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AN INTEGRAL-TYPE OPERATOR FROM BLOCH
SPACES TO 2, SPACES IN THE UNIT BALL

SONGXIAO LI

(Communicated by I. Franjic)

Abstract. Let H(B) denote the space of all holomorphic functions on the unit ball B of C". Let
o >0, f e H(B) with homogeneous expansion f = Y7, fx. The fractional derivative 2%f is
defined as

oo

7°f(2) = X, (k+1)"fi(2)-

k=0
Let ¢ be a holomorphic self-map of B and g € H(B) such that g(0) = 0. In this paper we
consider the following integral-type operator

1
TS0 = [ 7 (02)e() T, 1€ HB),

The boundedness of the operator @gﬁg from the Bloch space to the spaces 2, and 2, are

investigated. In particular, the boundedness and compactness of the operator @(})‘g on the Bloch
spaces are completely characterized.

1. Introduction

Let B denote the unit ball and dB the unit sphere in C". Let H(B) be the space
of all holomorphic functions on B. Let Rf stands for the radial derivative of f, that

is, Rf(z) = Z;?:lzjg—zfj(z), z= (21,22, ,2n) € B. Let @,(z) be the holomorphic in-

volution exchanging 0 and a. For f € C!(B), the invariant gradient % f is defined
by

(V)(z) = V(fo9.)(0),

where Vf(z) = (df/dz1,...,df/dz,) is the complex gradient of f.
A function f € H(B) is said to belong to the Bloch space, denoted by % = %(B),

if
2
b(f) = sup(1 — [z[) |RF (2)] < o~.
z€B
Mathematics subject classification (2010): Primary 47B38, Secondary 30H30.
Keywords and phrases: Composition operator, integral-type operator, Bloch space, 2, space.
© depay, Zagreb 959

Paper MIA-15-82


http://dx.doi.org/10.7153/mia-15-82

960 SONGXIAO LI

It is well-known that 2 is a Banach space with the norm || f||% = |f(0)| +b(f). Let
Ay, called the little Bloch space, denote the subspace of % consisting of those f € #
for which

égpfkﬁﬂﬂm=0

Recall that the Bergman space A! is the space of all f € H(B) such that

LI @lav(e) <o

where dv(z) is the normalized volume measure on B. From [23], we know that (%))* =
Al and (A")* = &.

Let f € H(B) with homogeneous expansion f = Y7  fi and & > 0. The frac-
tional derivative 2% f is defined as follows:

oo

7% f(z) = Y (k+ 1)*fi(2).
k=0
Note that Rf = Y5 kfy if f has homogeneous expansion f = Y5 fi. Hence 2! f =
Rf + f. For simplicity of notation, we denote 2! by 2. From [1] we known that
f € Z if and only if
sup(1 — [2*)* |2 f(2)| < e.

z€B

f € %y if and only if limy,_; (1 —[z]*)*| 2% f(z)| = 0. Moreover,

I/

= sup(1—[z2)%| 2% f(2)]. (1)
zEB

See [23] and the references therein for more characterizations of the Bloch space in the
unit ball.

In recent years a special class of Mobius invariant function space in the unit disk,
the so-called 2, space, has attracted a lot of attention. See [20, 21] for a summary of
recent research about the 2, space in the unit disk. The 2, space was generalized to
the unit ball in [11]. For 0 < p < o, recall that an f € H(B) is said to belong to the
space 2, if (see [11])

sup . Wf(z)|2Gp(z,a)d7L(z) < oo,

acB
Here dA(z) = (1—|2[?) " dv(z), G(z,a) = g(¢.(2)),

nt1 2n—1,—2n+1
7)= 1 =) " e
8@ =5 [,0-7)

Let 2,0 denote the subspace of 2, for which

lim /B V(z) PGP (z,a)dA (z) = 0.

lal—
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By [11], we know that 2, = % (the Bloch space) when 1 < p < 255 2) = BMOA;
and 2, contains only the constant functions when 0 < p < 1=l op p=> ﬁ

For £ € 9B, 6 >0, let !
S(E,8)={zeB:|1—{z,&)| < }.

A positive Borel measure y on B ia called a f—Carleson measure if there exists a
constant C > 0 such that u(S(€,8)) < C8"B forall £ € 9B and & > 0. If

- M(S(E,6))

lim ————= =0,

51—>o o1
uniformly for £ € dB, we call i a vanishing 3 — Carleson measure.

