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WEAK HARNACK INEQUALITY FOR THE NON-NEGATIVE WEAK
SUPERSOLUTION OF QUASILINEAR ELLIPTIC EQUATION

RENE ERLIN CASTILLO

(Communicated by Ivan Peric)

Abstract. We introduce and study the classes &, (R") as well as &2, (R"), which are gener-

alization of the Kato class. We also obtain a Fefferman inequality for the class &7, (R") and
derive the weak Harnack inequality.

1. Introduction

The Harnack inequality, which state that, the supremum of the solution of an el-
liptic differential equation is bounded by its infimum, has been known since the famous
works [13, 15, 16] of Moser.

Other authors have generalized these results to weak solutions of quasi-linear
equations in divergence form in a very general setting. In particular, Trudinger discov-
ered that weak supersolutions posses a weak Harnack inequality. That is, the infimum
of a nonnegative supersolution over a ball can be bounded below by its integral average.

In this note, we show that if u is a weak supersolution of a quasilinear elliptic
equation of the form

—divA (x,u,Vu) + B (x,u,Vu) =0, (D

then, forany o,7 € (0,1) and y € (0,n(p—1)/(n—p)) with 1 < p < n, there exists a
constant C such that

1 7
- Y :
(B(ar>/3<m>” d") <C<Bl<‘%f>”+k(’"))’ @

assuming that suitable powers of the coefficients of (1) belongs to the function space
2,(R"), (see Theorem 2), where by &2, (R") we denote a generalization of the Kato
class (see Remark 1). Here |B(or)| is the Lebesgue measure of B(or), and k(r) is a
given function depending on the radius of the ball B(r) (see section 4). For a discussion
of recent result on Harnack inequality and its connection with equation 1, see the work
by Difazio, G., Fanciullo, M.S., Zamboni P., ([5, 7, 8] and the reference Therein). Also
see [4,06, 11, 12].
Mathematics subject classification (2010): Primary 46E35; Secondary 31B10, 35A32, 39B72.
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In this paper we obtain results similar to those obtained by Pietro Zamboni in [20].
However, it is not clear to us whether there is an inclusion (in either direction) between
the space we consider and the one considered in [20].

The Kato class K;,, was introduced and studied by Aizenman and Simon (see [18]
and [1]). For n > 3, it consists of locally integrable functions f on R" such that

SO

lim sup >dy =0.

r=0xeRn JB(xr) |x — y[*™

We point out that the essential ingredients in the proof of the Theorem 2 is the use
of the Fefferman inequality (in Moser’s iteration scheme), that is

L Nl d < Curg(2r) [ (V)" d

for any u € Ci (R"), where C is a positive constant depending on some norm of f,
(see Theorem 1).

2. Definition and notation
We begin this section giving some definitions

DEFINITION 1. Let f €L} (R"). For p € (1,n) and t,7 > 0, we set

loc

XGR" /xr/
A A ”_l[ "
(/ / 1/(2)|dzd ) oy
Ben)Jo (24 |y— )T

We say that f belongs to the functions space &2, (R") if

ntl
2

2 y|)

Ap(r) < oo, Vr>0.
DEFINITION 2. We say that f € L} _(R") belong to the function space 22, (R")
if
lim Af( ) 0

r—0

where Af(r) is as in Definition 1.
Some comments are now in order.
REMARK 1. The following relations hold
i) Zp(R") C Py(R");
ii) P (R") =K, R").
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As is commonplace throughout the literature, we write A ~ B and say that A is asymp-
totically equivalent to B if and only if there is a positive constant k which does not
depended on A and B such that %A <B<KA.

i) is obvious. Concerning ii), for r < t, observe that, Fubini’s theorem implies

/x,/ T o

2+ x—yP) (A=) *

t S
:/B( )‘f(z)‘/B( )/0 sds = AdA —dydz.
X,r X,r (S N (2{2 n ‘y _ Z‘ ) )

2
24| —y\z)
Since

4 sds s AdA
~/B(x r) ~/0 % ~/0 % R
' (52+\x—y|2> <7Lz—|—|y—z|2>

/. "
Blor) [x—y[" "y —2["!

1

n—2"
|z —x]

~

we get the conclusion, that ii) in fact holds.

DEFINITION 3. The distribution function Dy of a measurable function f is given
by
Dy(A) =m({x eR": |f(x)| > A})

where m denotes the Lebesgue measure on R”. The distribution function Dy provides
information about the size of f but not about the behavior of f itself near any given
point. For instance, a function on R” and each of its translates have the same distribu-
tion function. It follows from definition 3 that Dy is a decreasing function of A (not
necessarily strictly).

DEFINITION 4. Let f be a measurable function in R”. The decreasing rearrange-
ment of f is the function f defined on [0,0) by

f(t) =inf{A : Df(A) <t}(r > 0).
We use here the convention that inf() = .

