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Abstract. We prove a sharp Heisenberg uncertainty principle inequality and Hardy-Poincaré in-
equality on the sub-Riemannian manifold R*"*! = R” x R” x R defined by the vector fields:

J %29 J %29 .
Xi=— +2ky; —, Yi=— —2kx; — =1,2,...
T +2ky;lz] a Y=oy, ilzl 5 = L2

where |z| = (|x[> +|y[>)!/? and k > 1.

1. Introduction

The present work is concerned with the Heisenberg uncertainty principle inequal-
ity and a new (sharp) form of the weighed Hardy-Poincaré type inequality on the sub-
Riemannian manifold R¥"*! = R” x R” x R defined by the vector fields:

P P
- —2kxjlz* =, j=1,2,.,n  (L1)

d 0
Xj= —+2kyj\Z|2k = Y;= 5—y1 BT

8)6]' 3l

where |z| = (|x|> + [y[*)!/? and k > 1. The vector fields (1.1) satisfy Hormander’s
condition for any k € N, i.e, X;,Y; and their iterated Lie brackets span the tangent
space of R?"! at each point [19]. The number of brackets plus 1 is called the step of
the sub-Riemannian manifold, and in our case is 2k. If Kk = 1 then we have the vector

fields : 5 5 5 5
Xi=—+4+2yi—, YVi=——2x;— i=1,2,... 1.2
J 8x, + yj&l ) J ayj xjgl ) J sy eyl ( )

that are left invariant with respect to the following Lie group law on R>"*!

(x7y7l) © (x/aylal/) = (x+x/,y—|—y/,l—|—l/ —Z(xy/—yx/)).

These vector fields satisfy the “Heisenberg commutation relations”

d d d
X3Vl = —4=r XX =[Y,0] = [X), 5] = [V, ;] =0 (1.3)
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and the Lie group H" = (R?**! o) is called the n-dimensional Heisenberg group. The
non-trivial commutator [X;,Y;] = —4% is known as the analogue of the Heisenberg un-
certainty principle on the Heisenberg group H”" . The first and most famous uncertainty
principle goes back to Heisenberg’s seminal work which was developed in the context
of quantum mechanics [18]. It says that the position and momentum of a particle can-
not be determined exactly at the same time but only with an “uncertainty”. There are
various forms of the uncertainty principle inequality and the most well known form on
the Euclidean space R” is the following:

/\x\ £ (x) 2dx /|Vf 2dx /”Z / £ (x) 2dx (1.4)

forall f € L>(R"). Here the constant é is sharp and also it is well-known that equality
is attained in (1.3) if and only if f is a Gaussian (i.e. f(x) = Ae=" for some A €
R, > 0). The Heisenberg uncertainty principle is a fundamental concept in harmonic
analysis, signal and information theory as well as in quantum mechanics and has been
extensively studied in Euclidean space and generalized to various settings [14]. In this
direction our first goal is to obtain an analogue of the classical Heisenberg uncertainty
principle inequality (1.4) on sub-Riemannian manifold R?**! defined by the vector
fields (1.1). In addition to this we shall also prove a higher order uncertainty principle
inequality.

Another important inequality in mathematical analysis is the following Hardy in-

equality:
2 n—2\2r ¢’
Vo)Par > (5 /R O ax (1.5)

R n ‘x‘z

2
where ¢ € Ci(R") and n > 3. Here the constant (%) is sharp in the sense that

— 2 2
(52 - B
0AECTRY [, ||2 dx

Itis well known that the Hardy inequality and its improved versions (non-negative terms
are added to right hand-side of (1.5)) play important role in partial differential equations
with singular potentials [5], [4], [10], [15], [16], [20] and references therein. Note that
an immediate application of the Hardy and Cauchy-Schwarz inequalities yields the non
sharp version of the Heisenberg uncertainty principle inequality.

