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THE MULTIPLICATION OPERATOR FROM MIXED-NORM
TO n-TH WEIGHTED-TYPE SPACES ON THE UNIT DISK

YONGMIN L1U AND YANYAN YU

(Communicated by I. Franjic)

Abstract. Let H(DD) be the space of analytic functions on D and u € H(DD). The boundedness
and compactness of the multiplication operator from mixed-norm space to nth weighted-type
spaces on the unit disk are investigated in this paper.

1. Introduction

Let H(D) denote the space of all analytic functions in the open unit disc D of the
finite complex plane C, dID the boundary of D, N the set of all nonnegative integers
and N the set of all positive integers. Let (i(z) be a positive continuous function on I
(weight) such that u(z) = u(|z|) and n € Ny. The nth weighted-type spaces on the unit
disk D, denoted by 7/“(") (D) which were introduced in [25], consists of all f € H(D)
such that

OEETCICIES
For n = 0 the space becomes the weighted-type space H,‘j’(D) (see, e.g. [1, 2, 17, 20]),
for n=1 the Bloch-type space %, (D) and for n =2 the Zygmund-type space Z, (D).
For 1(z) = 1 — |z|> we obtain correspondingly the classical weighted-type space, the
Bloch space #(D) = % and the Zygmund space 2 (D) = Z. Some information on
Zygmund-type spaces on the unit disk and some operators on them e.g. in [9, 10, 14,
15, 37] and on the unit ball, can be found, e.g. in [11, 12, 24]. From now on we will
assume that n € N. Set

n—1
_ (J)
110y = Za|f DO +b,y 0 5 (-

With this norm the nth weighted-type space becomes a Banach space.
The little nth weighted-type space, denoted by V/ﬂ('g (D) is a closed subspace of
V/LE")(ID)) consisting of those f for which
Jim, w@If" () =o.
Z|—
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A positive continuous function ¢ on [0, 1) is called a normal if there exist positive
numbers a, b, 0 <a < b and fy € [0,1), such that

4 t
L0 decreases for 7y <t<1 and lim A =0,
(1) (-2
4 t
( I(P—(t)2)h increases for 1y <t<1 and ,LHPf % =

(see [18]).
For 0 < p,q < e and ¢ normal, let H(p,q,9) denote the space of all analytic
functions f on the unit disk D such that

1 p 1/p
e e

r

when p € (0,), and
1flleg.0 = sup ¢(r)My(f,r) <eoo,
0<r<1

where the integral means M, (f,r) are defined by

1 r2« ) 1/q
(s = (5 [ lree)ran)

if g € (0,00) and
Mo(fr) = sup |f(re®)].
0€(0,2m]
For 1 < p <o, H(p,q,¢) equipped with the norm || - ||, 4.4 is a Banach space. When
0<p<1,|-|lpq0 isaquasinormon H(p,q,¢), H(p,q,¢) is a Fréchet space but not
a Banach space. If 0 < p = g < e, then H(p, p,¢) is the Bergman-type space

Hpp0) = {7 i) [P e <.

where dA(z) denotes the normalized Lebesgue area measure on the unit disk D such
that A(D) = 1. Note that if ¢(r) = (1 —r)@+D/P then H(p,p,0) is the weighted
Bergman space A5 (D) defined for 0 < p <o and & > —1, as the space of all f € H(D)
such that

171 = [ 1@ (1= 2P dA) <

(see, for example, [7]). The multiplication operator M,, is defined by M, f = uf. Itis
interesting to provide a function theoretic characterization of when u induces a bounded
or compact composition operator on various spaces (see, for example, [3, 5, 6, 33, 34,
35]). S. Stevi¢ in [23] studied the boundedness and compactness of weighted com-
position operators from mixed norm spaces into weighted Bloch spaces. S. Stevi¢ in
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[28] studied the boundedness and compactness of the composition operator from the
Hardy space to nth weighted-type spaces on the unit disk. S. Stevi¢ in [29] studied
the boundedness and compactness of the product of the differentiation and composition
operator from the space of bounded analytic functions, the Bloch space and the little
Bloch space to nth weighted-type spaces on the unit disk. S. Stevi¢ in [30] studied the
boundedness and compactness of weighted differentiation composition operators from
the space of bounded analytic functions, the Bloch space and the little Bloch space to
nth weighted-type spaces on the unit disk. For some other products, containing com-
position operators, see, for example [4, 9, 10, 13, 21, 22, 24, 26, 27, 31, 32, 38]. We
consider the boundedness and compactness of the operators M,, from H(p,q,¢) to nth
weighted-type spaces on the unit disk.

