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SHEPHARD TYPE PROBLEMS FOR THE NEW GEOMETRIC BODY I' ,K

WAN XTIAOYAN AND WANG WEIDONG

(Communicated by J. Pecari¢)

Abstract. Lutwak, Yang and Zhang proposed the notion of the new geometric body I'_,K. In
this article, we research the Shephard-type problems for the new geometric body I'_ ,K .

1. Introduction and main results

Let 2™ denote the set of convex bodies (compact, convex subsets with nonempty
interiors) in Euclidean space R". For the set of convex bodies containing the origin in
their interiors and the set of origin-symmetric convex bodies in R”, we write %" and
', respectively. Let . denote the set star bodies (about the origin) in R”. Let §"~!
denote the unit sphere in R”, denote by V(K) the n-dimensional volume of body K,
for the standard unit ball B in R", denote w, =V (B).

Lutwak, Yang and Zhang in [2] introduced the new geometric body I'_,K as
follows: Let K € %", real p > 0, the new geometric body I'_,K is defined as the

o

body whose radial function is given by:

1

W/SW1 ju-v|PdS,(K,v) (1.1)

Pl:,ppK(”) =

forall u € "', Note for p > 1 the body T"_ pK is a convex body. Define I'_..K by

I' oK=limI"_,K.
p—r°
Further, when K is origin-symmetric, I _..K =K.
From (1.1), we easily see

I ,(—K)=T_,kK. (12)

The new geometric body I"_,K has great attention from other articles (see [8, 9,
11, 12]). Especially, Wang and Leng in [12] gave the Shephard-type problem for the
new geometric body I'_,K as follows.
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o’

V(K) <V, (1.3)

THEOREM A. If K€ 2, L€ %), p>1and I _,K CT_,L, then

with equality for p =1 if and only if K and L are translation, for p > 1 if and only if
K = L. Here 2, denotes the class of L, -centroid bodies, i.e.

1
f:Zh”Z,:h”FM,:i/ -x|P dx, Me. 7]},
= (2 =M ) = s | d for M e 77)
where T',M denotes the L, -centroid body of M which was introduced by Lutwak and

Zhang (see [6]).

In this article, we shall continuously study the new geometric body I'_,K . Firstly,
associated with Theorem A, we give the negative form of the Shephard-type problem
for the new geometric body I'_,K as follows:

THEOREM 1.1. If 1 < p <n, K is not an origin-symmetric body, then there exists
an origin-symmetric star body L, such that

I ,KCT_,L,

but
V(K) > V(L). (1.4)
Secondly, we also get L -affine surface area form of Shephard-type problem for
the new geometric body I'_,K.

THEOREM 1.2. For Ke ¥/, L€ Z!, p>1,ifT_,K CT_,L, then
nt

o, k) _ o W)
VIK) ~ v(L) "’

(1.5)

with equality for p =1 if and only if K and L are translations, for p > 1 if and only if
K=L.

Further, we characterize the equality of two new geometric bodies by L,-mixed
volume as follows:

THEOREM 1.3. If K,L € X

o’

> 1, then I'_,K =T_,L if and only if for any

Qe
V(K) V(L) '
From Theorem 1.3, we get an improve version of Theorem A:
THEOREM 1.4. For Ke 2", Le 2", p>1,if
I ,K=1_,L,
then
V(K) < V(L). (1.7)

with equality for p =1 if and only if K and L are translations, for p > 1 if and only if
K=L.
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2. Preliminaries

2.1. Support function and radial function

If K € 27, then its support function, hg = h(K,-): R" — (—oco,00), is defined
by (see [1, 7])
h(K,")=max{u-x:x€K}, uecs" !

where u - x denotes the standard inner product of # and x.
If K is a compact star-shaped (about the origin) in R", then its radial function,
px =p(K,-): R"\ {0} — [0,00), is defined by (see [1, 7])

p(K,u)=max{A>0:4-uck}, ucS '

If pk is continuous and positive, then K will be called a star body. Two star bodies
K, L are said to be dilates (of one another) if pg(u)/pL(u) is independent of u € §" 1.

2.2. L,-mixed volume

For K,L € 22", p>1 and € > 0, the Firey L,-combination K +,¢&-L € JZ" is
defined by (see [4])
WK +pe-L,-)" = h(K, )" +eh(L,)",
where ”-” in € - L denotes the Firey scalar multiplication.