Let ¢ be a holomorphic self-map of the unit ball. Define a linear operator Cy, on

H(B), called the composition operator, by

(Cpf)(2) = (fo@)2),f € H(B).

Itis interesting to provide a function theoretic characterization when ¢ induce a bounded
or compact composition operator on various spaces. The book [2] contains much infor-
mation on this topic.

Let ¢ be a holomorphic self-map of B and g € H(B) such that g(0) = 0. The
generalized composition operator

1) = [ Rrlotetd L, ren®) @

was recently introduced in [14] and [24] respectively, motivated by [9]. See, for ex-
ample, [4, 6, 7, 8, 10, 12, 13, 14, 15, 16, 17, 18, 19, 22, 24, 25, 26] for the study of
the operator Cé. Note that the generalized composition operator is induced by radial
derivative. Now we introduce the integral-type operator induced by fractional derivative
as follows:

710 = [ 7 rloue) ™, ren®) ®

In this paper we study the boundedness of the integral-type operator :@q‘;ﬁg from
the Bloch space to the spaces 2, and 2, 0. In particular, the boundedness and com-
pactness of the operator @J),g on the Bloch spaces are completely characterized. To the
best of our knowledge, the operator @(‘2,‘75, is studied in the present paper for the first
time.

Throughout this paper, constants are denoted by C, they are positive and may
differ from one occurrence to the other. The notation A < B means that there is a
positive constant C such that C"'B < A < CB.

2. Main results and proofs

In this section we will give our main results and proofs. First we state several
auxiliary results which we will use in the proofs of main results. The proof of the next
lemma was essentially proved, for example, in [8] or [14].



962 SONGXIAO LI

LEMMA 1. Let ¢ be a holomorphic self-map of B, g € H(B) such that g(0) =0.
Then

R(Zg(N)(2) = 2°f(9(2))g(z), fe€H(B).
The following lemma can be found in [1].

LEMMA 2. There exists a positive integer M = M(n) with the following property:
there exist functions f; € B(1 < i< M) such that

M 2 1
i@ = g B.
Z{‘ f(Z)| (1—‘Z|)a zZ€

LEMMA 3. [8] A closed set K in A is compact if and only if it is bounded and
satisfies

hm sup(l —Z)Rf ()| =

l<|—
The following criterion for compactness follows from standard arguments similar
to those outlined in Proposition 3.11 of [2].

LEMMA 4. Let ¢ be a holomorphic self-map of B, g € H(B) such that g(0) =0.
Then D o - #(or By) — P is compactif and only if g ,: B (or Bo) — P is bounded
and for any bounded sequence (fi)ren in B(or By) whlch converges to zero uniformly
on compact subset of B as k — oo, we have |9 . fillz — 0 as k — o.

Now, we are in a position to formulate and prove the main results of this paper.

THEOREM 1. Let ¢ be a holomorphic self-map of B, "L < p < L, g€ H(B)
such that g(0) = 0. Then 9y, : B — 2, is bounded if and only if

p [ =BRGP

| — 2\n -
acptB (1—|0(2)]?)% (1= |@a(2)|7)"PdA(z) < oo 4)

Proof. Assume that (4) holds. From [5] we know that f € 2, if and only if

sup | |9(2)] 21— 222 (1 = |@a(2)*)"PdA (2) < oo (5)

acB

For any f € £, using (1) and (5) we get

sup | [R(Z o e )@ (L= 12 (1 = |@a(2)]*)"PdA(2)

acB
= sup [ lg()) P17/ (9()P (1~ [P’ (1 = lgu(2) )" dA ()
(1—1z*)lg(@) .
gCHfH%}ZEE BW(I_W“( )| )'PdA(Z) < oo, ©6)

ie. 79 .f €2y, hence Iy ,: # — 2, is bounded.
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Conversely, assume that @g : B — 2, is bounded. By Lemma 2, there exists a
positive integer M and there exist functions ﬁ € AB(1 < i< M) such that

