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Abstract. In this paper, we establish some functional inequalities for the generalized Hersch-
Pfluger distortion function @k (a,r), and prove a submultiplicative property for the generalized
Agard distortion function Mg (a,x).

1. Introduction

For real numbers a, b and ¢ with ¢ #0,—1,—2,---, the Gaussian hypergeometric
function is defined by

b n
F(a,b;c;x) = Fi(a,bicix) = Y Mx—', for |x| < L. (L.1)
= (c,n) n!

Here, (a,0) =1 for a # 0 and (a,n) denotes the shifted factorial function

(a,n)=ala+1)(a+2)(a+3)---(a+n—1)
for n=1,2,---. For a survey of these functions, see [1, 8].

For r€(0,1), a€(0,1) and ¥ = /1 — r2, the generalized elliptic integrals of the
first and second kind [4, 19] are defined by

Ho=Ho(r)=%F(a,1—a;1;1%),
Ha = A (r) = Ha(r),

(1.2)
and

Ex=8,(r) = %F(a— 1,1 —a; 1;r2),

& = 8r) = &),

£4(0) = /2, £,(1) = sin(ra)/[2(1 - a)],
Mathematics subject classification (2010): 33E05, 30C62.

(1.3)
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respectively. In particular, when a = 1/2, the functions J#,(r) and &,(r) reduce to
 (r) and &(r), respectively, which are the complete elliptic integrals of the first and
second kind [1, 3, 7-10, 12, 13, 19]. By symmetry of (1.2), we assume that a € (0,1/2]
in the sequel.
Ramanujan’s generalized modular equation [11] with signature 1/a and degree p
is given by
Fla,1 —a;1;1—5*)  F(a,l —a;1;1—7?)

_ 14
F(a,1—a;1;s2) p F(a,1 —a;1;72) ' (14

where a € (0,1/2], r € (0,1) and p > 0. To rewrite (1.4) in a slightly shorter form, we
use the decreasing homeomorphism i, : (0,1) — (0, ) defined by

_m ()
- 2sinma H(r)’

.uu(r)
for a € (0,1/2]. We can now write (1.4) as

Ua(s) = pla(r), O0<r<Il. (1.5)

The solution of (1.5) is given by

s=ox(a,r) = (ua(r)/K), K=1/p. (1.6)

We call @k (a,r) the generalized modular function with signature 1/a and degree p =
1/K or generalized Hersch-Pfiguer distortion function.
For x,K € (0,e0), the generalized Agard distortion function is defined by

[ okla,r) 2 [ x
T]K(a7x)— [W:l = x+1 (17)

If a = 1/2, then the functions defined in (1.6) and (1.7) reduce to the Hersch-
Pfluger distortion function @k (r) and Agard distortion function 1k (x), respectively,
which play a crucial role in quasiconformal mappings, quasiregular mappings, qua-
sisymmetric functions and some related fields [2, 7, 14, 20, 21]. In particular, some
remarkable properties and inequalities for them can be found in the literature [5, 6,
15-18, 22, 23].

For a € (0,1/2], the so-called Ramanujan constant R(a) is defined by

R(a) = —-2y—vy(a) -~ y(l —a)

with R(1/2) =log16, where y = 0.577215--- is the Euler-Mascheroni constant, and
v is the classical psi function.

The main purpose of this paper is to establish some interesting functional inequal-
ities for the generalized distortion function @k (a,r), and to prove a submultiplicative
property for the generalized Agard distortion function 7Nk (a,x). Our main results are
the following Theorems 1.1-1.3.
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THEOREM 1.1. For r € (0,1) and K € (0,e0), define the function F on [2,o0) by

F(x) = 2[1 = @y (a,r)"]/ g (a,/2(1 = r) /x)%].