If K,L € %) in R", then for p > 1, the L,-mixed volume, V,(K,L), of K and
L is defined by (see [4])

V(K+pe-L)—V(K
Vo(K,L) = lim LK€ D) VK
P

e—0*t &

Corresponding to each K,L € %, there is a positive Borel measure, S p(K ,*), on
§"~1 such that (see [4])

1
VolK.L) = | B ), (K. u). (2.1)
From (2.1), we have
V,(K,K)=V(K). (2.2)

The Minkowski inequality for the L,-mixed volume is called L,-Minkowski inequal-
ity. The L,-Minkowski inequality was given by Lutwak (see [4, 5]):

THEOREM B. If K,L € %) and p > 1 then

n—p

V,(K,L) > V(K) 7 V(L)", (2.3)

with equality for p =1 if and only if K and L are homothetic, for p > 1 if and only if
K and L are dilates.
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2.3. L,-dual mixed volume

For K,L € .7}}, and € > 0, the L,-harmonic radial combination, K +_, %L €
7%, of K and L is defined by (see [4, 5])

p(K+*17£*La')7p = p(K’.)*P_ng(L,_)*P'

If K,L € 7/}, for P> 1, the L,-dual mixed volume, V_,(K,L), of the K and L

is defined by (see [4, 5])

V(K+_,exL)— V(K
My kL) = tim LK Epexl) ZVIK)
P

e—0*t €

The definition above and the polar coordinate formula for volume give the follow-
ing integral representation of the L,-dual mixed volume, V_,(K,L) of K,L € .7}}:

VoK) = [ o s s () (24)

where the integration is with respect to spherical Lebesgue measure S on .7 .
From the formula (2.4), we get

V_,(K,K)=V(K).

2.4. L,-mixed affine surface area

For K,L€ %], p>1 and i € R, the L,-mixed affine surface area, Q,,;(K,L), of
K and L is defined by (see [10])

Qi(K,L) = [ fy(Ku) " fy (L) 7S (w).
Specially, for the case i = —p, we have that
p
Q,_,(K.L)= /S oK) fy(Lu) T dS (). (2.5)

Obviously, from (2.5),we have that
Q,i(K,K)=Q,(K). (2.6)

The Minkowski inequality for the L, -mixed affine surface area was given by Wang
and Leng (see [10]):

THEOREM C. If K, L€ .F) and p > 1, i € R, then for i <0 or i >n,
Qp,i(KaL)n > QF(K)niiQP(L)i’ (2.7)

with equality for p =1 if and only if K and L are homothetic, for n # p > 1 if and
only if K and L are dilates; for 0 <i <n, (2.7) is reverse; for i=0 or i =n, (2.7) is
identical.
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2.5. L,-surface area combination

A convex body K € 7" is said to have a L, -curvature function (see [5]) f,(K,-):
st — R, if its L,-surface area measure S,(K,-) is absolutely continuous with re-
spect to spherical Lebesgue measure S, and

ds,(K,)
S = f(K ), 3)

Let .77,
them have a positive continuous curvature function.

Associate with the volume normalized L, -Minkowski problem given by Lutwak,
Yang and Zhang, they obtained such result in [3]: Suppose p > 1. If u is an even
Borel measure on $"~! whose support is not contained in a great subsphere of !,

then there exists a convex body K, symmetric about the origin, such that

Z!" denote the set of all bodies in 2"

o

', respectively, and both of

h(K)'-P
V(K)

dS(K,-) =du. (2.9)

Now according to (2.9), we give the notion of L, -surface area combination as follows:
For K,L e ", A, n# p > 1, the L,-surface area combination, K+,L € %" of
K and L is defined by

L dSy(L,)

(2.10)

According to (2.9), we also should define the L, -surface area body, V,,K ex",
of K € %" by

(2.11)
Obviously, L, -surface area body \Y pK is origin-symmetric.

3. The Shephard type problems

In this section, we will complete the proof of Theorems. Here we need the follow-
ing several lemmas.