M o 1
;‘9 ﬁ(ZM}W, ZE€B. (N

By the assumption, we have %, fi € 2 (1 <i<M),i

sup \9‘( oL = (1~ [9u(2))"PdA(z) < oo, i=1,-- .M. (8)

acB

Since
1 M 2 M

Tl < (Z1796@)) <c X170 ze8, ©)

we obtain
(L= 2P le()? '
sup B-zii;ﬂﬁ(jﬁ———<1—wqh<>|> P ()
<Csup [ > 2\@% )Pl P (1 =1 (1 = gu()?)"dA (2)

—CZSHP 1R (g0 (z )P =21 = |@a(2)P)"PdA () <o (10)

i—1a€BJ/B

Then (4) follows from (10). [
REMARK 1. From [5] we know that f € 2, if and only if

[Rf@)P(1—|z*)"? " dv(z) (11)

is a p— Carleson measure. Using this characterization of 2, and similarly to the above
proof we see that 7y, : & — 2, is bounded if and only if

1 (1— |Z|2)"P—n+l‘g(z)|2
sup onr /S(g 5 (1—|p(z)[?)2 dv(z) < (12)

where sup is taken over all S(&,6).

THEOREM 2. Let ¢ be a holomorphic self-map of B, "n;l <p<;%, g€ H(B)
such that g(0) = 0. Then Dy, : B — 2,0 is bounded if and only if

(=Pl o
tim [ s B (1 )P " aA ) =0. (13)

Proof. Assume that (13) holds. Similar to the proof of Theorem 4 of [7] or Lemma
2.6 in [16], we have

p [ =BRGP

| _ 2\n
acptB (1 —|0(z)]?)% (1= [a(2)[7)"dA(z) <
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By Theorem 1, we know that 7, : # — 2, is bounded. We need only to prove that
oof € Zpo foreach f € %, and this follows from the inequality

/3\9?(93,;,,1‘)(1)\2(1 —[2)* (1~ 9u(2)P)"Pd2 (2)

22 2
<clrlly [ G (1~ @),

Conversely, assume that g, : % — 2, ¢ is bounded. Using a way similar to the
proof of Theorem 1, we choose functions f; € #(1 <i< M) such that

M
1
2°f(z)| > ———, z€B. (14)
217> T
Then 2¢ gﬁee@po(lgiSM).Therefore

(= PPle)P )
|5§11/BW(1 —|@a(2)?)"Pd A (2)

cz lim [ [R5, f)@) P~ 221~ a2 )P aA () =

—1 la|—1
which shows that (13) holds. [l

REMARK 2. From [5] we know that f € 2, if and only if

R (1= [2?)"?~" dv(z) (15)

is a vanishing p— Carleson measure. Using this characterization of 2, o and similarly
to the proof of Theorem 2 we see that Zg,, : & — 2,0 is bounded if and only if

I N a1
55 g 11RO~ (1o

uniformly for £ € dB.
By [11], we see that 2, = % and 2,9 = %y when 1 < p < 5. Now we
consider the special case of 1 < p < 1.

THEOREM 3. Let @ be a holomorphic self-map of B, g € H(B) such that g(0) =
0. Then the following statements are equivalent.
(i) The operator @g‘;g : B — A is bounded;
(ii)
My = sup(1—[2*)[g(2)|(1 — [@(2) ") "% < eo. (17)

z€B

Proof. (i) = (ii). From Lemma 2, there exists a positive integer M and there
exist functions f; € (1 <i < M) such that

M o 1
;\@ fi@)| = T Z€B. (18)
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Setting z = @(w), we get
2 1

Hence

(1—1zP)ls()|

ey o r
1= lo@)® (1—1[z])lg@)[|2% fi(o(2))]

'ME

I
—_

<

|
Mkx

(1= |R(Zg o ) 2)]- (20)

I
—_

By the boundedness of %, : # — %, we see that g, fi € H(i=1,---,M). There-
fore the superemum over z € B of the right-hand side of (20) is finite, this implies that
(17) holds.

(it) = (i). Suppose that (17) holds. Then for arbitrary z € B and f € %, by
Lemma 1 and (1) we have

(1= [2P)IR(Zg )@ = (1= 1*)|2° f(9(2))5(2)]

152
= (- lo@P) 7 o) 18]

(1-lo(x)[?)“
(1—1]2*)Ig(2)]
<O fllz—FFm 21
By the assumption we see that (%, f)(0) = 0. On account of the condition (17), the

boundedness of the operator %, :  — 2 follows from (21) by taking the supremum
over B. This completes the proof of Theorem 3. [J

THEOREM 4. Let @ be a holomorphic self-map of B, g € H(B) such that g(0) =
0. Then the following statements are equivalent.

