athematical
nequalities
& Papplications

Volume 15, Number 3 (2012), 675-684 doi:10.7153/mia-15-60

INEQUALITIES OF HLAWKA TYPE FOR FUZZY REAL NUMBERS

XUEZHI WU

(Communicated by Josip Pecaric)

Abstract. In this paper, we give and prove inequalities of Hlawka type and related results in the
fuzzy real number space.

1. Introduction

For arbitrary real numbers x, y, z, the inequality
X+ y[ 4|y +z| + [+ x < x| + [y + 2] + [x +y 42 (1.1)

is well known as Hlawka’s inequality. It can be extended to an n-dimensional Euclidean
vector space and more generally, a Hilbert space (see [5, p. 521]). It also has other
various extensions which are referred as inequalities of Hlawka type (see [1], [3], [5—
10]).

In this paper, we give a version of Hlawka’s inequality and some results related to
this inequality in the fuzzy real number space. First we introduce some notations.

Denote by R # the class of fuzzy subsets u of the real axis R (i.e., u: R — [0,1])
satisfying the following properties:

(i) u is normal, i.e., dx, € R with u(x,) = 1;

(ii) u is a convex fuzzy set, i.e., u(tx+ (1 —1)y) > min{u(x),u(y)} for any ¢ €
[0,1], x,y € R;

(iii) u is upper semi-continuous on R;

(iv) {x €R : u(x) >0} is compact, where A denotes the closure of A.

Then R & is called the space of fuzzy real numbers and any # € R4 is called a
fuzzy real number (see e.g. [4]).

ForO<a<landueRg,let

W*={xeR:ux)>a} and [u]’°={xcR:u(x)>0}.

Then for each o € [0,1], [u]* = [u%,u%] is a bounded closed interval (u%*,u% denote
the endpoints of the az—level set). For u,v € Rz and A € R, we have the sum u&® v
and the product A -u defined by [u@®v]* = [u]* + [v]%, [A-u]* = A[u]* Vo € [0,1],
where [u]” 4+ [v]* means the usual addition of two intervals (as subsets of R) and
A[u]* means the usual product between a scalar and a subset of R (see e.g. [4], [11]).
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REMARK 1. Obviously, R C Rz because any real number xo € R can be de-
scribed as the fuzzy real number X = (1 Whose value is 1 for x = xo and 0 other-
wise. Especially, we denote 0 = X0y Then 0 € R is a neutral element with respect
to @,ie, ud0=00u=uforall uc Ry.

Itis easy to see that (R4, P, -) is not a linear space since the following distribution

law
(a+b)-u=a-ud®b-u, a,pecR, ucRgp

holds only for ab > 0. We can define a metric D on R by

D(u,v) = sup max{|u® —v%|, [uf —v?|}, u,v eR5.
o€[0,1]

Then (Rg,D) is a complete metric space (see [2], [4]).

For any u € Rz, we denote ||u|# = D(u,0). Then || -||# has the properties
of the usual norm on R, i.e., for u € Rz, |ul|# =0 and ||u| # = 0 if and only
if u=0; forany A €R and u € Rz, |4 -ul|# = |A||ul#; for any u,v € Rz,
|lu® |z < |lull#z+ ||v]l#. However, || -||.# is not a norm, since R is not a linear
space.

This paper is devoted to proving inequalities of Hlawka type for fuzzy real num-
bers. Our main result are formulated as follows:

THEOREM 1. Forany u,v,w € Rz, we have
lullz + VL7 + Iwllz +lu@vew|z > uev]z+ luew]|z+|vow|z 1.2)

Based on Theorem 1, by the standard method (see e.g. [3], [5, pp. 522-528], [6])
we have the following generalization of Hlawka’s inequality, which is usually called
Djokovi¢’s inequality. We omit the proof.

THEOREM 2. For any natural numbers n,k with 2 < k < n— 1, the inequality
n—1\ & n—2
S ool < (f) Slulls+ (523 lne sl
1< <. <ig<n i=1

holds for all uy,...,u, € Rz.

2. Proof of Theorem 1

In order to prove Theorem 1, we need to prove the following lemma, which may
have its own independent interest.