LEMMA 3.1. If K€ %), p> 1, then
V(V,K) <V(K), (3.1)

with equality if and only if K is an origin-symmetric body.
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Proof. From the definition (2.1) and using (2.10), (2.11), we have that for any
Qe

VP(VPK7 0) _ 1 1 p o
VV,K) V(YK )/sn  o()dSy(VyK.v)
1 p (VK dSy(V,K,v)
n.Jgn- olv V(V,K)

thK/SHIQ { Sp(K. )+ 5dS,(—K )}
@ b

=V { (K,v)} + [Ehg(v)dSp(K,—v)]

Since Q € £, then hg(v) = ho(—v) for all v € $"~!. Therefore

N

Vo(V,K,0) 1 1 |
(5 k)  nV(K) /s [ih’éWSp(K’vHgh’é<—v>dsp(l<,—v>}
V(K. Q) | Vp(K.0)
2V(K) 2V (K)
_ V(K0
V(K)

Taking Q = VK, from (2.2), we know

So we have

According to the equality condition of (2.3), we see that equality holds in (3.1) if
and only if K is an origin-symmetric body. [

LEMMA 3.2. If Ke %", p> 1, then

()’

r_,V,K=T_,K. (3.2)
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Proof. From the definitions (1.1), (2.11) and (1.2), we know for all u € §*~!,
_ 1 .
Po(U) = —— u-v|PdS,(V,K,v
P = e [, e vas,(©,K.0)
dSy(V,K,v)
V(V,K)

1 1
_ p|P | = _ _
— /SH |u-v| {2dSp(K,v)+2dSp( K.,v)

= | luevf?

- sn—1

So we get forall u € §"~1,
Pr_ v,k () = pr_,x(u).
From this, (3.2) is obtained. [
Proof of Theorem 1.1. From (3.1), when K is not origin-symmetric, we can get
V(V,K) < V(K).
Since L € J#", taking L= (1+€)V,K (0 < & < 1) such that
V(L) < V(K).
By using (3.2), we know for n > p,

[_,L=T_p(1+€)V,K
=(1+&)"T_,V,K
=(14+&)"T_,KDT_,K.

So (1.4) is obtained. [l
LEMMA 3.3. [12] If K€ 2", L€ ./}, p > 1, then

V(K)

KL = S VD)

V_,(L,T_,K). (3.3)

LEMMA 3.4. IfK,Le 2", p>1,and T'_,K CT_,L, then forall Z € Z,,

Vo(K.Z) _ V(L Z)
V(IK) =~ V(L)

(3.4)

Here Z, denotes the class of L, -centroid bodies.

Proof. Since Z € Z,,, then exists a M € %', such that Z = T',M. Hence from
(3.3), we have
Vo(K.Z)  Vo(K.T,M) 1

V(K) V(K)  neapV (M)

V_p(M.T_,K)
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Since I'_,K CT'_,L, according to (2.4), we have that
V_p(M,T_,K)>V_,(M,T_,L)
Therefore,
V,(K,T,M) < Vp(L,T,M)
V(K) T V()

The (3.4) is obtained. [

LEMMA 3.5. IfK,L€ F!, Qe W, p>1, then

Q, _,»(K,0) B Vy(K,Z)
Qp_p(L,0)  V,(L,2Z) (3.5)

Here #;l ={Q € F}: there exists a Z € Z,, with f,(Q,u) = hg(nﬂ’)(u)}.
Proof. From (2.1) and (2.5), we have for all Z € &,

VolK,Z) = % [ mhw)ds,(K.u)
:% [ Q)T S, (K )
L o s
- %Qpﬁp([(’ 0).

Similarly, we may get

Thus

This give (3.5). O
Proof of Theorem 1.2. Since I'_,K CT"_,L, thus by (3.4) and (3.5) we know

Q. y(K,0) O p(1.0) _ Vy(K.Z) Vy(L2)
V(K) 0 V(K) V(D)

> 1.

