/a®)'/ (=@ |
A(a,b) = (a+b)/2 and M, (a,b) = [(a” +bP)/2]"/P(p # 0) and Mo(a,b) = V/ab be
the identric, arithmetic and p—th power means of two positive numbers ¢ and b with
a # b, respectively. Then it is well-known that

min{a,b} < H(a,b) =M_;(a,b) < G(a,b) = My(a,b) < L(a,b)
< P(a,b) <I(a,b) <A(a,b) =M (a,b) < max{a,b}

forall a,b > 0 with a # b.
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Lin [10] proved that the double inequality
M()(Cl,b) < L(a7b) < Ml/3(avb)

holds for all a,b > 0 with a # b.
In [9], the authors presented that

1 2
L(a,b) < gA(a,b) + gG(a,b)
forall a,b >0 with a#b.

The following bounds for the Seiffert mean P(a,b) were established in [5, 7, 8,
14, 16]:

P(a,b) > %A(mb)7
MlogZ/logn(aab) < P(a7b) <M2/3(a7b>7

2 1
A?B(a,b)G'(a,b) < P(a,b) < 3A(a,0) +3G(a,b)

and

2 T—2 5 1
—A(a,b)+ ——H(a,b) < P(a,b) < =A(a,b)+ —-H(a,b
ZAla,b)+ T2 H(a,b) < P(a,b) < 2A(a,b) + cH(a,D)
for all a,b > 0 with a # b.
For fixed a,b > 0 with a # b and x € [0,1/2], let

filx)=H(xa+ (1 —x)b,xb+ (1 —x)a),

fHr(x) =Gxa+ (1 —x)b,xb+ (1 —x)a)

and
Sf3(x) =L(xa+ (1 —x)b,xb+ (1 —x)a).

Then it is not difficult to verify that fj(x), f>(x) and f3(x) are continuous and strictly
increasing from [0, 1/2] onto [H (a,b),A(a,b)], [G(a,b),A(a,b)] and [L(a,b),A(a,b)],
respectively.

Therefore, it is natural to ask what are the greatest value o and the least values 3,
P, q,and r in (0,1/2) such that the inequalities L(ota+ (1 — o)b,ab + (1 — a)a) <
P(a,b) <L(Ba+(1-B)b,Bb+ (1—B)a), H(pa+ (1 —p)b,pb+ (1 —p)a) > G(a,b),
H(ga+ (1—q)b,qb+ (1—q)a) > L(a,b), and G(ra+ (1 —r)b,rb+ (1 —r)a) > L(a,b)
hold for all a,b > 0 with a # b. The main purpose of this paper is to answer these
questions.
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2. Main Results

LEMMA 2.1. The equation
log[(1—-A)/A]=m(1-2A)
has a unique solution A = Ay in the interval (0,1/2) and Ao < (2 —+/2)/4.

Proof. Let f(A) =log[(1 —A)/A] and g(A) = m(1 —2A). Then simple compu-
tations lead to

f(1/2) =g(1/2) =0, 2.1
F(0T) = oo, (2.2)
, _ 1
and
1-2A

(A = PRI (2.4)

It follows from equations (2.3) and (2.4) that f(A) is strictly decreasing and con-
vex in (0,1/2]. Note that

f (2_4\/§> =2log(24 v2) —log2 < gn:g (2_\/§> . (2.5)

4

Therefore, Lemma 2.1 follows from (2.1), (2.2) and (2.5) together with the mono-
tonicity and convexity of f(4) in (0,1/2]. O

THEOREM 2.2. If a, B € (0,1/2), then the double inequality
Llaa+ (1 —a)b,ab+ (1 —o)a) < P(a,b) < L(Ba+ (1 —B)b,Bb+ (1 —B)a)
holds for all a,b > 0 with a# b if and only if o < Ay and B > (2—+/2)/4, where Ay
is defined as in Lemma 2.1.
Proof. Let u = (2—+/2)/4. We first prove that inequalities
P(a,b) > L(Aoa+ (1 — A)b, dob + (1 — Ao)a) (2.6)
and
P(a,b) < L(pa+ (1—p)b,ub+(1—p)a) (2.7)

hold for all a,b > 0 with a # b.
Without loss of generality, we assume that @ > b. Let t = y/a/b>1 and p €
(0,1/2), then from (1.1) and (1.2) one has