LEMMA 1. For ay,a>,by,by,ci,c2 € R, we have
max{|ai],|az|}+ max{|b1|,|b2|} + max{|ci|,|c2| }+max{|as + b1+ c1],|az + b2+ c2| }

> max{|a; + by, |az + bs|} + max{|a; +c1|,|az + 2|}
+max{|b; +ci1|,|b2+ 2|} (2.1)
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REMARK 2. For a = (ay,...,a,) € R", we denote ||a||. = max |a;|. Then for
<isn

a,b,c € R", the inequality
[aflee +[[blles + [[€]le 4 [[a+ b+ €[l > [[a+ b+ [[a+ €[l + [+ €[l (2:2)

holds only when n =1 or 2. Indeed, (2.2) with n =2 or n =1 is (2.1) or (1.1), and if
n>3anda=(-1,1,1,0,...,0), b=(1,—1,1,0,...,0), ¢ = (1,1,—1,0,...,0) € R,
then (2.2) does not hold.

Proof of Lemma I. Due to the symmetry and the property that |x| = | — x|, we may
assume that a;,b; > 0 and at most one number of ay,b,,c; is negative. So it suffices
to consider the following four cases:

(A) a1, b1, c1,a2,b2,¢2 2 0;

(B) a1, by, c1,a2,b2 20, c2 <0;

(C) ar,br,a2,b2 20, ¢, 2 <0

D) ay, by 20,c1<0,a,>20, b, <0, c, >0.

First, we consider Case (A). In this case, ay,by,c1,a2,b2,c3 > 0. Using the equal-
ity max{x,y} = ’%‘X_yl, we get that (2.1) is equivalent to the follow inequality

la; — az| + |by — ba| + |c1 — ca| + | (a1 — az) + (b1 — b2) + (¢1 — ¢2)|
> |(a1 —az) + (b1 — b2)| + |(a1 — az) + (c1 — c2)| + [(b1 —b2) + (c1 —c2)|.  (2.3)

Clearly, (2.3) follows directly from (1.1) with x =a; —ay,y=b; — by, z=c1 — 3.

Next, we consider Case (B). We replace ¢, by —c; inthis case. Then ay, by, ¢y, az,
by,cr> > 0 and (2.1) is equivalent to the following inequality

|ay —ar|+ by — bi| +cr+ |c2 — 1|+ |az + by — o] + a1 + by +c1 — |ay + by — ¢
> ‘a2—a1+b2—b1‘ + \a2—02| + |b2—C2‘ + ’b1+C1—|b2—6‘2|’ + ’a1+c1—|a2—cz|’.

2.4)
We notice that for a, b > 0 and r € R, (1.1) reduces to
la+b+t|+t| > |la+t]+ |b+1| (2.5)
We divide Case (B) into the following four subcases (i)-(iv):
Subcase (i): ¢» > ap + b . In this subcase, (2.4) is equivalent to
\ag—a1|+|b1 —b2|+|cz—cl\+\a1+b1+a2+b2+c1—cz\
> \al —ay+ by —b2| + |b1 + by 4+ —6‘2‘ + \al +ay+c —6‘2‘. (2.6)

Using (2.5) with a = a; +ay, b =Db;+ by, t = c| — ¢ and the triangle inequality
\al —ay+by —bz‘ < \al —a2| + |b1 —b2|,

we get (2.6).
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The remaining three subcases satisfy the condition ¢y < ay +by. If ¢ < ax+ by,
by (1.1) we get
Left hand of (2.4) = |a; —az|+ |b1 — ba| +c1+ 2+ |a1 —ay+by—by+c +cz}
+lei—el+ar+by—cr—cy
> |a1 —ay+by1—ba| + a1 —ax + e+ co| + by — by +c1 + <2
+ler— el +ar+by—cr—cy.