Then F(x)=11if K=1, and F(x) is strictly decreasing from [2,o0) onto (0,1] if
€ (1,e0), and strictly increasing from [2,°0) onto [1,e0) if K € (0,1). In particular,
lfrE( 1) and K,b € [1,), then

2b 2b 2
Ok (a1 by (a1 (1= ) /b) " <1, (1.8)

2
01 /kla ) +boxc(a\ /(1= /b) > 1, (1.9)
with equality in either case if and only if b=1 or K = 1.
THEOREM 1.2. Let K,p € (0,) and r € (0,1), then

(1) g(r) = ox(a, r)p/(pK( P) is strictly decreasing from (0,1) onto
(1,eR@U=1/K)(p=1)/2y 4¢ € ( oo) or p,K € (0,1), and strictly increasing from
(0,1) onto (eR@I-1/K)(p= 1/2,1) if 1/p,K€(0,1) or 1/p,K € (1,00). In particular,
one has

ok (a.r)’ € (gk(a,rP),eRORP=D 2o (a,rr)),
ifp,K € (1,0) or K,p € (0,1);

ok (a,r)" = gk (a,rP),

ifK=1lorp=1;

ok (a,r)? € (ROU=RP=D Ry (a,rP), gk (a,r7)),
if1/p,K € (0,1)or1/p,K € (1,00).

(1.10)

(2)  G(K) = ox(a,r)’/ogr(a,r) is strictly decreasing if 1/p,K € (1,%) or
1/p,K € (0,1), and strictly increasing if p,K € (1,0) or p,K € (0,1). In particu-
lar, one has

ox(a,r)" € (P ' gge(a,r), %), if 1/p,K € (0,1);

ok (a,r)" € (gr(a,r), " oxo(a,r)), if 1/p. K € (1,0);

o (a,r)’ = ggr(a,r), if p=1; (L.11)
ok (a,r)? =rPLogo(a,r), ifK =1;

ok (a,r)" € ("~ gxo(a,r), oxr (a,r)), if K,p € (1,);

ok (a,r)? € (rP/KerR@U=1/K)2 p0=Vopn(a,r)), if K,p € (0,1).

(3) Inequality
(PK(aarl/p)p < Pkr (aar) (112)
holds for p,K € [1,0) or p,K € (0,1), with equality if and only if K=1 or p =1.
The inequality is reversed if 1/p,K € (1,00) or 1/p,K € (0,1).
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THEOREM 1.3. If K > 1 and x,y € (0,c0), then

[min{x*, x5} min{y% y!/ Ky ng (a,x)nx (a,9)]"* < Mk (a,xy)

< ROVE g (a,x)mk (a,). (1.13)
The first equality holds if and only if K =1 or x =y =1, and the second equality holds

ifand only if K = 1. The coefficient eR@(1/K-1) of the upper bound cannot be replaced
by a smaller one depending only on K.

2. Properties of ¢k (a,r)

In this section, we introduce several monotonicity properties of some functions
defined in terms of @k (a,r), and prove Theorems 1.1 and 1.2.
First, let us recall the following formulas:

lim u,(r) +logr = ¥7 (2.1)
o (a,r)* + @ xla, ) =1, (2.2)
dog(a,r) iss’z%(s)z _Kss’zjfu’(s)2 23)
ar K2 x,(r)2 ) (r) '
8§0K(avr) _ n /
9K nKsin(za) " Hals) Ha (5)- @4

where s = @k (a,r), r € (0,1) and K € (0,).
The following Lemma 2.1 can be found in [4, Theorem 6.7].
LEMMA 2.1. Foreach a € (0,1/2] and K € (1,), let f, g be defined on (0,1]
by
flr)= ril/K(pK(aJ) and g(r)= riK(pl/K(a,r).

Then f is strictly decreasmg and g is strictly increasing, with f((0,1]) = [1,eR(@(1-1/K)/2)
and g((0,1]) = (KUK 1],

The following Lemma 2.2 can be found in [4, Lemma 6.2(1), (2), (4) and (5), and
Lemma 5.4(1)].

