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CHARACTERIZATIONS OF OPERATOR ORDER
FOR k STRICTLY POSITIVE OPERATORS

JIAN SHI AND ZONGSHENG GAO

(Communicated by T. Furuta)

Abstract. Let A; (i=1,2,---,k) be bounded linear operators on a Hilbert space. This paper aims
to show a characterization of operator order Ay > Aj—; = --- > A2 > A1 >0 in terms of operator
inequalities. Afterwards, an application of the characterization is given to operator equalities due
to Douglas’s majorization and factorization theorem.

1. Introduction

A capital letter (such as 7') means a bounded linear operator on a Hilbert space
. T is said to be positive (denoted by T > 0) if (Tx,x) >0 forall x € 5, and T is
said to be strictly positive (denoted by 7 > 0) if T is positive and invertible. The usual
order S > T among selfadjoint operators on ¢ is defined by (Sx,x) > (Tx,x) for all
x € . Let I denote the identity operator.

As an historical and beautiful extension of the famous Lowner-Heinz inequality:
A>B>0=A%>B" if a €[0,1], T. Furuta proved the following operator inequality
in 1987.

THEOREM 1.1. (Furuta inequality, [9]) If A > B > 0, then for each r > 0

(SR

(1.1)

(ABAPAS)a ,
5 (B2B'B )5 (1.2)

(A2BPA%)a
(B B3APB )5 7

=
=

hold for p >0 and g =1 with (1+r)g=p+r.

K. Tanahashi showed that the conditions for p and ¢ in Figure 1 are best possible
foreach r > 0. See [19]. It is well-known that Furuta inequality has many applications.
See [2, 3, 5, 10, 13, 14, 24, 25, 26].

In 1995, T. Furuta showed the following theorem which interpolates Furuta in-
equality and Ando-Hiai inequality for log majorization([1]).
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P (l+r)g=p+r

(17 0) q
(0’ 77‘)

Figure 1: Domain of Furuta inequality

THEOREM 1.2. (The grand Furuta inequality, [11]) If A> B >0 with A >0,
then for each t € [0,1] and p > 1,

B 1 1 ro A=t
AV S (A5 (ATEBPATE AR T (1.3)

holds for s > 1 and r > t.

K. Tanahashi proved that the exponent value 0 ;:t’;; _’H of the grand Furuta inequal-

ity is the best possible in [20]. Afterwards, the proof was improved by T. Yamazaki and
M. Fujii et al., respectively. See [22] and [7].

In 2003, the grand Furuta inequality was extended by M. Uchiyama in [21] as
follows:

THEOREM 1.3. (Extended grand Furuta inequality, [21]) IfA > B > C > 0 with
B >0, then for each t € [0,1] and p > 1,

1—t+r

AV > (AR (BECPB YA B (1.4)
holds for s > 1 and r > t.

In 2008, the grand Furuta inequality was given another extension in [12] as fol-
lows:

THEOREM 1.4. (Extension of the grand Furuta inequality, [12]) If A > B >0 with
A>0,te€[0,1] and p1,p2;...,pan = 1 for any natural number n, then the following
inequality

Al > {A% [A*% [A*%{A5(A*%BP1A*%)P2
tir (1.5)
A%}mA—%]P“...A—%]pZ"A%}W
holds for r > t, where ¢(2n) = {---[{[(p1 —t)p2+t]p3 —t}pa+t]ps— - —t}pa+1.

‘We mention that some results related to the extension of the grand Furuta inequal-
ity are in [15], [16] and etc.

In 2010, C. Yang and Y. Wang [23] showed the following theorem which general-
izes the extended grand Furuta inequality.
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THEOREM 1.5. (Further extension of the grand Furuta inequality, [23]) If App+1 >
A2n >A2n71 Z e 2 A3 = A2 >Al = 0 with A2 > 0; 11,02, s In—1,In € [07 l] and
DP1sD2y -y Poan—1,P2n = 1 for a natural number n, then the following inequality

I—tgtr 5 (42 —g F AR At A Faria—
Ay {A2n+1[A2n {A2n71“.A [A, *{A5 (A AT'A, 2 )2 (L6)
AT}P3A ]P4A22' 2n 1}p2)1 lA ]P271A7 }ﬁ
holds for r > t,,, where w[2n] = {---[{[(p1 —t1)p2+t1|p3 —t2} pa+t2]ps— - —tu} pou+

tn.