DEFINITION 5. (Lorentz space) Let f be a measurable function, we say that f
belongs to Lz if

Pl = [ e <
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And belongs to L (-5, o) if

IF1l(2) o) = supt! /" £*(2) < oo,
>1

LEMMA 1. L(3,1) C 2(R").

Proof. Let f € L(% 1) then
/ "2 ()dr < oo
0

Since |f[xp(x,) < |f] we have

(|f|%B()c,r))>k (t) < f*(l‘),
then

/0t"/z”(|f|xB(x7,))*(t)dt</O "2 () dr < oo,

Thus ‘f‘XB(x,r) € L(%’l) .
On the other hand let g(x) = |x|~"*1), then

where C, = m(B(0,1)).
Next we set t =C, (4) ™, then A = C,in . Thus gt (1) = C,tt!. From this
we obtain

el H—l
8ll(n )=
) T Gy
— supCp!~hpat!
>1

21
=supC,t= n
>1

<Gy <o,

Which means that g € L(
equality we have

. Finally, by Fubini’s Theorem and Holder’s in-

)
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1 p—1

_ Alf(@)ldzdA \dzd?t p-l
/ / / / dy
e | o 32+|x yl B S0 (224 [y—z2)"3
1 p—1
Alf(2) ),,1
S A an )" a
xselgl{/xl /o lx— y\"“ (/ v,2r/0 ‘y_z|n+1 y

sdsdy Pl g2 1f(2) ‘XB(OQr) (y—y)dz
< sup Ty olntl B) +1
vern \JB(x1) \x y|rt 2 Jgn ly—2z|"

< C(n,s,t,p) | fxso2n ll(2.1)

< oo,
m#’")

sdsdy \"'s?
C(n,s,t,p) = sup (/ / ) — 7.
( R{ s eyl T) 2

which means that f € #(R") and the proof is complete. [

. |n+l (

where

3. On Fefferman’s Inequality

Fefferman proved in [10] that if f € L™*~2"(R"), where L""~?" (R") denotes the
Morrey space, with 1 < r < n/2, then there exists a constant C such that

[ rwllaPas<c [ [VueoPas &)

forany u € Cy (R").

Later, Chiarenza and Frasca [3] extended Fefferman’s result with a different proof,
assuming f € L""7P"(R"), L <r<n/p, 1 <p<n.

A different approach to the inequality (3) was started with Schechter’s proofin [16]
of the inequality under the assumption that f is in the Kato class. In [20] inequality (3)
was proved with 1 < p <n and f in a more general class of functions.

REMARK 2. Observe that
C/ / s|Vu(y |a’sn+1
Blor) SO (s + x = y[?)
C/ \Vu ﬁ udu J
= e _— y
Bxr) \ X =l 1 W2+1)"%

Vu udu
>Cn/ ‘ ():,I)JI n+1 dy
B x=y[""M o 24+ 1)

|Vu(y)
—CA/
Blxr) [x—y|"" 1 @

> Apu(x)|
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where C, is a convenient constant and A, = fol —udu___ Thus

(u24+1) 2

/ / s|Vu(y)
S A stn o (2 - y\ (2 + -y F

In the following theorem using the ideas from [20] we provide a generalization of
Schechter’s result, assuming f € &, (R").

THEOREM 1. Assume f € ﬁp (R™). Then for any r,t with 0 < r <t there exists
a positive constant C(n, p) such that

Lol uep ax<car@) [ [Vup as

for any u € Cy (R") supportedin B(xq,r).

Proof. For any u € Ci (R") supported in B (xg,r), using the inequality from Re-
mark 2 and Fubini’s theorem, we have

@) ) ax

- / u(x)|? dx )
xo,r

Vu(
C/ ()] Ju(x) P / / s[Vuly —dsdy | dx
xor xor 7

2+ y\)

1 (" sds
=G Wl | [ e | x| dy
o o " (i)

by Holder inequality

1/p
<, ( / |Vu<y>de)
B(xo,r)

! ds
X p—l/ S d d
/B(Xo.,l’) /B(xo,r) ‘f(x” |u(x>| 0 n+l X y

(2+l=oP)

we also have
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sds

Bx B(xq,r) Hu( )|p_l 0 nzjdx dy
(x0,) 0> (2 2
2+ =)
1\ o1
P
CsIf)ds -
B(xg,r) B(x,r) 0 2 %
! (s2+ b= P)
1 =
q
! s|f(x)|ds -
X A F)] o lu(x) P dx dy
(24 =P)

using Holder inequality one more time we have

lera 0)ds
< / / ,H / / prE} dy
B(xq,r) 0 B(xq,r) 7

(524 b= 2+ Jx— y\)

:/B( @) / / ayt
)C(),V )C()r
2+ - y\)

1
p—1

A )| dAd
/ / £ (2) ZM dy| dx
Blo) 7L2+\ —7] )

< (a7 [l

By (4) and (5) we obtain the desired conclusion. [

The next Corollary is an easy consequence of the previous Theorem. It can be
obtained via a standard partition of unity. The proof of this Corollary follows along the
same lines as the proof of Corollary 2.2 in [17]. We have include its proof for sake of
completeness and the convenice of the reader.