L(pa+ (1—p)b,pb+ (1 — p)a) — P(a,b)
b(t>—1)

~ @arctant — m)llog(1~ P2+ p) —logp =y > 3P
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where
h(t) = (1 —2p)(4arctant — 1) —log[(1 — p)t> + p] +log[pt® + (1 — p)]. (2.9)

Simple computations lead to
h(1) =0, (2.10)
. 1—p
lim h(r) = (1 —2p)m —log PR (2.11)

t——+oo

2(1—=2p)t(t—1)?

W) = hi(t), (2.12)
R | e () (o
where |
hl(t)=2p(l—p)(t+;)—|—4p(1—p)—l. (2.13)
We clearly see that /;(¢) is strictly increasing in (1,e0). Note that
hi(1)=—8p*+8p—1, (2.14)
Jim (1) = . (2.15)

We divide the proof into two cases.
Case A. p = Ag. Then from equations (2.11) and (2.14) together with Lemma 2.1

we have
l—p

lim h(r) = (1 -2p)m —log

t——+oo

=0 (2.16)

and
hi(1)=—8p*+8p—1<0. (2.17)

It follows from (2.12), (2.15) and (2.17) together with the monotonicity of A (7)
that there exists 7o > 1, such that k(z) is strictly decreasing in (1,79) and strictly in-
creasing in (#p,).

Therefore, inequality (2.6) follows from (2.8)-(2.10) and (2.16) together with the
piecewise monotonicity of A(t).

Case B. p=u = (2—+/2)/4. Then hi(1) = —8p>+8p—1=0, and hy(t) >0
for # € (1,00). Thus inequality (2.7) follows from (2.8)-(2.10) and (2.12).

Next, we prove that Ay is the best possible parameter such that inequality (2.6)
holds for all a,b > 0 with a #b. In fact, if Ay < p < 1/2, then from the proof of
Lemma 2.1 and equation (2.11) we conclude that

1—

lim h(r) = (1 —2p)m—log—2L > 0. (2.18)

f——foo

Inequality (2.18) implies that there exists T = T'(p) > 1 such that
h(t) >0 (2.19)

for 1 € (T, +eo).
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Therefore, P(a,b) < L(pa+ (1—p)b,pb+ (1 — p)a) for a/b € (T?,+<o) follows
from equations (2.8) and (2.9) together with inequality (2.19).

Finally, we prove that p = u = (2 —+/2)/4 is the best possible parameter such that
inequality (2.7) holds for all a,b > 0 with a # b. Infact,if 0 < p < u = (2—+/2)/4,
then from equation (2.14) we get

hi(1) = —8p*+8p—1<0. (2.20)
Inequality (2.20) implies that there exists 6 > 0 such that
hi(t) <0 (2.21)

fort e (1,1+96).
Therefore, P(a,b) > L(pa+ (1 — p)b,pb+ (1 — p)a) for a/b € (1,(1+ 8)?) fol-
lows from equations (2.8)-(2.10) and (2.12) together with inequality (2.21). O

THEOREM 2.3. If p € (0,1/2), then inequality
H(pa+ (1—=p)b,pb+ (1 —-p)a) > G(a,b)

holds for all a,b >0 with a # b if and only if p > (2—/2) /4.

Proof. Without loss of generality, we assume that a > b. Let r = y/a/b > 1, then
from (1.1) one has

be(t—1)

2
H(pa+(1_p)bvpb+(1_p)a)_G(a7b): t2+l hl(t)7 (222)

where h(¢) is defined as in (2.13).
Therefore, Theorem 2.3 follows from (2.14), (2.15) and (2.22) together with the
monotonicity of ;(¢). O

REMARK 2.4. From (2.22) and the range of k;(¢) we know that there exist a,b >
0 such that H(pa+ (1 —p)b,pb+ (1 — p)a) > G(a,b) forany p € (0,1/2).