Recently, some beautiful results on characterizations of operator order have been
shown, such as [8], [17] and [18]. C.-S. Lin, by using Furuta inequality, showed char-
acterizations of operator order for two strictly positive operators in [17]. Afterwards, he
and Y. J. Cho, by using the extended grand Furuta inequality, showed characterizations
of operator order for three strictly positive operators in [18]. The aim of the present
paper is to show a characterization of operator order Ay > Ay > --- 2 A2 2 A1 >0
for any positive integer k in terms of operator inequality via the further extension of
the grand Furuta inequality. An application of the characterization is given to operator
equalities due to Douglas’s majorization and factorization theorem.

2. Main results and proofs

In this section, we show a characterization of operator order for k strictly positive
operators. First, we assume that k is an odd integer (k =2n+1).

THEOREM 2.1. If A1,A2,A3,- -, Aon—1,A0n,A2ny1 are strictly positive operators,
then the following two assertions are equivalent.
(D Aspr1 2 A0 Z2A0 12 2A3 2 A 2 A,
(II) If 1,0, 0 € [Oa 1]! P1,P2s 3 P2n—1,P2n 2 l! 1[/[271] = { [{[(pl - tl)l?2 +
t1)p3 — 02} pa+0)ps — -+ — ty}pon + 1, then the following inequalities always hold
forr>t, t
n—1

ro—m o il
(IL1) A7 > {A2n+1 Agy” {Ayiy o AS [A4 {Aa (Ay ZAPIA )mA }m

_h n In—1 _mmpy I wi2nl—tn+r
2]P4p2 2 P2n—1 2 2 v2n]—tn+r
A4 ] AS o .A2n71 } A2n :| A2n+l } ’

I

r ro_m In—1 o _h n
(IL.2) Agn-?-ll {A22n+1 _A2n-2i-1{A2n2 "'Aﬁ2 [As : '{A42( ZAmA )p2A2 }m

r r—tn
A 2 y2n]-tntr |
2n+1 ’

1 1

_in 'n—1 h _ _n n 1
(IL.3) Aﬁni”l {A2n+1 Aznil{A2n2+1"'A72 [A ’ ‘{As (Ay 2AplAzx )mA }m

_h 3 In_1 _In 1P
21P4 472 7 P2n—1 2
ASZPAZ A A }

2n+1

_n n m \pay I T
2 P42 P2n—1 2 2 W[Zn] tn+r .
A6 ] A A2n+1 } A2n+1:| A2n+1 } ’

1

' r _n -1 L _hon il
(H'n) A£n+l {A22n+1 [A2n-2i-l {A2n2+1 . 'An2+4 [An+23 {An2+2 (An+21Ap1An+1)p2A 2 2}173
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p4A2

A n+4" 2n+1

>

n+3]

—In P2 T pT Er——
P2n—1 2 u/[Zn] ly,+r A
} A2n+1] A2n+1 }

oot Il L o
(ILn+1) A7 < {Af [Al a7 AL A S A (A n+21A£17-1i-2An+1)p2A2 3

_n ) /Sl B N e e
2 P4 A2 7\ P2n-1 2 5 | wRnl—tm+r |
A l] An 2“.Al } Al i| Al } ’

1 1 t t t

r—Ip % - % tn%l '% - _% % N % P1 % P2
(112H-2) Al < {Al |:Al {Al a 'A2n75 [A2n74{A2n73 ’ (A2n72A2n71A2n72) :

n _h In_1 —rwm LY YR
2 P 5 P4 2 7\ P2n—1 2 7 ’"“ .
A2n—3} 3A2n—4] A2n 5° Al } Al A } ’
- —In 2
(IL.2n-1) A} < {Al {Al {Az Az alAr” 3{A2n 2 (A2 1A%,45,21)
n _h /) In—1 _mpm - Ll
2 3 2 NP4p2 A2 P2l 2 5\ vt
A2n72}p A2n73j| A2n7 A2 } Al Al } ’
n In—1 /) n q q

2{A3T"'A27n—3[A2_n72{A27n 1 (A A2;+1A_7)P2.

s _n 2 In—1 _Impw L
2 P3IA_ T (P4 2 AT Pl g2 2 ’"“
Ay iy} A2n—2] Ay 34y } A, A } .