(i) The operator @&g : B — Ay is bounded;

(ii)

ll‘lm(1—|2| Hg@I(1— o))~ =0. (22)

Proof. (i) = (ii). From Lemma 2, there exists a positive integer M and there
exist functions f; € (1 <i < M) such that

M
1
;‘@aﬁ(Zﬂ)W, 7Z€EB. (23)
From the proof of Theorem 1,
-z 4 M
7( : 3' < 2 (1= [P)R(Zg /) @)]- (24)

(1_|(P i=1
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By the boundedness of 7, : % — %, we see that 7 . fi € Bo(i=1,---,M). There-
fore the right-hand side of (24) tends to zero as |z] — 1 Hence (22) is satlsﬁed

(ii) = (i). Suppose that (22) holds. Then for arbitrary z € B and f € %, from the
proof of Theorem 3 we have

(1—[z]*)Ig(2)]
(L= P)R(Zg )@ = (1= o)) *2*f(9(2) i F=rva
8 (1=lo(2)])”
(L= P)le@]
(1=lo(2)*)”
as |z| — 1, that is 9"‘ p.ef € %o. From the assumption and Theorem 3 we see that
Do # — % is bounded. Therefore 7y, : % — % is bounded. This completes the
proof of Theorem 4. [

< Cllfll2 (25)

Finally, we consider the case o = 1. In this case, we completely characterize the
boundedness and compactness of the operator @é,_ ¢ on the Bloch space in the unit ball.

THEOREM 5. Let @ be a holomorphic self-map of B, g € H(B) such that g(0) =
0. Then the following statements are equivalent.
(i) The operator @(}m : By — B is bounded;
(ii)
My = sup(1 = [z*)|g(2)|[(1 = [@(2)}) " < eo. (26)

z€B

Proof. (ii) = (i). Assume that (26) holds. By Theorem 3, we see that :@(}m
P — A is bounded. Hence @é%g : By — A is bounded.

(i) = (it). Suppose that @J),g : By — # is bounded. Taking f(z) =1, then by
the boundedness of the operator @J),g : By — B we get

Ly :=sup(1 - |z*)|g(2)] < oo @7
z€B

For a € B, set

e
fa(z) =1n —Ga) (28)

It is easy to check that sup,.p || fall < 2 and f, € Ay for each a € B. Therefore we

have

217,

> 12 s fotr)| 2 = (D o fo)) (0)] + igg(l — 2R P g fo) )]

o (=[P g®)lle®)?
- I=[o(@)P

for any b € B. Here we used the fact |(Z, 5fq, 1) (0)[ =0.

—(1—[5)lg(b)|In

e
¢ 29
1—[o(b)? 9
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For a € B, set

A 1—|al?
I—(za) 1-(za)

hu(Z) =1

It is easy to check that sup,cp ||hq|| % < 4 and h, € P, for each a € B. Moreover

(@a)  (1—laP)(za)

M) = T  — fea)?

Therefore we have

U Dyl > 1D il = sup(1 ~ )R o))
> (1= 1dP)|g(@)lrga) (@(d))] = (1= |dI*)|g(d)|Rhga) (@(d))]
— (1—1dI? n ¢ _

for any d € B. From (30), we get

sup(1 — |22 " 1) <o, 31
Zlelg( l2*)lg(2)I( T ToP ) (€29)
which together with (27) imply
sup(1 — |z n— <o 32
Zlelg( 1218 (2)] o) (32)
From (29) and (32), we obtain
lo(2)?
sup(1 — |z]?)|g(z)| —th— < oo, (33)
el RO o
which implies
1—1z%)|g(z 1 2)|?
su ( | | )|g(2)| < Z sup (l—|Z|2)|g(Z)| |(P( )| >
zeBlo@)>1/2y 1= |02 (z€B.lo(z)|>1/2} 1—1o(z)]
< oo, (34)
From (27) we get
(1-[zl*)lg(z)] _ 4 2
sup B S qup(1 - [2P)lg(2)] < . (35)
{z€B,|p(2)|<1/2} 1—|p(z)? 3 .eB

Combining (34) with (35) we get (26). This completes the proof of this theorem. []
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THEOREM 6. Let @ be a holomorphic self-map of B, g € H(B) such that g(0) =
0. Then the following statements are equivalent.