COROLLARY 1. Let f € P,(R") and Q a bounded subset of R", suppf C Q.
Then for any o > 0 there exists a positive constant k depending on ¢ such that

L1r@lkrar<o [ [V fdx+ko) [ ju(|dx,
forall ueCy(Q).
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Proof. Let 6 > 0. Let r be a positive number that will be choosen later. Let
{of'},k=1,2,--- N(r), beafinite partition of unity of Q, suchthat suppf C B(x,r)
with x; € Q. We apply Theorem 1 to the functions ogu and we get

p PN(r) p
Jlreleprar= [ @ik 3 af
- 2/ 00w (x)u(x) Pax

N(r)

< kglCAf(Zr) (/Q|Vu(x)poc,§’(x)dx+/ |Vocn(x)p|u(x)|pdx)

< CAf(2r) (/QVM( )|Pdx + /\ pdx)

Finally, to obtain the result it is sufficient to choose r such that CAf(2r) = o. After
that we note that N(r) =" and the corollary follows. [

4. Preliminary results

Let Q be a bounded open set in R” and 1 < p < n. We consider the equations
form
—divA (x,u,Vu) + B (x,u,Vu) =0, (6)

where A : QX RXxR" — R" and B: Q xR x R" — R" are given. We suppose that
A(-,8,E),B(-,§,&) are Lebesgue measurable, A (x,-,-), B(x,-,-) are Borel measur-
able, and the following structure conditions are satisfied:

A8 <ailélP +arl P +ay
[B(x,8,8)| < bol& [P~ +b1[ S|P~ + b2 @)
A(x,8,8)-& = a1l — o {P —c3.

Here c; is a positive constant, a; and by are nonnegative constants and the remain-
ing coefficients are nonnegative functions assumed to lie in suitable function spaces.
Specifically, we make the following assumption:

a7 P by by,es € Py (RY). (8)

Unless otherwise specified, reference to weak super solution of (6) will carry with
it the assumption that either (7) or (8) are in force.

We will assume, without loss of generality, that ¢; = 1. We will frequently con-
sider solutions defined in a ball B(r). It is convenient to simplify the structure of (7) by

introducing
1

k=k(r)= (A 2 (2r)+ A, (2r)> : + (Ap, (2r)) P

1
—1

p—1

3
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and setting v = |u|+ k(r) . Then from (7) we easily get

A(x,8,8)| < a|EP~" +bly[P~!
[B(x,8.8)| < bol&|P~" +d|v]7! )
EA(x,L,E) > |EP —dlv]?

where b= ay+ k" Pas,d = cy + k' Pby+ ki .
Next, for 0 < p <2r

and

< Cp[Aey (p) +K' Py, (p) +K"Acy (p)]
< CplAe,(p)+2].

Thus b”/P~' and d belong to the class ﬁp(R"), this means that, under our assump-
tions (8), the reduced structure assumptions (9) are of the same kind of the general
structure assumption (7).

DEFINITION 6. Let Q be a bounded open set in R”. We say that a function
u € WP(Q) is a local weak super solution of (6) in Q if

loc

/ A (x,u,Vu)Vo + B (x,u,Vu) ¢dx > 0,
Q

for every ¢ € WAP(Q).

In order to obtain our main result we recall the following Lemma, proved in [19]
(Theorem 1.66, p. 40).

LEMMA 2. Let u € WhP(Q), where Q C R" is convex. Suppose there is a con-

stant M such that
1/17 n—p
(/ |Vu|pdx) <Mrv,
QNB(r)

Sor all balls B(r). Then there exist positive constants oy and C depending only on n
such that

/ exp <£ \u—ﬁg|> dx < C(diamQ)",
Q M

whenever 6 < op|Q| (diamQ)™".
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5. Main result

In this section we show how Corollary 1 is used to obtain regularity results for a
class of subelliptic quasilinear PDE,

THEOREM 2. Let u be a weak supersolution of (6) defined in Q. Assume 0 <
u < M < oo in some ball B(r) C Q where M = oo is allowed if bg = 0. Then, for any
o,7€(0,1) and y€ (0,n(p—1)/(n—p)), there exists a constant C such that

1
o7 ) <€ (g +40)
—_— wdx| <C| inf u+k(r)|. (10)
(@7 e st TR
Here,
L
C:C<p7n7’)/7077:787b07M7a7A0Il’2l(r)aAbl(r)aAbz(r))'

Furthermore, in the case when p = n, (10) holds for any y > 0.