LEMMA 2.2. Foreach a € (0,1/2], K € (1,e), re (0,1), let s = @k (a,r) and
t = @y /k(a,r). Then the function

(1) hi(r) = ( )/ Ha(r) is strictly increasing from (0,1) onto (1,K);

(2) ho(r) = 5 Ho(s)? /[ Ha(r)?] is strictly decreasing from (0,1) onto (0,1);
(3) h3(r) = Holt) | Ha(r) is strictly decreasing from (0,1) onto (1/K,1);

(4) ha(r) =1 Ao (1) )7 Ao (r)?] is strictly increasing from (0,1) onto (1,e0);
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(5) hs(r) = ¥ #,(r) is strictly decreasing if and only if ¢ > 2a(1 — a), in which
case v, (r) is strictly decreasing from (0,1) onto (0,7/2).

Proof of theorem 1.1. Clearly, F(2) = 1. Then making use of Lemma 2.1 we get

2
lim F(x) = lim

X—s00 X—o0 xq)K(a7 M)z

2 i | W20 OR0 ( #)2/1{.1
2 avanmm) \Warm)

Kl/K-1

2

ol 1/K | R@/K-) jiy X
2 ¢ ﬁﬂ(y_ﬂym

{0, if K € (1,00), 05

oo, if K € (0,1).

Let t = \/2(1 =) /x,s = @k (a,t) and u = @y /g (a,r). Then by logarithmic dif-
ferentiation and (2.3), we have

XF(x) P Hals) H(5)

= F(r)+1]—[Fu)+1 2.6
F(x) 1/2%(1)%/@)[ 1(r) + 1] = [Fi(u*) + 1], (2.6)
where F(x) = (xlogx)/(1 —x), which is strictly decreasing from (0,1) onto (—1,0).
By Lemma 2.2(5), the function s"2.%;(s).%#,/ (s) is strictly decreasing in K on (0,co).
Hence, from (2.6) we have
F/
T B - ), i K € (0,1),
F(x)
F(x) 2.7
xF'(x o
e < F(r) = F(u"), if K € (1,00).
Since
u>r=u">r"=F/")>Ff[w), ifK € (0,1), 2.8)
u<r=u <r'=F") <Fu),ifK e (1,0), ’
from (2.7) and (2.8) one has
XF'(x) .
fK 1
o) 0,if K € (0,1),
) 2.9
xF'(x
if K € (1,00).
) <0,ifK € (1,0)

Therefore, the monotonicity of F follows from (2.9). Moreover, taking x = 2b in
Theorem 1.1, inequalities (1.8) and (1.9) are clear. [

REMARK 2.3. If b =1, then inequalities (1.8) and (1.9) reduce to equation (2.2).
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Proof of theorem 1.2. For part (1), clearly g(17) = 1, and making use of Lemma
2.1 we get g(0T) = R@U=V/K)P=1/2 et x =P, s = @g(a,r) and u = @k(a,x),
then g(r) = s”/u and

Krg'(r) _ s?Hals) > Haw)?
D) A X2 Ha(x)? =81(r) =1 (%), (2.10)

where g1(r) = 5244 (5)? /[r"> #4(r)?]. From Lemma 2.2 (1)~(4) we know that g;(r)
is strictly decreasing if K > 1, and strictly increasing if 0 < K < 1.

Next, we divide the proof of part (1) into two cases.

Case 1.1. p,K € (1,%) or p,K € (0,1). Then g;(r) < g1(x), and g(r) is strictly
decreasing in (0,1) by (2.10).

Case 1.2. 1/p,K € (1,00) or 1/p,K € (0,1). Then g;(r) > g1(x), and g(r) is
strictly increasing in (0,1) follows from (2.10).

For part (2), clearly G(1) — P! = G(e0) — 1 =0. Let T = K”, s = @g(a,r) and
v=or(a,r), then G(K) =s”/v. By (2.1) we have

lim log G(K
lim log G(K)

=p lim [a(s) +logs] — lim [p1a(v) +logv] + lim [ (v) — pita(s)]

R(a)(p—1) .. [1-pKkr!
- é) +11<11n>o[ Il;p ]“"m

_fe, 1/p,K€(0,1),
~\ ==, p,K €(0,1).

Logarithmic differentiation of G(K) gives

nKsin(wa) G'(K)
2p G(K)

=G (s) — G (v), (2.11)

where G, (r) = "> #,(r).#/ (r), which is decreasing follows from Lemma 2.2(5).