From now on, we will always assume that p,q € (0,°0], ¢ is normal and n € N. In
addition, we will denote a < b whenever there exist two positive universal constants ¢
and C, such that cb < a < Cb. Further, for the sake of simplicity, C will always denote
an independent constant, which can be different from one display to another.

2. Auxiliary results

In this section we formulate some auxiliary results which will be used in the proofs
of the main results.

LEMMA 1. ([22]) Assume that f € H(p,q,0). Then for each n € Ny, there is a
positive constant C independent of f such that

1/ 1lp.q.0
9(l2]) (1 — [f?)/atn

@) <c

,z € D.

LEMMA 2. ([7]) For any real B, let

2n do
Jﬁ(Z):/O W,ZGD.

Then we have
1 ,if B <0,
Jp(z) < logﬁjfﬁzo, as [z] =17
1 .
oy B0,

LEMMA 3. ([18]) For B > —1 and y > 1+ 3 we have

P (=P 1+B—
N ) < _ B—y .
/0(1 . )Ydr\C(l p) ,0<p<l1
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LEMMA 4. ([25]) Assume a >0 and

1 1 1
a (@e+1) - (a+n-—-1)
ala+1) (a+1)(a+2)--- (a+n—1)(a+n)
Dn(a): . . . .
n—2 n—2 n—2
[M(a+)j) Ma+j+1)- I(a+j+n—1)
J=0 Jj=0 j=0

n—1
Then Dy(a) = 11 j!.
j=0

By standard arguments (see, for example, [4] or Lemma 3 in [19]) the following
lemma follows.
LEMMA 5. Assume that u € H(D). Then My, : H(p,q,¢) — “(")(ID)) is compact

if and only if M, : H(p,q,¢) — u(n) (D) is bounded and for any bounded sequence
{fx} in H(p,q,¢) which converges to zero uniformly on compact subsets of D as
k — oo, we have HM,,kaW(,,)(D) — 0 as k — oo.

u

The following lemma was proved in [8] similar to the corresponding lemma in
[16]. Hence we omit it.

LEMMA 6. Suppose n € Ny and [ is normal. A closed set K in 7/;’3(1@) is
compact if and only if K is bounded and satisfies

lim sup p(z) ‘f(n) (Z)’ =0.
lel=1 rex

3. The boundedness and compactness of M, from H(p,q,¢) to nth
weighted-type spaces on D

In this section, we characterize the boundedness and compactness of M, : H(p,q,9)
=7, (D) (or 7, (D).

THEOREM 1. Assume that u € H(D) and p is normal. Then My, : H(p,q,¢) —
%n) (D) is bounded if and only if

1) ()|
D S (1~ e < M

Proof. Assume that conditions (1) holds. Then Vz € D

N N

W@l < =20

2)
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Since

l/m L _0-—1 _vieD
2o T — P TIPS

2[z]
1+

let &, = 1+2|z\ , then we have |§| = <1,s0

1 2n 1 1
—/ L7 .
2n Jo |6, —z|? 02 — |z|?

By the Cauchy integral formula and (2) we obtain

()] =~ A”(ﬂ%flsawq

“or 5.0 —7)2 %
9(8.)(1—82) /et 1 /2” 8

(8:) 2mo (6.6 —2f?
9(8,)(1 -8t &,

u(8;) 87 — Izl
9(8.)(1 &) et 1

1 () 1-6;

<C do

=C

<C

Note that
1
S OA 87 =(146)(1-8) < (1—1z)

and ¢, 1 are normal, we have

o(|2)(1 — |z|?)Vatn—1

u'(z)] <C ,
) e
hence ()14 @)]
w(z)u'(z
su 3)
b 0(N)(1 = L) arnT
Similarly, for j € {2,3,---,n} we have that
u@) |l o)
4)

sup - <
eeb 9(|2]) (1 — |z[2)V/a+n=i
Hence, by Lemma 1, the Leibnitz formula, (1), (3) and (4) we have that

M) ()| = 1) | (@) f @)™

= u(z)

3 G0
=0

n

Clu(z)ul (Z))
< CE o(]z))(1— |Z|2)1/q+n_j ||pr.,q.,¢

Jj=0
< Clfllp.go o)
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forevery z€ D and f € H(p,q,¢). We also have that

0
4O v ©)

(4.)(0) = (@£ (0)] < €50

and foreach s € {1,2,---,n—1}
02O = | 3l 00

C N
S50 &

D)1l )

Using (5), (6) and (7) it follows that the operator M,, : H(p,q,¢) — 7/“(") (D) is bounded.