Proof. 1t suffices to consider the case » = 1 since rescaling will yield the general
result. We will assume throughout that # > € > 0 and then let € — 0 to establish the
general result.

Let G: (0,0) — R be a smooth nonincreasing function and let 1 € C(B(1)).
Now set u = u + k, and define a test function ¢ as

¢ =G(u)n”.

Then
Vo =G'(u)Vun? + pG(u)n?~'Vn

and we obtain

/( )A(x,u,Vu) VuG' (u)nPdx+
B(1

+p A (x,u, Vi) VuG(u)n?~Ldx + B (x,u,Vu) G(u)nPdx > 0. (11)
B(1) B(1)
Taking (9) into account, we get

—/( )A(x,mVu)VuG’(u)n”dx} /( : (IVul? —bu") |G (u)| nPdx,  (12)
B(1 B(1

p/( )A(x7u7Vu)VnG/(u)np_1dx
B(1

<p[ (alVkP @) G onr ! Vajd, (13)
B(1)
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and
/ B (x,u,Vu)G(u)nPdx < / (bl |VulP~! +Eﬁp71> G(u)nPdx.  (14)
B(1) B(1)

From (11) - (14) we obtain
/ |G’(u)}|vu|1’nﬂdx</ @ |G (u)| n"bdx
B(1) B(1)
+/( )ul’*lc;(u)nl’*1 (bn + pa|Vn|) dx (15)
B(1

+ [ IVl Gl (pay (Vi) e

Set
Gu)=uP, B <0,
and obtain
|m/ VulP @~ unPdx < |m/ P \undx
B(1) B(1)
—l—/B(l)ﬁﬂflﬂ’un”*l (pay |Vn|+b1n)dx.
Now define

ot where pg=p+p—-1,0#1—p
~llogu if B=1-p.

If B #1—p, weuse Young’s inequality to obtain
/ n”\Vv|pdx<C|q\p(1+\[3|71)p[/ |Vn\1’vpdx—|—/ fnpvpdx}
B(1) B(1) B(1)

where f=bP/P"14b)+d.
We apply Corollary 1 to obtain

L
InVoll, < |pIPE(L+1BI77)e [[(n +[Vrp)vl|,

Also, when 3 =1—p we have
[ mrwvrax<c [ (P vnidx
B(1) B(1)
and by Corollary 1, this yields
| wrrar<c [ e va)x
B(1) B(1)

Thus, we have

ClalP/*(1+[B]"7) e[+ |[Vn)vll, forp#1-p

(16)
Cln+IVnll, for B =n—p,

MV, < {
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L
where C = C(p,n,€,a1,As," ,boM). If B #1—p,B <0, Sobolev’s inequality yields

In0llxp < ClalP/(1+1B17) %) (n + [Val)vll,
where p*/P > x > 1for p<nand y > 1 for p =n. Also, we will need later that

v/x<p-—1 (17)

which is a restriction on 7.
Let 1 be a cut off function such that 7 =1 on B(h’) and identically zero on the
complement of (%), then

vl < Clal?= (1B (= 1) V] p s

xp.B(h

with o = pg = p+ B —1 and o > 0, this can be written as

I plo _
@l ey < [CoP* (14 B h= ) " s (18)

while ;
_ 1P/ -
@l gm0y > [ €=’ =)~ |11 (19)

If o < 0. In this latter case note that [3|~! < (p —1)~!, and that, for notational
convenience, we will extend the usual notation for ||u||, to include negative values of
p.

These inequalities will be iterated. Let p € (0,1) be any number such that max (o, T)
< p and let a positive integer j be fixed. We set o; = ¥/~ 'y,i=0,...,j+1. Then
forany i =0,...,J, the corresponding value of || will be lower bounded by p—1—vy
providing by (17) an upper bound on the constant (1 -+ |3|~?) that appears in (18).
Define

hi=0c+2"(p—o0), h =hip1,i=0,...,j.

Hence, from (18) we have
it]ly8(0) < Cllit]| ag.5(p)

forany o € {y /~'y:j=1,2,...}. An easy application of Holder’s inequality ex-
tends the estimate to any o > 0.
Interaction of (19) for a@ < 0 will yield a lower bound for infu . For this, let

hi=p+2(t—p), hy=hir1, i=0,12,...

and obtain
]| ~aq () < Cllitl| —a.m(p)

The proof is concluded by showing the existence of ¢g > 0 such that

”’ZH—a@B(p) < C||’ZH—oc07B(p)-
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Referring to the case B =1— p,v=Inu in (16) and to Lemma 2, there exists oy > 0

such that
/ elv=vol 7 <C
B(p)
where |
= B "
Thus

/ e“f’vdx/ —e%dx < Ce® 0™ =,
B(p) B(p)

The final result is obtained by rescaling with x — rr. [J
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