Next we divide the proof of part (2) into two cases.

Case 2.1. 1/p,K € (1,0) or 1/p,K € (0,1). Then s > v and G(s) < G1(v).
Thus from (2.11) we know that G(K) is strictly decreasing.

Case 2.2. p,K € (1,0) or p,K € (0,1). Then s < v and Gi(s) > G{(v). Thus
from (2.11) we know that G(K) is strictly increasing.

Therefore, (2.11) follows from the monotonicity and limiting values of G(K) to-
gether with Lemma 2.1.

For part (3), define f(r,K) = @k (a,r'/?)? /@gr(a,r)(p # 1) for (nK) € D =
(0,1) % (0,00). Let t = r'/?, w = @k (a,r) and v = @gr(a,r), then equations (2.3)
and (2.4) lead to

r 9f(nK) _ wWrAw) A (w) V() A (v)
f(rK) or 12 ()AL () P (r) A (r)

(2.12)
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and
K sin(ma) df(r,K)
2pf(r,K) JdK

= w2 (W) (w) = V2 (V) K (v), (2.13)
respectively. Let df(r,K)/dr = df(r,K)/dK = 0, then from (2.12) and (2.13) we

conclude that » =t and w = v, which implies that p = 1 and leads to a contradiction
with p # 1. Hence, f has no extreme points in D, and

sup f(r,K)= sup f(rK),

(r1)eD (rt)edD (2.14)
inf K)= inf K).
e 0= o8

Next we divide the proof of part (3) into three cases.
Case 3.1. K,p € (1,00) or K,p € (0,1). Then

wP w A\ ri/K” )
_Y _ (N =KUTP/K
f(nK) = . _<tl/K> . r , (2.15)
fOT,K)=f(1,K)—1=f(r,1)—1 :I}im f(nK)—1=0 (2.16)

and

=Py () —
f(5,07) = fim,exp {P[.Ua(w) +logw] — [ta(v) +logv] + K p“u(li Pla(t) }

0. (2.17)

It follows from (2.15)—(2.17) that f(r,K) < 1 forall (r,K) € D with K, p € (1,0)
or K,p € (0,1), where D is the closure of D. Thus inequality (1.12) and its equality
case follow.

Case 3.2. 1/p,K € (0,1). Then from Case 3.1 one has

r = oux(a, gx(a,r'/?)? < 1o (a, oxa,r/?)P),

ok (a,r) < gk (a,r'/P)P. (2.18)
Case 3.3. 1/p,K € (1,00). Then (2.15) and Lemma 2.1 yield

fI07,K) =, f(1,K)=f(r1) = lim f(rK) =1. (2.19)

K—soo

Equations (2.14) and (2.19) lead to the conclusion that f(r,K) > 1 for all (r,K) €
D and inequality (2.18) holds again. [
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3. Properties of nk(a,x)

In this section, we study some properties of Nk (a,x), and complete the proof of
Theorem 1.3.

LEMMA 3.1. If K > 1, then the function J,(x) = Nk (a,x)/xX is strictly decreas-
ing from (0,%0) onto (XK1 o) and the function J(x) = Nk (a,x) /x"/K is strictly
increasing from (0,0) onto (eR@UI=1/K) o0),

Proof. Let r=+/x/(1+x) and s = @k(a,r), then

nr=min= () (2)"

and

Then logarithmic differentiations give

m) 2K (Al
Hi(r) ' \ K2,(r)? 7

B Ho(r)?