On the other hand, suppose that M, : H(p,q,¢) — %")(D) is bounded, that is
there exists a constant C such that

||MufH7/u(")(D) < C”fHqu’

forall f € H(p,q,¢). For a fixed w € D, set

(=Wl g ei(1 = [w?)

O =50 & =g

Jj=0

®)

where the constant b is from the definition of the normality of the function ¢, o =
1/g+b+1and cj(j=0,1,---,n) are left undetermined.
By Lemma 2, we have

(1 _ |W|2)b+l

Maleot) < C o= T

As ¢ is normal and by applying Lemma 3, we obtain (see [21, 22])

sup || fuwllp.g.p < C- ©)
weD

A straightforward calculation shows that

my, (=) & cjlaj) - (o+ j+n—1)(1—|w|?)/
W) =5 ) § (=) |
Thus
() o\ (w)" S S
£ (w) Y cila+j)(a+ j+n—1).

O(Iwl)(1 = |w[?)l/atr &,
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By Lemma 4, using the same method in [31] we can choose ¢; (j =0,1,---,n) ,
the corresponding function is denoted by f,,, such that
5\
f(w) = ) (10)

(w1 — [w[2) et
and forz € {0,1,---,n— 1}
£ w)=0. (11)
Therefore
(n)
C> Mu w n 2 w
Ml 0 ) > 1) [ 0) 5 )|

_ Bl fuw)]
O(Iwl)(1 — w]?)/atn

From this we obtain

poo)u(w)l . 12
\ws\g?/2¢(|w|)(1_|W|2)1/q+n\ . (12)

Since ¢ is normal, ((z) is a positive continuous function on D, u € H(ID) and the fact

M,(1)=uc ”‘//ﬂ(")(D), we get

p(w) lu(w)]
sup <C sup p(w)lu(w)| <C,
wi<t/2 O(W)) (1= [w[2)atn ==

which along with (12) implies that (1), finishing the proof of the theorem. [

THEOREM 2. Assume that u € H(D) and p is normal. Then My, : H(p,q,¢) —
%n) (D) is compact if and only if

lim =0.
jel—1 @ (|z]) (1 = [2[?)V/a+n

H@EE| -

Proof. Assume that conditions (13) holds. By Theorem 1, M, : H(p,q,¢) —
7/“(") (D) is bounded. For any bounded sequence {f;} in H(p,q,¢) with f; — O uni-
formly on compact subsets of ID. To establish the assertion, it suffices, in view of
Lemma 5, to show that

HMufk”Wu(n)(D) — 0 as k — oo,

We assume that || f|| 4,6 < 1. From (13), given € > 0, there exists a 6 € (0,1), when
6 < |z <1, we have

H(z)[u(z)|
o () (1 — e =& (14)
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so by the Cauchy integral formula we obtain
1| 27 u(S.e ;
2|, (@Lﬁly@d%ﬂ
0(&)(1—&)' et 1 27§,
u(6:) E/O |6.€® — 2|2
9(8:)(1-8)/et &,
u(d;) &2 —e?
9 (J2]) (1 — |zt
u(z)

W'(2)] =

<e de

=&

<eC

)

when & < |z| < 1. Hence

1) ()
D(J2D) (1) arT

< Ce,

when 7T < |z| < 1. Similarly, for j € {2,---,n} we have that

u(@) [u0)
=R

Ce, (15)

when 0 < |z| < 1. Since f; — O uniformly on compact subsets of I), Cauchy’s es-

timate gives that fk J) converges to 0 uniformly on compact subsets of D for each
j€10,1,--- n}, there exists a Ky € N such that k > K implies that

—1j-1 n o »
2 Zcm‘ m (0)£4~ ’“’(0))+ sup 11(2) | Y, Gl (2) £ (2)| < ce. (16)
j=0m= |z]<6 j=0
From (14-16) and Lemma 1 we have
n—1 .
Ml 0 ) = |u¢m“%oﬁ+supu@>kwmﬂﬂ@w
K j=0 zeD
Shy (j-m) )
< cr ‘u(m) 0) £ (0)| + sup pu(z (z)
j=0m=0 |z]<o
+sup p(2)| Y, G @) " (2)
|z|>6 j=0
c Clu(@)uV)(z) <
<Ce+Csup | <[ (1+C ), Cl]Ce,
\z|>5,-§6 ¢ (J2]) (1 — [z[*)V/atn=i ,26

when k > Kj. It follows that the operator M,, : H(p,q,¢) — 7%(")(1@) is compact.
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Conversely, assume that M, : H(p,q,¢) — ,J(")(D) is compact. Let {z;} be a
sequence in D such that |zz| — 1 as k — co. Taking the test functions f;, , where f;, is
defined by (8), we shall write

Ji(@) = f2(2).
From (9), (10) and (11) we have

SuPkaHp,qw <C
keN

and for r € {0,1,---,n— 1}

(z0)"
|2k ) (1 — |z [2) /et
For |z| = r < 1, using the fact that ¢ is normal, we have

C
[ fe(2)| < (A=) arbit

fk(n) (z) = o( ,fk([) (zx) =0.