This means that in order to prove (2.4), it suffices to prove that
lai —ar+ci+ca| + b1 —br+ci+co| +|c1 — 2| +ar+ by
2lay — ca| + by — 2| + |b1+c1 — |ba— 2| |+ a1 + 1 — |aa — 2| |+ 1+ 2. (2.7)
Subcase (ii): min{ay, b2} > ¢, . In this subcase, (2.7) is equivalent to
ler —c2| = c1 —ca,

which is true.
Subcase (iii): min{az,by} < 3 < max{ay,by}. We may assume a, < ¢z < by. In
this subcase, (2.7) is equivalent to

aj+ay+ler—ca| = lar+c1 —cr+azl,

which follows from the triangle inequality.
Subcase (iv): max{as,b2} < ¢ and ay + by > ¢;. In this subcase, (2.7) is equiv-
alent to

|01 —cz|—|—a1—|—a2—|—b1—|—b2—|—c1 —Cr = |b1—|—b2+01 —CQ‘ + \a1+a2+c1 —02|
which can be deduced from (2.5) with a =a|+ax, b=b;+ by, t =c1—c>.

Now we consider Case (C). We replace c¢; and ¢; by —c; and —c; in this case.
Then ay, by, c1, az, ba, c2 > 0 and (2.1) is equivalent to the following inequality

lay — aa| +|b1 — bo| + |c1 — o +-c1 +ca+|ay + by — 1| + |az + by — ¢
+Ha1+b1 —C1|— |a2+b2—02‘| > |a1 —ay+ by —b2|+|a1 —C1‘+‘a2—02‘
+ |lar — c1] = |az — ca| |+ |b1 — 1| + by — ca| + ||b2 — 2] — |y — 1] (2.8)
We divide Case (C) into the following two subcases (I)-(II):

Subcase (I): (a; +b1—c1)(az+ by —cz) > 0. In this subcase, by (1.1), the triangle

inequality, and (2.5), we have
a1 —az| + |b1—ba|+|ca—c1|+||ar+b1—ci|—|az+br—c |
> |ai—ay+by—bs|+|ai—ay+cy—ci| +|bi—by+cr—ci|
> |a; —a2—|—b1—b2|—|—||a1—c1\ — ‘a2—62|’+||b1—61‘ — ‘bz—CQH; (2.9)
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lai+b1—ci|+c1 = |ai — 1|+ by —ci; (2.10)

and
|az + by — 2| +c2 = |ar — 2| + |by — c2,

which, together with (2.9) and (2.10), implies (2.8).
Subcase (II): (a; + by —c1)(az + by — ¢2) < 0. We may suppose a; +b; — ¢ <
0, ap + by — ¢ > 0. In this subcase, (2.8) is equivalent to
lay —az| + by — ba| +|c1 — 2| +az +ba+|c1 +c2 —ay —az — by — by
> |ai—ax+bi1—ba| + |c1—a1—|ca—aa| | + [ca—as| + |c1—b1—|ca—ba| | + [c2—b2].
2.11)
(D) If |ep —as| € ¢1 —ay and |cp — by| < ¢1 — by, then (2.11) is equivalent to

lai —az|+ b1 —ba|+ |c1 —ca| +a1+ar+ b1 +by+ |1 +co—ay —ay — by — by
> 2¢ +|ay —ax + by — by,
which follows from the inequalities
lai — az| + b1 — bay| > |a1 —ar+ by — by
and
|Cl—C2|+al+az+b1+b2+|01+C2 a)—ap— bl—b2| 2cq
immediately.
Q) If |¢p —az| = ¢1 —ay and |cy — by| > ¢1 — by, then (2.11) is equivalent to
|a1—a2|+|b1—b2|+2a2+2b2+201+|cl—cz|+|cl+cz—a1—a2—b1—b2|
> |lai—ay+by—by|+2|lay— |+ 2|ba—cal +ar+ b1 +ax+ by, (2.12)

Using the inequalities |a; — az| + b1 — b2| > a1 —az+ b1 —bs|,
2(ar+by) =2|ay + by — 2| +2¢2 = 2|ay — c2| +2|by — ¢2,

and
2¢1+ e — e+ ler+ea—ar —ay— by —ba| = a1 +ax+ by + by,

we get (2.12).