An analogue of the Hardy inequality (1.5) for the vector fields (1.1) has been
proved by Niu, Zang and Wang [23]

2 2k — (2k—1)p
/ V0 |Pdzdl > (Lkp)p/ L,,W”dzdl (1.6)
R2n+1 )4 B2+ (| 7% 4-12) 2

where ¢ € C5(R?"1)\ {0} and 1 < p < 2n+2k. Here Vi = (X19,...,X,0,Y19,...,Y,0)
denotes the horizontal gradient of ¢, (z,1) = (x,y,]) € R x R" xR and O = (0,0,0).
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On the other hand Niu, Ou and Han [24] applied the method of Goldstein and
Kombe [17] and obtained (among other inequalities) a weighted version of the Hardy
type inequality (1.6):

2n+2k+a—p\r |Vip|P
o p LTekTa—p a »
/Ranp V| dzdl > ( ) ) /Rzme pp_|¢‘ dzdl (1.7)

where ¢ € C5 (R 1)\ {0}, 1 < p<2n+2k, 2n+2k+a—p >0, p = (|g[* +1%)1/%

_

and [Vyp]| pIT -
Recently, Ahmetolan and Kombe [3] obtained a sharp extension of (1.7) (involving
two radial weight functions):

2n+2k —Pp\P Vip|P
/p"‘\Vkp\’”\VkW’dzdlZ (w) /p"‘lep\’”mWI”dzdl (1.8)
Q D Q pr

where ¢ € C3 (R ), 1 €R, 1 < p<2n+2kand 2n+2k+o—p>0.

Since the above inequalities are strict unless ¢ is identical equal to zero, it is
natural expect some extra term might be added on the right hand side of (1.6), (1.7) and
(1.8). In this direction Ahmetolan and Kombe [3] obtained various remainder terms for
the inequality (1.8). These inequalities play important roles in the study of linear and
nonlinear partial differential equations involving singular potential [20], [21], [1], [2].
Another important fact is that the weighted Hardy-type inequalities are the main tools
for proving weighted Rellich type inequalities (see [3]).

Our second goal is to prove a new form of the weighted Hardy-Poincaré type
inequality on sub-Riemannian manifold R>"*! defined by the vector fields (1.1). We
should point out that one of the advantage of our Hardy-Poincaré inequality (4.1) in
this paper is that it implies and thus provides another shorter proof of weighted Hardy
type inequality (1.6), (1.7) and (1.8). Furthermore, Hardy-Poincaré inequality (4.1)
and Cauchy-Schwarz inequality yields the sharp form of the Heisenberg uncertainty
principle inequality (3.1).

The plan of the paper is as follows. In Section 2 we introduce fundamental no-
tations, generalized Greiner vector fields, basic facts about the horizontal gradient V,
sub-Laplacian A;. In Section 3 we prove a sharp Heisenberg uncertainty inequality
associated vector fields (1.1). In Section 4 we prove various sharp weighted Hardy-
Poincaré type inequalities.

2. Preliminary and Notations

In this section, we will introduce some notations, definitions, and preliminary facts
which will be used throughout the article. A generic point is w = (z,1) = (x,y,1) €
R" x R" x R with n > 1. The sub-elliptic gradient is the 2n dimensional vector field
given by

V=X, X, Y, V) 2.1
where
jl Y= Giyj — 2kx,-\z|2k_2i

d

X;= 8

i=1,2,.n. (2.2)
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The sub-Laplacian associated with the vector fields (1.1) is the second order partial
differential operator on R*"*! given by

+ 4k|z| 2 o7 (2.3)

i 92
2 (X7 +Y7) = A, + 4Kz %2 =

o2

where A, =3 1(9 > + ;2) is the Laplacian in the variable z = (x,y) € R*" and T de-

notes the vector ﬁeld as T=%7_ (2 To —Xj a ). The sub-Laplacian arises in diverse
Yj

areas of mathematics including boundary value problems in several complex variables,
harmonic analysis and quantum mechanics of anharmonic oscillators. We refer the
reader to the articles [6], [12] and the book [11] for further details.