(i) The operator @ql)’g : By — Ay is bounded;

(ii) The operator _@(},g : By — B is bounded and

lim (1 —|z%)]g(z)| = 0. (36)

|z]—1

Proof. (i) = (ii). Suppose that :@ql,’g 1 By — Py is bounded, then it is clear
that gqlx,g : By — A is bounded. Taking the function f(z) = 1, and employing the
boundedness of gqlx,g T By — Py, we obtain that (36) holds.

ii) = (i). Assume that 2} _ : By — % is bounded and (36) holds. Then for each
?.8
polynomial p(z), we have

(1= [2P)IR(Zg 4P)(@)] = (1= [z1)| Zp(0(2))llg(2)]
(1= 2P Ip(9(2)) + Rp(9(2)) |18 (2)]

< (Il + 1%pll) (1 = [2*) g (2)-

From (306), it follows that for each polynomial p, @(},’ ¢(P) € Hp. The set of all polyno-
mials is dense in %, thus for every f € % there is a sequence of polynomials (py)ien
such that ||px — f|l# — 0 as k — . From the boundedness of :@ql,ﬁg c By — B, we
have that

1 1
1% sPk = D of

1
2<%,

\pi—f

Bo—B #—0, ask— oo
From this and since %, is a closed subset of Z, we obtain 9&,# f=lim_ e 9&,# Dk €
PBy. Therefore 9&,# 1 By — Py is bounded. The proof is completed. [

THEOREM 7. Let @ be a holomorphic self-map of B, g € H(B) such that g(0) =
0. Suppose that @(}m : B — A is bounded, then the following statements are equiva-
lent.

(i) The operator @ql)’g : B — A is compact;

(ii) The operator _@(},g : By — B is compact;

(iii)

lim (1-[zP)[g(2)|(1 - lp()*)~" =0. 37
lp(z)[—1

Proof. (i) = (ii). Itis obvious.
(i) = (iii) . Suppose that @ql,ﬁg : By — A is compact. Let (zx)ren be a sequence
in B such that [¢(z;)| — 1 as k — co. Set

e e

—1 2
hr) ("hemy)  eN

Ji(z) = (ln
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From the proof of Theorem 5 we see that f;, € %y and supcy || /x|l z < C. Moreover,
fx converges to zero uniformly on compact subsets of B. By Lemma 4,

2(1 — |zl 18 (2l (i)

(=g =

1—|o(z)?
< sup(1—[2*)|R(Zy /i) (2)]
ZEB
=2 o fill 2z — 0, (38)

as k — oo, this implies

i 20— a8 (o) llo(z0)
ke—eo 1—|o(z)

e
= lim (1 — [z/*)|g(z)|[In———.  (39)
k—}oc( | k| )|g( k)‘ 1— |(P(Zk)|2
if any one of the limits exists.
Let (zx)ren be a sequence in B such that |@(z;)| — 1 as k — oo. Set
e -1 e 2 1-le()]?
h(z) = (In ———— n——— ) 2T (40)
1a) < 1- \(P(Zk)|2> ( 1—<z,<P(zk)>> 1= (z,0(z))

Analogous to the proof of Theorem 5 we see that /i € %y and sup,cy |||z < C.
Moreover, h; converges to zero uniformly on compact subsets of B. By Lemma 4,

1— |22 In—2 ) <sup(l—|z2})|R(Z] .h
(1=l g @)l (1n T = 2) < sup(1 = eP)IR(Z ) )
- H-@ql)gth@_)Oa
as k — oo, from which we get
e
lim  (1—|z|?)|g(ze)|(In———— —2) =0,
\w(zwlﬁl( 2 )‘g(k”( 1—|o(z)]? )
which implies
e
lim (1 —|z|?)|g(ze)|In ———— = 0. (41)
\w(zwlﬁl( SRS 1—|o(z)?
By (39) and (41), we get
_ 2 _ 2 2
21—z )\g(22k)|: i 20—l )\g(Zk)\lco(Zk)\ _0. 4
lp)l—1 1 —[o(z) lo(z)|—1 1—[o(z)|

(37) follows from the last equality.