(3) Now we consider the subcase ¢; —a; > |a; —¢z| and ¢y — by < |y — by] or
the subcase ¢; —a; < |ag —¢2| and ¢ — by > |cp — by|. We may assume that ¢ —a; >
|az — ¢2| and ¢; — by < |ca — by| without loss of generality. Then (2.11) is equivalent to

lay —az| + by — ba| + |c1 — c2| + a1 +as+ by +ba+ |c1 +c2 —ay —ay — by — by
= 2\c2—b2|—|—2b1—|—|a1 —ap+ by —b2|. (2.13)

(3-1) If ¢; < by, then |b2—6‘2| =by—cy >c;—b; and thence by +by > c1+ca.
Hence, (2.13) is equivalent to

|a1—a2|—|—|b1—b2|—|—2a1—|—2a2—|—|cl—cz| > |a1—a2—|—b1—b2|—|—c1—cz,
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which follows immediately from the equalities |a; — az| +|by — ba| = |ay —az + by —
bal, 2a;+2a; > 0,and |c] — ¢cp| = ¢ — ¢a.

(3-2)If ¢p > by, then a; < ¢y — by < ¢y — by < ap. In this case, we use in (2.13)
the inequality

lcr+cr—ayr—ay—by—byl+ar+axy+by+by > c1+ .
Then in order to show (2.13), it suffices to prove that
lc1 —cal+c1+catay—ay+ by —ba| =2¢0 —2by+2by + |ay —ay + by — by|. (2.14)
If ay — a1+ by — by > 0, then (2.14) is equivalent to
lci —ca|+|bi—ba| Zco—ci —by+by,

which is true.
On the other hand, if ay —a;+ b, — by <0, then ¢y <ay+br, <a;+b; <cy.
Hence, (2.14) is equivalent to

2¢1+2ay+2by+ |by — by| = 2¢y +2by + 2ay + by — bo,

which can be deduced immediately from the inequalities 2¢y > 2a; +2by, 2ar+2by >
2¢, and |b1 —by| = by —bs.
This completes the proof of (2.1) in Case (C).

Finally, we consider Case (D). We replace ¢y and b, by —c; and —b; in this
case. Then ay, by, cy, az, by, ¢y > 0, and (2.1) is equivalent to the following inequality

|a1—a2|+|b1—b2|+|c1—cz\+c1+b2+\a1+b1—cl\+\a2—b2+cz|
+ |lai+b1—c1| = lay+c2—bal| = lay—ba| + |2 — bo| +|e1 —ar| + |e1 — by
+ |ar+ b1 —lay — bo| |+ a2 + c2 — |1 — 1|+ ||b1 — 1| = b2 — 2| (2.15)

We divide Case (D) into the following three subcases (a)-(c):
Subcase (a): a; +b; < ¢y, ap + ¢» < by. In this subcase, we have

|a1—|—b1 —Cl|—|-Cl = |01 —al\ + ‘Cl—b1|, |a2—|—02—b2‘ + ‘bz‘ = |a2—b2\ + ‘Cz—b2|.
Then (2.15) is equivalent to

‘al—a2|+|b1—b2|+|C1—6‘2|+|C1+6‘2—b1 —b2+a2—a1\
>lai+bi+ay—by|+|ax+crtar —ci|+|e1 +ca— by — ba. (2.16)

Using (1.1) with x = a; +aa, y = b| — by, z= ¢y —c; and noting that
ytz<x+y+tz=—by—ci+a+ar+bi+cr <0,

we get
|b1—b2‘+‘€2—cl| > |a1+a2+b1—b2\+\a1+a2+cz—c1|,
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which, combined with the triangle inequality
lcit+ca—by —by| < lay —az| +|c1 +ca—by —by +ar —ay],

gives (2.16).