There is a natural norm:

p=|(z0) = (|2* + )% k=1, (2.4)

and a notion of dilation & (z,/) = (Az,A%1), where A > 0, on this model. Notice that
norm function is homogeneous of degree one with respect to the natural dilation & .
The function p is related to the fundamental solution of sub-Laplacian A, at the origin
(see, [13], [7], [8], [9], [23]). The change of variable formula for the Lebesgue measure
gives that

ds) (z,1) = A%dw = 2%dzdl (2.5)

where
0=2(n+k) (2.6)

is the homogeneous dimension with respect to dilation 0, and dw = dzdl denotes the
Lebesgue measure on R+,
A direct computation shows that

|22~ 2% e 2%
Xip = p4k_1 (Xj|Z‘ +yjl)7 Yip = p4k_1 (yj‘z| _le>' 2.7

Let ¢ = ¢(p) be a smooth radial function (i.e., ¢ only depends on the function p) then
we have:

FES

|Vk¢(P)|— 2k 1 M’( )| (2.8)

and |42

=TT " Q_l/_ 2( 1 o-1,
89(p) = Sam (97 + =0 ) = WapP 0"+ =0). @9
In particular
\vJ 2

Ap = "Tm@— 1). (2.10)

‘We now use the above formulas and obtain:

Vi([Vip[?) - Vip =0 (2.11)
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which shows that the norm function (2.4) is infinite harmonic. An immediate conse-
quence of the equation (2.10) is the following formula:

P _
Vk<W> Vip = 1. 2.12)

A straightforward computation shows that

Vk-(wk’;ppvkp)zvk(ﬁ) kp+‘V . (2.13)

Substituting (2.10) and (2.12) into (2.13) we obtain the following formula:
V- (W |2Vkp) 0 (2.14)

which plays a fundamental role in this paper.

In order to compute some radial integrals we use the following spherical transfor-
mation in [22]:

Let w= (x,y,!) and

x1 = p(sin@)/*cosy; cos 6y,

y1 = p(sin@)'/% cos y; sin 6,
Xp_1=p (51n(p)1/2ksinwl...sinu/n,zcosq/n,lcosen,l,
ok ) ) (2.15)
yn 1 =p(sing)/“*siny...sin y,_»cos W,_; sin 6,1,
= p(sin )"/ % sin ;... sin y,_5 sin W, _ cos 6,
p(sin )"/ sin ... sin y,_5sin y,_1sin 6,
p2 cos @,

for R <p <R, 0<@<m,0<y; <%, j=1,..,n—1,and 0<6; <2rm,
j=1,...,n. Then the volume element satisfies the following relation
dw = dzdl = dxdydl = p2~'dp(sing) "t dqu {coswj sin ;)21 d%] Hde

Jj= Jj=
(2 16)
and ,
|z]> = pZsinf @ . (2.17)

3. Uncertainty Principle Inequalities

The following inequality is the sharp analogue of the Heisenberg uncertainty prin-
ciple inequality (1.4).

THEOREM 3.1. Let ¢ € C3(R*"1), k>1and Q=2(n+k). Then the following
inequality is valid :

(/]R2"+1 p2¢2dw> (/]Rznﬂ (|IZ)_,\>4k72Wk¢|2dW> > %2 </]Rzn+1 ¢2dw>2. G-
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Moreover, the constant %2 is sharp.
Proof. Multiplying (2.14) by ¢ and applying integration by parts gives

A 2 2y = — Ly 89" 2P 2Vip - Vg (32)

2n+1 2

We now apply the Cauchy-Schwarz inequality to

Ru=— [ 6p™ ' 21-2V,p .V 0aw
R2n+l

and get

1/2 1/2
2,2 2(1-2k) 2(2k—1) 2
RH g </]RZ)1+1 p ¢ dw) <‘/]RZ)1—H ‘Z| p ‘Vk¢| dW) : (33)

Substituting (3.3) into the equation (3.2) gives the desired inequality.
To show that the constant %2 is sharp, we will use the Gaussian function f(p) =
Ae‘BPZ, A,B € R and B > 0. After a straightforward computation, we have

2w = 2821+
/Rzmq)dw AB 82T S,

/Rzm p2¢2dw :AzB—(1+%’)2—(2+%)r(1 + %)Oﬂl , (3.4)

/2 . 1221720 p22k=1) |y, 9 2aw = 442B1-$)2- 2+ (1 4 %)061 .
R2n

where T is the gamma function and

2w N

w/2n—1
o _/ sin @) /kd(px/ Hcosl//, sin ;) 2n- Jdl[/J / Hd@

Substituting the integrals in (3.4) into (3.1) then, the case of equality in the Theorem is
attained and so the proof is completed. [J

REMARK. Note that even though ¢(p) = Ae~BP” does not have a compact sup-
port, it can be approximated by such functions yielding that (3.1) is sharp.