(iif) = (i). Assume that the condition (37) holds. Let (f;)ren be a sequence in
A with sup;cy || fillz < K and fy — O uniformly on compact subsets of B as k — eo.
From the assumption that @ p.g - % — P is bounded and the proof of Theorem 5 we
see that (27) holds. By (37) we have that for every € > 0, thereis a § € (0,1), such
that

(L= [zP)lg@)I(1~ o))" <e (43)
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when 0 < |@(z)| <1.Let Q={we B:|w| <8}. From (27) and (43), we have
1D o fill 2 = Sl€1313(1 — ) R(Zp o fi) (@) = Sgg(l —12*)12fc(9(2)g(2)]
Z Z

<< sup  + sup )(1_‘Z|2)|g(1)||-@fk((l’(z))‘

{z€B:|¢(2)[<8}  {z€B:0<p(z)|<1}

1— 2
<Liswp|2h)+Clally  sp  LZEDEC)
weQ (zeB:5<lp(z)<1} 1 —19(@)]
<L Sug(|fk(w)\ +[Rfi(w)]) + CKe.

we

By the Cauchy’s estimate and the assumption we see that the sequences f; and Rf;
converge to zero on compact subsets of B as k — c. Since (2 is compact, we get
that limy_...sup,,cq |fk(w)| =0 and limy_...sup,,cq | R fi(w)| = 0. Using this fact and
letting k — oo in the last inequality, we obtain that

limsup || Zy . fill < CKe.
k—so0 /

Since € is an arbitrary positive number it follows that limsup,_,., H@(i,g fills = 0.
It follows from Lemma 4 that the result follows. The proof of this theorem is com-
pleted. O

Let L: X — Y be a linear operator, where X and Y are Banach spaces. Recall that
L is weakly compact if for every bounded sequence (x,)uen in X, (L(x;))qen has a
weakly convergent subsequence (see [3]).

THEOREM 8. Let @ be a holomorphic self-map of B, g € H(B) such that g(0) =
0. Then the following statements are equivalent.
(i) The operator :@qng : B — By is compact;
(ii) The operator 9&,7&, 1 By — By is compact;
(iii) The operator :@ql%, T By — By is weakly compact;
(iv)
lim (1—[z*)[g(2)|(1 - [@(z)]*) " =0. (44)

|z —1

Proof. (i) = (ii). It is obvious.

(if) = (iii) . Since every compact operator is weakly compact, the result follows.

(iif) = (iv). Assume that 9&,# T By — Ay is weakly compact. Now we adopt
the method of the proof of Theorem 2 in [8]. Since 9&,# T By — Ay is bounded and
(Ao)* = Al (see [23]), then we see that (2, ,)* : A' — A is bounded. Hence every
linear operator L on % can be identified by a function g € A!, so that for every f € %,
and g€ A!,

(Zgo().8) = (f.(Z)"(2)) (45)
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On the other hand, since (A')* = 2, we see that (%, ,)** : 2 — 2 is bounded. Hence
every f € % can be viewed as an element of the space (A!)* and

(f:(Zg0)"(8)) = ((Zp )" (f).8)-

From these two formulas we get

(295(1),8) = ((Zg,0)™().8),

for every g € Al. By a well known consequence of Hann-Banach theorem we obtain
(Do) (f) = Dy o (f) forevery f € . Since %y is w* dense in 2, it follows that
(Do) (f) = Dy, (f) forevery f € .

Let X and Y be Banach spaces. Using Gantmacher’s theorem (see [3]), we
have that L: X — Y is weakly compact if and only if L**(X**) C Y, where L** is
the second adjoint of L. Hence @ql,g : By — P is weakly compact if and only if
(Do) ((%0)**) C %o From the fact that (7 )" (f) = Py ,(f) forevery f € 2
and (%)™ = % ([23]), we see that :@ql,’g 1 By — B is weakly compact if and only if
D (B) C Py . Then the result follows from Theorem 4.

(iv) = (i). Suppose that (44) holds. By (21) we have

(1= ) [R(Zgo /)@ < ClIf 21 = [zP)|g (@)1 = () )" (46)

Taking the supremum in (46) over the unit ball of the space 4, then letting |z| — 1,
we obtain

lim sup (I1— \z|2)|93(@q1,7gf)(z)\ =0. 47)

2l =1 £ m<1

From Lemma 3 and (47), we see that @J),g 1 B — A is compact. The proof is com-
pleted. O
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