Then we have
Q. (K0 _ 2 y(L0)
V(K) ~ V(L)

But Q € #, taking Q = K and using (2.6), (2.7), we get

n+p P

Q) _ Q) (L0 _ Q" (] (K)
vK) ST v T VD)
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So

ntp ntp
Q" (K) _ Q" (L)
V(K) ~ V(L)
Equality holds in equality (2.7) for p =1 if and only if K and L are homothetic,
for p > 1 if and only if K and L are dilates. This together with the condition of
I'_,K =T_,L, we know that equality holds in inequality (1.5) for p = 1 if and only if
K and L are translations, for p > 1 ifandonly if K =L. [

Proof of Theorem 1.3. First, we prove that if for any Q € 2",

Vp(K,0) _ Vp(L,0)

V(K) V(L)

then I'_,K=T_,L.
From (2.1), we have

VK) ~ nV(K) Sn—lhg(v)dSP(K’V)y

VI;%L)Q) _ nVI(L) - hE (v)dSy(L,v). (3.6)
Since Q € %", taking Q = [—u,u], then we know for every v € .7~
ho(v) = |u-v|. (3.7)
Combing with (3.6), (3.7) and (1.1), we have
) i o S () = ot (),
Vy(L,0Q) 1

VL) av(D) /s ju-vIPaS,(L,v) = %PF_ZL(”’

Therefore, if for K,L € 27" and any Q € ",

VP (K7 Q) VP (L7 Q)

V(K) V(L) -

then we have
r ,K=T_,L.

Second, we prove thatif I' ,K =T"_,L, then forany Q € 7"

Vo(K,0) _ Vp(L,0)

V(K) V(L)
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From definition (1.1) and (1.2), we know that

- 1 _ |
pllppK(u) = EpriK(u) + Eprj,(_K)(“)

Similarly,
_ 1
pr’)L(u) - 2— [/(L)/S’nfl |M'V‘pd[Sp(L,V) SP(L’ V)]

Thusif I'_,K =T_,L, then we get

[ uvra

= [ e | S+ syt

‘ .

<<Kw+&mrwﬂ

<

(K

~—

i.e.

[, vt {L(SP(K, V) 4 Sp(Ky 1)) — (S, (L) +SP(L,—V))} — o0,

V(K V(L)
(3.8)
Let | |
,U(V) = W[SP(K’ V) +SP(K’ _V)} - W[SP(L’ V) +SP(L7 _V)]a
then (3.8) can be written as
/S JuevlPdp(v) =o. (3.9)

Note that p(v) is a continuous, even and non-negative function on the sphere. There-
fore, together with (3.9), we obtain u(v) =0, thus

) (oK) Sy ) = ﬁ[sp@,v) +S)(L,—v)] =0.
So

1 1

d m(sp(K7V)+Sp(K7—V)):| :d |:m

Notice that ho(v) = ho(—v) for Q € J£, this combing with (2.1), we have for any
Qe

[S,(Lv)+S,(L,—v)|.  (3.10)

kK0 1
V(K)  2nV(K) Jo

ho(v)Pd[Sp(K,v) +Sp(K, —v)],
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VI;/(VEZ)Q) B 2n;(L) sn—1 hQ(v)pd[SP(L7 V) +S17(L, —V)}.

Hence, by (3.10) we see

Then (1.6) is obtained. [
Proof of Theorem 1.4. Since K € £, thus let Q = K in (1.6), then by (2.2) and
inequality (2.3) we get

n—p P
n

V(L) =Vp(L,K) = V(L) " V(K)",
i.e.
V(K) <V(L).

According to equality conditions of inequality and combine with I'_,K =T"_,L,
we know that equality hold for p =1 if and only if K and L are translation, for p > 1
ifandonlyif K=L. U

As an application of Theorem 1.3, we also obtain an interesting result as follows:
COROLLARY 3.1. If K,Le %", n#p>1,and I'_,K =T"_,L, then K = L.
Proof. From (1.6) and K € 2", taking K = Q, and using (2.2) and (2.3), we have

n—p i
n

V(L) = Vy(L,K) > V(L) "V (K)E.

Thus
V(K) < V(L), (3.10)

and equality holds for p > 1 if and only if K and L are dilates.
Similarly, taking L = Q in (1.6), we get

V(K) > V(L), (3.11)

and equality holds for p > 1 if and only if K and L are dilates.
Combing with the (3.10) and (3.11), we have V(K) =V(L), and K and L are
dilates. From this, let K = cL (¢ > 0) in V(K) =V/(L), then

V(cL) = c"V(L) = V(L),

thus ¢ = 1. Thisyields K=L. [J
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