(I12n) A} < {A2 [A

r—, [,1

Proof. (I)=- (1) Applying Lowner-Heinz inequality for — to the further ex-
tension of the grand Furuta inequality, we obtain (II.1). Replacmg Al LA Az, Agy
As, by Az, Az,A4, -+ A2y, Agyt in (I1.1), respectively, we obtain (I1.2). Replacing A3,
Az, A4, ,Aon—1,A2, by Az,A4,As, - Agp,Asny1 in (IL2), respectively, we obtain
(I1.3). Similarly, we can obtain (IL.4), (IL.5), ---, (IL.n).

If we replace A1,A2,A3 -+, Agu—1,Aon,Azns1 by A5 AL AL o AT AT,
Al_1 in each of (IL.1), (IL.2), (I.3), ---, (IL.n), respectively, and take inverses, then
(I1.2n), (I.2n-1), (I1.2n-2), -- -, (II.n+1) hold.

(IT)=-(I) Because each A; is strictly positive and bounded, there exist u; and v;
such that +eo > u;l > A; > vil >0 (i=1,2,---,2n+1). If we take p; = p3 = pa =

=pyu=1,1=t6p=--=t,=1, r=2 in (IL.1), then we have

Agpyt
1

_1 1 L1 1 1 _1 L1 1 1 _1 1
> {A2”+1A2n2A22n—1 . 'A52A4 2A32 (Az 2AlAz ’ )p2A32A4 2As2 "'Azzn—1A2n2A2n+1}2~
2.1

According to Theorem 6’ in [6]: X >¥ >0 with s/ > X > 11> 0= & x2 > y2,
we can obtain the following inequality by (2.1) and w411 = Aopt1 2 vou+1l > 0.

(2041 +v2n+1)2A2
Qi vanrr 2.2)

1 1 1 1 1 1 1 1 1 1 1 1
T24A2 CLLAZ A 242 —2 T2\P2A2A 2A2 .. .42 2
2 Aont14y, A,y ASA, P A3 (Az A4, ) A3ALCAS Ay, Ay Ayt
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Then we have

(uant1+Vvans1)? | Ugpliop—2 - UGU4

4u2n+lv2n+l Von—1V2n—3 - V5V3

- (Uops1+Vans1)?
4u2n+lv2n+l

1 1
= (Az ZAlAz 7)172

1

Sdactat a4t aiadat @3
A3 A4A5 "'Azn—lAZnAzn—l"'As A4A3

Thus, , .
(uant1 +vons1)”  Uoplion—2 - Uglls | 5; -

P2
>4,
Auzpi1vant1  Van—1V2n—3 - V5V3

1 1
2414, ? (2.4)

holds for any p, > 1. A > A; is obtained by taking py — +oo.

Similarly, we can obtain A3 > Ay,Aq > Az, ---,Ap+1 = A, by (I1.2), (I1.3),
(IL.n), respectively.

By the same setting for (2.2n), the following inequality holds according to Theo-

rem 6in [6]: X =Y >0 with s'I > ¥ ’1>0:»(”,§,> X2 =72
(uy + V1)2 11 1 1
duyv, AlA,) PA3 A2n2 2A2n 1(A2n A2n+1A2n )P A2n 1A2n 1Az A Al
> A2
(2.5)
Then we have
_1 _1
A2n2A2"+1A2n2
4uyvy B | I
2 [m 2n2 1A2n 2 Ay TARAL T Ay KAy ’ (2.6)

1
[ duyvy 'V2V4"'V2n—2}51
(1 +v1)? usus---uzp—

Aspt1 = Ay, 1s obtained by taking py — +oo in (2.6).
Similarly, we can obtain Ay, > Ax,—1,A2—1 = Aon—2, - ,Apnt2 = Ayy1 by (I1.2n-
1), II.2n-2), ---, (IL.n+1), respectively. [

REMARK 2.1. If n =1, Theorem 2.1 is the main result of [18].
Next, we assume that k is an even integer (k = 2n).