(1= z]) =0 (as k— o),
that is, f; converges to 0 uniformly on compact subsets of I, using the compactness
of M, : H(p,q,0) — “(")(ID)), we obtain

e (z) | (zi) |z |
O (|zl) (1 — |z]?)/atn

and consequently (13). [0

<CHMMfk”WH(")(]D>)_)O as k— oo,

THEOREM 3. Assume that u € H(D) and p is normal. Then My, : H(p,q,¢) —

7/11%) (D) is bounded if and only if M, : H(p,q,¢) — u(”) (D) is bounded and

lim p(z) ‘u(”)(z)) =0. (17)

|2]—1

Proof. Assume that M, : H(p,q,¢) — #(") (D) is bounded and condition (17)
holds. Since

u(z) —u(0) = /leu’(zx)dx,

it follows that

1(@)|u(z)] < p(2)[u(0)] +p(z) /leu’(ZX)dx

12
/ xu' (zx)dx
0

<)+ () max ()] + (2

< p@ ()] + 1) )| [l (ean

1/2

1
/ xu' (zx)dx| .
12

(18)

Since u is normal, by the monotonicity of ( l‘i (:2))0 ,for 1o <1 <t <1, we have

u() = (-2 s < - s <),
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thatis, u is decreasing on [fy, 1), and for any € > 0, there is a T > 0 such that
0<u(jzl) <e(t—1[z)% (z<z] <1),

which implies lim|;_,; t(|z]) = 0. Since for 1/2 <x <1 and 2f < [z] < 1 we have
u(z) < u(xz). From (18) it follows that

HEN(E)| < HEIu0)]+ () max i/ (2) /uzx (2 dx.  (19)

For j € {2,3,---,n} by applying formula (19) to the function u/~1) we get
1

1@ [V @)| < () [0+ @) max [P @)+ |

lZ|<1/2 H(=0) ‘u(j) (zx) ‘ dx,

(20)
when 2ty < |z| < 1. It follows from (17), (19) and (20) that ‘llimlu(z)|u(j_1)(z)| =0
Z d

for j € {2,3,---,n}. Since for each polynomial p, we have
1@ Mp)” (@)] = (@) |(u(2)p(2) "

p(nfj) (z)

w0 @) 1P,

hence M,p € 7/“('6) (D). Since the set of all polynomials is dense in H(p,q,$) we have
that for every f € H(p,q, ¢) there is a sequence of polynomials {p;} such that

lim [[px = fllp.q.0 = 0-

From this and since the operator M,, : H(p,q,¢) — V/ﬂ(") (D) is bounded, we have that

1Mupr = Mufll,, o o < IMullllPe = fllpg.o — 0as k— e
7" (D)

Since 7/(")( D) is a closed subspace of 7/(")( D), therefore, we have M, (H(p,q,9)) C
V/H(O) (D), from which the boundedness of M, : H(p,q,¢) — (")(D) follows.
On the other hand, assume that M, : H(p,q,¢) — 7/“(0) (D) is bounded, then M, :

H(p,q,0)— Wﬁ(n) (D) is bounded. By taking the function given by f(z) =1, we obtain

1(@) 1 ()| = B @) (M) D) = 0 (as]2] = 1),
as desired. [

THEOREM 4. Assume that u € H(D) and W is normal. Then M, : H(p,q,¢) —

7/“%) (D) is compact if and only if M,, : H(p,q,9) — V/ﬂ(n) (D) is compact.

Proof. First assume that M,,: H(p,q,¢) — %") (D) is compact, then by Theorem
2, condition (13) holds. Taking the supremum in inequality (5) over all f € H(p,q,¢)
such that [|f]|.4¢ <1 and letting |z| — 1, yields



Hence, by Lemma 6 we see that the operator M,, : H(p,q,¢) —

Conversely, the compactness of M, : H(p,q,¢) —
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lim  sup u(z)’(Muf)(")(z)‘zo.

=111 g <1

(n)
u,0

(D) implies the compact-

(D) is compact.

(n)
u,0

nessof M, : H(p,q,¢) — “(")(ID)) is obvious. The proof is completed. [
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