H'(r) 2 [ Hs)? o
Hy(r)  rr?K '

Therefore, the monotonicity properties of H(r) and H,(r) follow from Lemma
2.2(1), and the limiting value follows from Lemma 2.1. [J

LEMMA 3.2. Asa function of r, gk(r) = (@k(a,r)/ @1 /x(a,r))(r' /r)K is strictly
decreasing from (0,1) onto (eR@WE=1/2 o) for K € (1,00), and strictly increasing
from (0,1) onto (0,eR@K=1)/2) for K € (0 1). In particular, for r € (0,1) and K €
[1,00),
ok (a,r) = max{h;(r,K),hy(r,K)}, (3.1

and

(PI/K(CI7I") <min{hl(nl/K)7h2(r,1/K)}, (32)
where

h](?}K) _ eR(a)(K—l)/ZrK/(r/ZK+e(K—1)R(a)r2K)1/27
hz(l",K) _ eR(a)(1—1/K)/2r1/K/(r/2/K+e(l—l/K)R(a)r2/K)l/2’

with the equalities holding if and only if K = 1.

Proof. Let t = (r/r')*. Then

gx(r) = (Nx(a,1)/1%)'V2,
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and
gux(r) = [(1/0)"7% /nx(a, 1/0)]'2,

and hence the monotonicity of gx follows from Lemma 3.1.
By the monotonicity of gg,

gk(r) = (/) (0 ) > KO,
where s = @k(a,r), and K € [1,0), and it follows that

K R(@)(K~1)/2

5> hi(rK), K>1.

PR K (K= DR@)] 12 -

Likewise
/

1/K
guk(r) = (S—) ()" <cernmnr g,

N r

implies that
/K R(@)(1-1/K) /2

> =
5= [r/2/K+rz/KeR(a)(pl/K)P/z

hz(r, K)
Hence (3.1) holds.

The proof of (3.2) is similar.
The equality case is clear. [

COROLLARY 3.3. If r€(0,1) and K € (1,e0), then

01k (a,r) <min{rX D2 (a1 )(r/1)K,

eR(a)(l/Kfl)/2(pK(a,r/)(r/r/)l/K}.

949

Proof. The first bound follows from Lemma 2.1, and the second and third bounds

follow from Lemma 3.2. [

Proof of theorem 1.3. Firstly, by Lemma 3.1 we get

nk(a,xy)  Mklaxy) y* {2 1,ifx<1,
<1

xKng(a,y) (xy)X nk(a,y) Jifx>1
and

nk(axy)  nklaxy) yWE [ <1 ifx<1,

Enk(a,y)  ()VE mklay) | > 1, ifx> 1,

with equalities if and only if K =1 or x = 1. Hence

min{xKaxl/K}nK(aay) < nK(a7XY) < max{xerl/K}nK(aay)

(3.3)
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for K € [1,00) and x,y € (0,e0), with equality in each case if and only if K =1 or
x = 1. By symmetry,

min{yK7yl/K}nK(a7x) < TIK(Q»XY) < max{yK7yl/K}nK(a7x) (34)

for K € [1,00) and x,y € (0,e0), with equality in each case if and only if K =1 or
y = 1. Hence the first inequality in (1.13) and its equality case follow from (3.3) and
(3.4).

To prove the second inequality in (1.13), set D = (0,0) X (0,°c), and define the
function f on D by

f(.X,y) = nK(a7XY)/{nK(a:x)nK(a7)’)}~
Our goal is to show that
R(a)(1/K~1)

sup f(x,y)=e
(x.y)eD

Let = /T30, 5 = VATTF), 1 = VT T9), 4 = gelar), v =

ok(a,s) and w = @k(a,t). Then

nK(a’x) = (V/V/)za TIK(aaY) = (W/W/)27 nK(a:XY) = (u/u/)za

or_rm? or_rm? 3.5)
ox 2x dy 2y
d 2dar u”?
T (3.6)
dx  2x dy 2y
u v w\?
f®w=<7——>. (3.7)
u'vow
Clearly, f € C*(D).
Now we divide the proof into four steps.
Step (i). We first find  sup  f(x,y).
(x,y)€dD
It follows from (3.7) that
2
fley) = u s Ty ]
’ PE v ww 1 +xy ’
Hence, by Lemma 2.1,
FOF ) =yVE W fw)> =y g (a,y). (3.8)
Similarly,
Fx,0%) =x"K /ng(a,x). (3.9)