There is natural link between second order Uncertainty principle and Rellich type
inequalities. In our previous work we obtained the following Rellich type inequality

[3]:

THEOREM 3.2. Let oo € R, Q > 3, and % < o < Q. Then the following in-
equality holds;

a2, 12020 | A 6 R > (Q—a) a2y, 2
— 2] [Ad [ dw > = S Vo |“dw (3.5)

2
forall ¢ € C7(Q). Furthermore, the constant @ is sharp.
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We now have the following higher order Uncertainty principle type inequality.

THEOREM 3.3. Let ¢ € Cy(R*™) and Q > 8. Then we have:

(Lot ) o) (o (B) otan) > Z( [ o)

(3.6)

Proof. To prove the theorem, we use the inequality in (3.2). Applying the Cauchy-
Schwarz inequality to the righthand side of (3.2), we obtain,

% R2n+1 ¢2dw s (/RZ"“ p4(é_|>4k_2¢2dw> % (/RZn+l |VII;¢| d dl) S

Now, we apply the weighted Rellich type inequality (3.5) for o« = 0, then we have the
desired inequality

(e G 0a) (Lo, ()" Timeban) > ([ 6) -

4. Sharp weighted Hardy-Poincaré type inequalities

In this section, we first prove a new form of the weighted Hardy-Poincaré type
inequality with a sharp constant.

THEOREM 4.1. Let Q >3, 1 <p < Q and Q+ o > 0. Then the following in-
equality is valid for all compactly supported smooth functions ¢ € Cy (R2H1)

0+4kp—p|,|p(2—4k) . P Q+ayr / % p|P
o P T Vo> ()" [ plopaw @)

where p = (|z|* +l2)4*lk. Furthermore, the constant (QLPOC)I’ is sharp.

Proof. We will use the formula in (2.14) to prove the theorem. Multiply both sides
of (2.14) by the function p*|¢|” and integrate over R>**! to get

Op“lofraw= [ pUlglraw+ [ pH Mg apai . (42)

R2n+1

Applying integration by parts to the second integral in the righthand side, we have,

/Rzm P 202206 1P A, o iy

(ot 1) [ pglrdn— [ pt IV Vipaw . (43)
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Substituting (4.3) into (4.2), we get

(©+a) [, plolw=—p [ p™H P Hololr 2V Vipdw. (4

2n+1
An application of Holder’s inequality yields

)(p—l)/p

- B 1/p

</2 pat4kp=p| 201 2k)|Vkp.Vk¢\1’dw> (/ P[P dw
o R2n+1 (4.5)

2 /Rbuq pa+4k_1‘Z|2(l_2k)‘¢|p_l|vkp : qu)‘dw :

To continue the proof, we use the Young inequality: Let p > 1, and a # b be two
positive real numbers then,

ab< —+ b1 (4.6)
p p
For any € > 0, assuming that
1/p
_ o+4kp—p|,|2p(1—2k) . P
a=e([,.p PPV Viglraw) .
(r-1)/p ’
| o 4|P
b_g </RZ)1+1P ‘¢| dw) ’
we have,
(/ ot 4kp=p|,12p(1-2K) |y, 5 .V ¢|pdw>l/p</ a|¢‘pdw>(p71)/p
R2n+1 p kp k R2n+1 p
p _
<= P40 Pr0-2017, o Vo P+ LN g7 / p%|o[Pdw.
p JR+1 p R2n+1
(4.8)

First substituting (4.8) into (4.5) and then rearranging the resulting inequality, we get,
[ PPN Vg P > (2.0 p) [ p%lglPdw 49)
R2n+1 R2n+1

__Pr
where f(g,0,0,p) =€ '[(Q+a)—(p—1)e #D]. Here note that, the function f
attains the maximum for € = (ﬁ)(l"l)/ ? and this maximum is equal to (%)P :
Thus, we obtain the desired inequality as follows;