THEOREM 2.2. If A1,A3,As, -+, Ay_1,A2, are strictly positive operators, then
the following two assertions are equivalent:
(DA Z2A0 12 2A32A 2 A,
D If t1,t2,--- 1y € [0,1], p1,p2,---,p2n—1,p20 = 1, W2n] = {---[{[(p1 —t1)p2 +
t1)p3 — 2} pa+02)ps — - — ta}pon + ta, then the following inequalities always hold
forr>t,:

/] n
(L A" > {a3,[4 CEAT ad AR Ak, anay Bymadye.
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_nh ] P2n
A4 ’ ]p4A52 : A2n2 l}pzn lA :| ’ A22n}

(I12) AL > {Agn [A;,F (a7

-A¢ 4
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7f
—tntr

’
n

F oAt

r—In
-2 Pon LY v
2 P4 2 2 P2n—1 5 | vR2al—tntr |
AS ] A6 ’ A2n } A2n ] AZn} ’

r _tn -l
@ a5 > {Afn [AM {4,

r _mIn In—1
(ILn) AL > {Agn [A2n7 {A :

tn 1
P
An+3] 4Ar17+4
oot Il
(H.n+1)A§ < {Af [A Fia”
-1 mpam L
An ]p4A22"A12 }p2)171A12:| 2A2

t 1 ' [
r

TERT ST S
3
A2n73} A2n74j| A2n—5 Al

(ar2n-1) A7 < {A7 [A[T"

Proof. Replace A4+ by Az, in Theorem 2.1.

ad [

6 '{As(

—1
P s VO
2n ’
/) B q
2 -2 2
’ 'An+4 [An+3 {An+2(A
r—in
}PZn lA pZnA% y[2n]—tn+r .
2n 2n ’

”An 2[An I{An (

—In

} [Zn —t+tr
’

] L)

n+1

2 A’”A )pzA 2 }ps
2 APIA )pzA 2 }m
ZAP A

n+1

_ mP2wm L ﬁ
}p2n 1A12:| AIZ}W["] n ";

2 P1
An+2A

n+1)p2A 2

t t

1 1
2 2 -2 2 -2 P1 -2
’ 'A2n—5 [A2n74{A2n73 ’ (A2n72A2n71A2n72)p2 :

n+1)p2A 2 2}1’3

}P3

s _n _h
alAy 3{A2n 2 (A7 A5 A7 )P
r

ul _a A —myPwm LY u—Tr
2 2 (P4p2 2 P2an—1 2 5 u/[2n] tn+r
A2, AL TSITAL AT FTIA ] Al} .

O

Combining Theorem 2.1 with Theorem 2.2, we have shown a characterization of

operator order Ay > Ay >
if k=15, we have the following result:

-+ > Ay > Ay > 0 for any positive integer k. For example,

PROPOSITION 2.1. If A1,A3,A3,A4 and As are strictly positive operators, then
As > Ay 2 Az > Ay > Ay if and only if the following four operator inequalities

r-%,.4
AL > A, 7 (A7 (A, 2APIA

{A

a7 > {a

Do~
T

]

r—-2, 1
As 2 (A7 (Ay 2A”IA

Do~
T

v} il

A7F(AF (A7 FADA;

r—t %
AT <{a]

n

’2
AT <A a7 (a7 4y FanA;

hold for py,p2,p3,pa
tlps —t}pstia.

>1, 11, € [0,1] and r >

)PzAZ)P3A

]
3, -2
Haf)rag?

)PzA’I)I’3A ’2'_

)PzAZ)P3A ]

tr, where

'174 r
|"as}

3
Af

=
-~
S
el SR I~
M e~ ——

r—ty
-1 +r
)

r—ip

b

r—ty
yld—1p+r
)

r—ip
y[d]—tp+r

2.7

2.8)

(2.9)

(2.10)

vi4 ={l(p1—t)p2+
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REMARK 2.2. It should be mentioned that we can not obtain A5 > Ay > A3z >

As > A, only by (2.7) and (2.10). If A = (é 8) Ay = (é ?) Ay = (é 2)

Ay = (g (1)) , As = (u—(})—s ?) , where u > 1 and € > 0, then the five strictly posi-
tive operators satisfy (2.7) and (2.10), but do not satisfy A4 > Az.

3. An application

In what follows we give an application of the characterization in Theorem 2.1 and
Theorem 2.2 to operator equalities.