THEOREM 2.5. If g € (0,1/2), then inequality
H(qa+ (1—q)b,qb+ (1 —q)a) > L(a,b) (2.23)

holds for all a,b >0 with a # b if and only if g > (3 —/3)/6.

Proof. Without loss of generality, we assume that a > b. Let t = a/b > 1, then
from (1.1) one has
2b[gt + (1 —q)][(1 —q)t +4]

H(ga+ (1—-q)b,qb+ (1 —q)a) —L(a,b) = (F 1logr g(t), (2.24)

where
21

2[gt+ (1 =q)][(1—q)t+q]

g(t) =logr — (2.25)
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Simple computations lead to
g(1)=0, (2.26)

() = 17 (1) (227)
S T g+ (=Pl — g+ g2 '

where :
g1(t) =24°(1 —q)*(t + ;) —4q" +8¢° —10¢*> + 6 — 1. (2.28)

Clearly g;(¢) is strictly increasing in (1,0). Note that

g1(1)=—64>+6g—1, (2.29)
Jim g1(t) = Hoo. (2.30)

Making use of (2.25)-(2.30) and the monotonicity of g;(¢) together with the sim-
ilar argument as in the proof of Theorem 2.2 we know that g(¢) > 0 for all 7 > 1 if and
only if ¢ > (3 —1/3)/6. Then equation (2.24) leads to Theorem 2.5. [J

REMARK 2.6. From (2.25) we clearly see that ,liT g(t) = 4o for any g €

(0,1/2). Therefore, there does not exist g € (0,(3 —+/3)/6) such that inequality
H(ga+ (1—¢q)b,qb+ (1 —q)a) < L(a,b) holds for all a,b > 0 with a #£b.

THEOREM 2.7. If r € (0,1/2), then inequality
G(ra+ (1 —r)b,rb+ (1 —r)a) > L(a,b) (2.31)

holds for all a,b > 0 with a # b if and only if r > (3 —/6) /6.

Proof. Without loss of generality, we assume that a > b. Let t = log(a/b) > 0,
then from (1.1) one has

2
[G(ra+ (1 —=r)b,rb+ (1 —r)a)]* — L*(a,b) = (?) J(1), (2.32)
where
J(t) = [r(1—r)* = 1e* +[(2r* = 2r+ D)* +-2]e' +r(1 — r)t* — 1. (2.33)

Making use of Taylor series expansion, (2.33) becomes

(n+ 1) (n+2)[2"r(1 —r)+2r2 = 2r + 1] —2"+2+2tn+2
= (n+2)!

1

2 4

— — —_— . 2. 4
(V r—|— lz)t ( 3 )

We divide the proof into three cases.
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Case 1. r = (3 —+/6)/6. Then equation (2.34) reduces to

_Li [(n+ 1)(2+2) — 48] + 10(n+ Dn+2) +24 ,
124 (n+2)!
/6 7
— + — 2.
+240+240>0 (2.35)

Therefore, inequality (2.31) follows from (2.32) and (2.35).

Case 2. (3—1/6)/6 < r < 1/2. Then from Case 1 and the monotonicity of the
function f>(x) = G(xa+ (1 —x)b,xb+ (1 —x)a) in [0,1/2] we know that inequality
(2.31) holds.

Case 3. 0 <r < (3—+/6)/6. Then —(r> —r+1/12) < 0, and (2.34) implies that
there exists 6; > 0 such that

J(t) <0 (2.36)

forr € (0,0)).
Therefore, G(ra+ (1 —r)b,rb+ (1 — r)a) < L(a,b) for all a,b > 0 with a/b €
(1,¢%) follows from (2.32) and (2.36). [

REMARK 2.8. If r € [0,(3 —+/6)/6), then inequality G(ra+ (1 —r)b,rb+ (1 —
r)a) < L(a,b) holds for all a,b > 0 with a # b if and only if r = 0. In fact, equation
(2.33) implies that tlil}rl J(t) = +oo forany g € (0,(3 —/6)/6).
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