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QUADRATIC INEQUALITIES AND A

CHARACTERIZATION OF INNER PRODUCT

JANUSZ MATKOWSKI

Abstract. Let X be a real linear space and let a ∈ R , a �= 0, be fixed. Assuming that the
functions g,h : X → R satisfy the inequalities g(ax+ y)+ h(x− ay) � a2g(x)+ g(y)+ h(x)+
a2h(y) for all x,y ∈ X , and some subhomogeneity type conditions, we prove that h = g, the
function g is a quadratic functional, and there exists a unique symmetric biadditive function
S : X2 → R such that g(x) = S(x,x) for all x ∈ X .

A motivation in the theory of orthogonal additive functions is presented.
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[3] M. M. DAY, Some characterizations of inner product spaces, Trans. Amer. Math. Soc. 62 (1947), 320–

337.
[4] P. JORDAN, J. VON NEUMANN, On inner products in linear metric spaces, Ann. Math. 16 (1935),

719–723.
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