THEOREM 3.1. If A1,A2,Az, -+ Aoy—1,A2,,Aopi1 are strictly positive operators,
t,t, et € [0,1], Pl,Pz, ypm 2 Loyn]={--[{{(p1 —t1)p2 +11lp3s — 12} pa+
tlps—--— t,,}pzn +1,, r > ty, m is a positive integer such that (r —t,)m = y[2n| —

t, +r with m > 2, then the following assertions are mutually equivalent:
(D) Azny1 2 Aop 2 Aop1 2 -+ 2 A3 2 Ax 2 Ay
(IT) The following operator inequalities hold:

r n—1 oot n 1
(I1L.1) A;njrl {A22n+1 2n2 {A2n | ..ASZ [A4 2 ,{A}Z( ZAPIA )PZAZ }P3.

_n [/} n—1 ’71 Pan L -
21P4 A2 ) Pan—1 7 m.
A4 ] AS o 'A2n—l} A2n ] A2n+1} ’

r n—1 n
a2y an > Ak [0 (AT o ad [as

31

n n
2 {A] (A, ZAPIA )P2A4 1P

~31p4,3 % P14 =% 1P 5 m
As ] Ag Ay, } A2n+1:| A2n+1} )
r r —1 n _h h
(11-3)A§nf£’1 {A2Zn+1 2n+l{A2n+1 "A77 [A67'{A§[( TAPIA )pzAT}m'
“31ps, % P VY
A ] A7 - 2n+1} A2n+l:| A2n+1} )

r _In n—1
(II n) A;n-t:l {A2ZI’Z+1 |:A2n?_i-l {AZ_nz:l Ar?_+4|: n+3{An+2( n+71Ap1An+1)P2A7 2}173
In—1 _mm qpy I L
P P2n— m
An+3] 4An2+4 A2n2+1} ’ 1A211<2H] A22n+1} ’
rro_mo o ol n b
(IIH+1) A’i " < {A12 |:A1 ’ {Al s .An2—2 [An—21 {An2 ( n+21A£1?-1i-2An+l)

P2A2}P3
P4 il Pt 4 — %P2 5 m
AR AT ATy A

r In—1 2} ) il il al

ar2n2) A7 < {af (4 {A T A AT A o (A, AR Ay
P L %
2, Alz }

T o pa= 3 rag? L o
A2n—3} A2n—4] A2n—5'“Al } Al ]
r In—1 s n 1
(H'zn_l) A’i " < {A12 {Al ’ {A22 "'A2n—4 [A2n2—3{A22n 2 (A2n 1A2nA2n 1) -

t

a _n /3 In—1 _Inpam L
> 3 5 P4 4% . 7\ P2n—-1 2 2 (m.
A2n—2} A2n—3] A2n—4 A2 } Al Al ’
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1 t t

r i n—1 2] _n _4
(2w A7 < {a7 |4, 7{AT--.A;{, T A @ tan A e

% P3A_ %2 P4 %2 2 P2n—1 Pan % %
A2n71 } A2n72j| A2n 3° A3 } A Al
(IIT) There exist strictly positive operators S1,52,53,-+,S2n—-2,8m—1,S2, Satisfying the

Sollowing operator equalities, respectively, where each S; (i =1,2,---,2n) is unique
with ||S;]] < 1.
(IIL 1) A2n+1S1 (Agnillsl)m7 2n+1 —A2n+1(SlA£;~T1)m 1S1A2n+1 =
[ (4,7 oad (47 ad g an s Dymadyra Friad
“Azfl}”"’lAzn ]pZn ;

(1L 2) A2n+1 (Agnj:l )" 1Azn+1 A2n+1(S2A£th:1)m 1S2A2n+1:

_n tz 1
[A2nil{A cad A ad @t apas Hmadyma Fmad
}p2n 1A2 }’»1:|p2" .

-2 r— m— ~ ~ r—Iip \m— —
(IIL.3) A2n1153 (A2ni1153) 1A2n<2+1 = A2n<2H(S3A2n<tH) 153A2n3r1 =
_m In—1 L _n n
[A2n<2H{A2n2+l o 'A72 [As ’ {Asz ( ZAPIA )MA ! }mA ]p4A :

..A["%l }PZn—lA_ITn ]pz” .
(IH 1’1) A2n—2i-IS (Agn-t:ls )m 1A2n+1 A2n+1(S Agn-t:l)m 1S A
n
-7 7 p
[A2nil{A2n+1“'Anz+4 [An+3{An2+2(An+21AmAn+1)p2A 2 2}p3An+3] 4Anz+4

n

}p2n 1A77 :|P2n .