Clearly, f(x,y) can be rewritten as

b

2
u sUK UKy (I+x)(1+y) /K
1 +xy
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from which it follows that

lim f(x,y) = eR@I/K=D (3.10)
e
by Lemma 2.1.
From (3.8)—(3.10) together with Lemmas 3.1 and 3.2 we get
sup f(x,y) = MUK (3.11)
(x,y)€dD
and
lim £(07,y) = lim f(x,07) =0. (3.12)
y—roo X—00

Step (ii). We wantto find _lim  f(x,y).
)C2+y2~>oo

For this purpose, we rewrite f(x,y) as

uN2 (7K w\? 1+xy K
ren =) (i) [aranss)

from which and Lemma 2.1 we get

Flx02) = lim f(x,y) = /nx(a.%), (3.13)
fleoyy) = lim f(x,y) =5* /nk(a.y), (3.14)
lim £ (x,y) = 075, (3.15)

y—oo

Step (iii). We want to estimate sup f(x,y) for sufficiently large M, where
(Xay)eCM
Cu = {(x,y) € D;x* +y? :Mz}, 0<M < oo.
By Lemma 3.2, it follows from (3.13)—(3.15) that

lim sup  f(x,y) = f(o0,00) = KWUIK), (3.16)

T (xy)eCu

It follows from [4, (3.6)] that R(a) > log 16 for all a € (0,1/2]. Thus, for each
K € (1,%0) one can take € > 0 so small that

R@U=K) o~ R@)(1/K=1) (3.17)

For such ¢, by (3.16), there must be an M, > V/2 such that

R@OO-K) _g < sup flx,y) < FOUK g (3.18)

(x.y)ECM

e

forall M > M,.
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Step (iv). We now find  sup  f(x,y), where
(x.y)eD(M)

D(M) = {(x,y) € D;x* +y* <M}, M >M,.
By (2.3), (3.5) and (3.6), we have

Kx df(x,y)  Ha(u)?  H(v)?
floy) dx  Ha(r)?2  Hals)? (3.19)

and
Ky df(x,y)  JHa(u)? Hg(w)?
fy) dy a2 Halt)? (3.20)

for (x,y) € D. Then from (3.19) and (3.20) together with Lemma 2.2(1) we know
that if (xp,y0) € D(M) is an extreme point of f, then ryg = so = tp, where ro =

vxoyo/(L+x0y0), so = v/Xo0/(14+x0), and 19 = /vo/(1+yo). It follows that xy =

Yo = 1 and
f(x0,y0) = 1/nk(a,1). (3.21)

By Lemma 3.2, we clearly see that

Nk(a,1) = ROED 1<K <o,
with equality if and only if K = 1. Hence it follows from (3.21) that
f(x0,y0) < eR@UK) < (R@U/K=1) (3.22)
Therefore, by (3.11), (3.17), (3.18) and (3.22),
max f(x,y) =max VK sup - f(x,y), f(x0,50)
(x,y)eD(M) (x.y)eCm
=eR@(1/K-1) (3.23)
where D(M) is the closure of D(M).

Now, the second inequality in (1.13), its equality case and the sharpness of the
constant eR@1/K=1) follow from (3.11), (3.17), (3.18) and (3.23). Moreover, f takes
its supremum eR(@U/K=1) only at the origin (0,0). O

COROLLARY 3.4. If K > l,x,y € (0,00), then

eR(a)(1_1/K)771/K(a7x)771/1<(a»y) < Myk(a,xy)

1/2
< [max{e x/Ky max{y¥, /40y (.5 a,9)

The first (second) equality holds if and only if K=1 (K =lorx=y=1). The
coefficient eR@1-1/K) of the lower bound is the best possible.

Proof. The result follows immediately from Theorem 1.3,

ng(a,t)nyk(a,1/t) =1
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min{t K /K Y max{/X /Ky =1. O

REMARK 3.5. If a =1/2, then Theorem 1.3, Lemmas 3.1 and 3.2, Corollary 3.3

and Corollary 3.4 reduce to Theorem 1.6, Theorem 3.49, Lemma 2.21, Corollary 2.26
and Corollary 3.47 in [18], respectively.
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