Subcase (b): a;+b; > c1, ax+cy = by . In this subcase, we consider the following
subcases:

(D) If |ap — by| < aj+ by and |a; — ¢i| < az + ¢z, then (2.15) is equivalent to

lai — ao| + by — ba| + |e1 — ca| + a1 —az — 1 — ¢+ b1 + by
> |b) —Cl‘ + ‘bz—C2|+ ||b1 —Cl‘ — ‘b2—6‘2|’ = 2max{|b1 —cil, |b2—C2‘},

which follows from the triangle inequality and the facts that
2(by—c2) = (ay —a1) + (b —b1) + (c1—c2) + (a1 —as —c1 —c2 + b1 + b2)
and
2(b1 —c1) = (aa —a1) + (b1 —b2) + (c2 —c1) + (a1 —as —c1 —c2 + b1 + b2).
(2)If |ap — by| = a1+ by and |a; — ¢i| > az + ¢2, then (2.15) is equivalent to

|ay — az| + |by — ba| + |c1 — co| +2a1 4+ 2b1 +2ar + 2¢2 + |ay — ap + by + by — ¢1 — 2|
> 2|ay — by| 4+ 2|ay — ci| +2max{|b; —c1],|b2 — 2|} (2.17)

It follows from (2.5) that
lay —c1|+ by —ci| <air+bi, |ay—bo|+|c2—by| <ar+cr.
Hence, we have

|a2—b2\ + \al —Cl‘ +max{|b1 —Cl|7|b2 —6‘2|}
<laz —ba| + |ay — 1|+ |by —c1| + b2 — 2| < a1+ b1+ a2+ ca,

which gives (2.17).

(3) Now we consider the subcase |ay — by| > aj + by, |a; — ¢1| < az+ ¢y or the
subcase |ay —by| < a1 +by,|ay —c1| = ax+c¢, . We may assume that |ay —bs| > ay +by
and |a; — c¢1| < ap + ¢ without loss of generality. Then (2.15) is equivalent to

\al —a2|+ |b1 —b2|+ |C1 —6‘2‘ +2a;+2b; + \al —ar+by+by—cy —C2|
> 2|ay — by| 4+ 2max{|b; —c1|,|by — 2} (2.18)

(3-1) If max{|b; —c1],|b2 — 2|} = |b2 — c2|, then by (2.5) we have
|a2—b2| +max{|b1 —C ‘, |b2—C2|} = |a2—b2\ + ‘Cz—bg‘ < ‘a2+C2—b2‘ +by=ar+cs.
So, to show (2.18) it suffices to prove that

2¢y+2ap < |ay —az| + by — ba| + |1 — 2|+ 2a1 +2b1 + |ay —az + by + by — ¢1 — 2,
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which follows from the triangle inequality and
200+ 2ay = (az—al +cr+c1—by —b2)+(a2—a1)+(C2 —C1)+(b2—b1)+2a1 +2b;.

(3-2)If max{\bl —c1l, |b2—02|} =|by—cy| and ap > by, then ay —a; — by — by >
0 and ap —a; +c¢y+c¢p > 0. It follows from (1.1) that
|a2—a1|—|—b1—|—b2—|—cl+cz—|—|a2—a1—bl—b2+cl—|—cz\
> \ag—al —bl—b2|+|a2—a1+6‘1+6‘2|+|—b1—b2+6‘1+02|7
which gives that
lax —ai| +|ay —ay — by — by + ¢ + 2| > 2ay —2ay — 2by — 2by + |cy + ¢ — by — by,
(2.19)
Hence, by (2.19) and the triangle inequality we have
Left hand of (2.18) > 2(ap — ba) + |c1 +c2 — by — ba| + |by — ba| + |c1 — ¢3]
> 2l|ay —ba| +2[b1 — 1,
proving (2.18).
(3-3) If max{|b; —cy|,|ba—c2|} =|b1 —c1| and ay < by, then by > a;+ax+by,
lay—bo| <cy,and ¢ > by —ay > a1 +by = cy.
If ¢; < by, then (2.18) is equivalent to
lay — a1 +2a1 +2ar+c1+co+ laa —a; — by —by+c1+¢2| = by + by,
which follows from the triangle inequality.
If ¢; > by, then |by — ¢1| < a1 . By the triangle inequality, we have
Right hand of (2.18)
<20+ 2a4
<lazy —ai+cy+cy — by —ba| + |ay — aa| +[c2 — 1| + |by — by | +2a1 + 2Dy,
proving (2.18).
Subcase (¢): a1 +b) <cy, ax+ca = by or ay+by = ¢y, ay+cr < by. We may
assume that a; + by < ¢y and ay + by > ¢, In this subcase, (2.15) is equivalent to
la; —as| + |by — ba| +|c1 —cal| +ar + o+ |ay +ar + ¢ — ¢c1 + by — by
> |ax—ba| + [e2—ba| + |ar+b1—|ay—by|| + |a2+c2ta1—c1| + |1 —b1— |ba—ca] |
(2.20)
In order to prove (2.20), we use the triangle inequality
‘bl —b2|+|a1+a2+cz—c1+b1—b2\ = \a2—|—cz—|—a1—c1 .