O+o

ot-dkp—p_12p(1—2K) ) p P oy (P
/Rzmp 1 Vip - Vid| dw>< ) /pr 9Pdw . (4.10)

p
Now, we need to show that (%) is the best constant. Let Cy be the best constant
in (4.10);

Cy:= inf fRz”*l pa+4kp—p‘z|2p(l—2k) WkP ) Vk(P ‘Pdw

4.11
0£fECT (R2H) Jrane1 p%|@|Pdw @D
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It is clear from (4.10) that

(Q + 05)” < Jron p O PI 212K Vo . Vip|Pdw

4.12
p Jp2nt1 p%|O|Pdw “@.12)
holds for all ¢ € C5(R?>*!). By taking the infimum in (4.12), we have that
<Q+a)p<CH (4.13)
p

P p
To prove that Cyy = (QJ’T“> , we only need to show that Cyy < <QLPO‘> . Hence, for a

given £ > 0, we define the radial function: R?**!.

+or

P if 0<p <1,

9:(p) = {p(gm , P (4.14)
p if p>1.

Note that ¢¢(p) that can be approximated by smooth functions with compact support
in R?"+1 . By a direct computation, the integrands in (4.10) are determined as follows;

O+a 0+20a+pe .
p kPP 2P| p V9 |P = {( , +e)'p i if 0sp<l,

(L&t e)ppQre it p>1.
(4.15)
and
O+20+pe if 0<p< 1,
p%|e|” = p,Q, . . “ (4.16)
p&TP if p>1.

Defining a unit ball with respect to the homogeneous norm, p, denoted by B; = {w €
R?"+1 0 < p < 1}, then integrating the functions in (4.15) and (4.16) over R?"*!, we
can obtain the following relation;

(Q+a+ )p/RWpa"PS‘de = (ere)p( BlpQ+2°‘+1’5clvv+/R2nH\B1 P07 aw)

p
4.17)
Note that, for every £ > 0, the weights p@T2%+7¢ and p~C~P¢ are integrable at 0 and
co. This implies that [pa.+1 p*|de|Pdw is finite. Thus we have we have

O+« p ain p
< +8> /Ranp |ge [P dw

(Q—i— o )P[/Bl pQ+2a+pedZ_|_/Ran\Bl pr*psdw}

O(+4kpfp 2p(1-2k) . P
Lo PrO-Vep - Vig v,
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On the other hand
(4 +e)
\Nr T a+4kp—p|,,|2p(1-2k) . p
o /th+1 p kd IVip - Vip|Pdw
O+a 4 o P ot-dkp—py_12p(1—-2K) p
2 <T+£> ~/Rzn+l p ‘(bg‘ dw = /RZYI+1 p ‘Z| ‘Vkp : qu)‘ d(:} 18)
As € approaches 0, € — 0, (4.18) yields
<¥+e)p>q{. (4.19)

From (4.13) and (4.19), we have, Cy = <QJI;—OC>F -

As we said in the introduction, Hardy-Poincaré inequality (4.1) gives us a short
proof of the inequalities (1.6), (1.7) and (1.8) as it is shown in the following theorem:

THEOREM 4.2. ([3]) Let 023, 1 <p<oo, teR, x €R and Q+a—p > 0.
Then the following inequality is valid for all compactly supported smooth functions
¢ c CSQ(Rzn-i_l).'

+o—p\P Vip|P
[ ¥l Vaolraw > (ZEE=LY [ o9y p MR gpp a0
Q p Q pr

Furthermore, the constant (W)

P is sharp.

Proof. To prove the theorem, we replace |[Vp[™!¢ instead of ¢ in the inequality
(4.1) where ¢ € R. Using the identity (2.11) and |Vip - Vi([Vip|T10)| < |Vip [[T2|Vid|
we have,

O+a
p

AP“*pIVkplpthk¢lpdw>( )p/gp"‘\vkp\”””wl”dw. 4.21)

Replacing o — p instead of o gives the desired inequality:

+a—p\Pr Vip|P
[ pemiprvioran> (LAY [ pergppr VL g a20)
Q )4 Q pP
O
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