It suffices to prove that

lay —az] + |1 — 2| +ar+ ¢
> |ay — by| 4 |2 — bo| + | a1 + by — lay — by || + |c1 — by — [y — 2 | (2.21)
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Now we consider the following subcases:
(D) If |ap — by| < aj+ by and |by — 3| < ¢; — by, then (2.21) is equivalent to

lay —az] + |1 — e2| +ar+ ¢ = a; + ey,

which is obvious.
(2)If |ap — ba| = a; + by and |by — ¢3| > ¢; — by, then (2.21) is equivalent to

lay —as| + |c1 — ca| +az+co+ay + ¢ = 2|lar — bo| +2|by — 2| (2.22)
Using (2.5) we get that
2|ay — ba| +2|by — 2| < 2|az + ¢2 — ba| +2by = 2a3 + 2cs.

Then (2.22) follows from |a; — az|+ |c1 — ¢2| + a1 + ¢1 = ap + ¢, immediately.
B-D)If |ag —by| < a;+by and |by —¢p| = ¢y — by, and |by — ¢2| < ap, then (2.21)
is equivalent to

lai —a| +|c1 — e2| + 1 +ea+ay +ay = 2a;1 +2by +2|by — 2,
which follows from the inequalities
2c142ar > 2a1—|—2b1—|—2|b2—c2|

and
lay —az| + |1 —ca| + 1+ ca+ar+ay = 2¢; + 2as.
(3-2) If |ap —by| < a;+by and |by — 2| > ¢1 — by, and |by — 3| > an, then
¢y >ay+by and ¢y —cy —by+ by > 0. Hence, (2.20) is equivalent to
lay — as| + |by — ba| + |c1 — 2| +2a2 = |ay +ax + ¢ — ¢1| + by — b2,

which is true.
4-1) If |ay — ba| > a1 + by and |by — 3| < ¢y — by, and ay > by, then (2.21) is
equivalent to

lay — az| + |c1 — 2| +2b1+2by > ¢1 — cr +ap — ay,

which holds.
(4-2)If |ag — by| = a1+ by and |by — 2| < ¢1 — by, and ay < by, then ay + by +
a—by <0 and ¢ — by —ca+ by > 0. Hence, (2.20) is equivalent to
|a1—a2|+|b1—b2|+|c1—cz|+a1+3a2+cz+2b1+|a1+a2+cz—c1+b1—b2|
> 2by+c1+|axtcrt+ar—cl. (2.23)

Using (1.1), we get

|by —by| 4+ |ca—c1| +a1+ar+ |ay +az+ ¢ — c1 + by — by
>lai+ay+cy—ci|+(=bi+by—cor+ci)+ (by—a; —ay —by). (2.24)
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Hence, by (2.24) we have

Left hand of (2.23) > |a; —aa| +a, — a1 +2by+c1+ |az + 2 +a; — ¢;

> |
>2by+ci+|ax+er+ar—cil,

proving (2.23).

The proof of Lemma 1 is complete. [

Proof of Theorem 1. 1t is easy to see that for u € R4,

7 = max{[u’ |, uf[}.

e

Then for u, v, w € R#, (1.2) is equivalent to the following inequality

max{|u(l|,|u9r|}+max{|v(l|,|vg|}+max{|wg|,|w9r|}
+max{[ud 0 +w [, |ud +v5 +wl [}
> max{|u? +v2 |, u + V3 [} +max{[u? +wl [ 1l +wl ]}

+max{[p® +w? |, [v] +wl|},

which follows from Lemma 1 immediately. [J
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