2n+1 -

2n+1 2n+1

(ILn+1) A, % S;+1 )"HA’

_tn el
[Al : {Al R .An272 [Anfl{Anz ( n+21AﬁJlr2An+l

(Ar [nSnJrl

“*II

n+1

A %(SnHAr ym=lg-l AT
yradimad1mal,

In—1 —Inpan
. 2 P2n—1 2 .
Al } Al } ’

(HI 21’1 2)A 2 San 2(Ar tnSan Z)m 1A 2 _A_%(Sgn1 2Ar_tn)m_1S27nl—2A1_% =

2 P1 _’71 14 P 2 P4
[A {A oAy 4{A2n 3(A2n WAy 1Ay, o) 2A2n 3142,
A 2 }p2n lA :|P2n .
1I1.2n-1 A77S—1 Ar*lnS—l mflAf% _Af% S—l A"*fn mflS—l Af% _
(IL.2n-1) A} 2S5, (A} "S5, 1) P =A (8,47 ) m—141 7 =
_m -1 _nh g _n _n g _h
[ 1,7 [ Ak st anan mad ean E e
In—1 1 =2 P2
..A22 }pZ 1A12:| R

- r—in ¢—lym— - %o r—ip\m—1¢— -
(IL.2n) A, * S, (AT, 1A 2 = A2 (S5, AT ym=1s AL 7 =
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t t

[ _%{Aii_l[ _EZZ' {ALZL (A TAPI A_’ZL)pzAQL }pg,A_EZZ' ]P4
2n 2 2n—1 2n+1°"2n 2n—1 2n—2
A 2 }p2n lA :|P2n'

Proof. Because (1)< (II) holds obviously by Theorem 2.1, we only need to prove
that (II) < (IIT).

Firstly, let us prove that (II.1)=(III.1). We recall Douglas’s majorization and
factorization theorem in [4]: SS* < A2TT* < there exists an operator Q such that
TQ =S, where ||Q|*> = inf {u:SS* < uTT*}.

By (IL.1), there exists an operator E1 with ||E{|| < 1 such that

r—in r—in

kA2
2n+lE1 E1A2n+1

= {A§n+1 |: 2n2 {A2n 1°

A
1 L

5 Pan L m
'{A32( 2AP1A )PzAZ}m A 2 }Pzn 1A2n } 2A22n+1}2 )

3.1
Taking S| = E(E{, we have
A2n2+lS A2n2+1
s P L %
{A22n+1 [ 2"2 {A2n 1’ {A32 ( ZAPIA )PZA }P3 A2n2 1}172 1A2n ] A22n+1} '
3.2)

According to (3.2) and S; = E\Ef, S; is unique and strictly positive with ||S;]| <1
(3.2) also implies that

r—tn r—tn r—t

( 2n+1SlA2n+1) AMTJrlSl(A;nf:lSI)m 1A2n+1 A2nT+1(SlA£n$1)m 1S1A2n+1

r _In n—1 s -4 P L
:A22n+l[A2n2 {A2n2—1“'{A32( ZAPIA )pzAz}m }m 1Azn } 22n+1'
(3.3)

Then (I11.1) holds by (3.3).
Secondly, we prove that (III.1)=- (II.1). By (II.1),

L _n In_1 - P2n %
{A22n+1 {Aznz {A2n2—1 {Az( zAplA )PzAz LR A 2 }Pzn 1A2n ] A22n+1}

r—in 1

(Ar th Sl)m lA 7 }m

_{A

2n+1 2n+1 2n+1
r=in r=in r—in r=in r—tp r—in 1
— 2 2 m
- { 2n+1SlA2n+1) ( 2n+1S1A2n+1) ( 2n+1S1A2n+l)}m
r—tn
2n+1SlA2n+1
r—ty
< A2n+1

The inequality follows from the fact that S} < ||S1|| <, and then (IL.1) holds.
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By using the same method mentioned above, we can prove that (I1.2) < (I11.2),
(I1.3)«< (II1.3), ---, (II.n) < (IIL.n), respectively.

Next, we show that (I1.2n) < (II1.2n). Notice that for two strictly positive operators
Sand T, S > T if and only if T-1' > S-!. Then, (I.2n) is equivalent to

Al 2{‘41 {Az {A3 ...A2n73[A2n72{A2n71(A2n A2n+1A2n )pz 3.4)
L .

% 3 *% P4 %2 2 Pan—1 R AR
A2n71} A2n72] A2n 3° A3 } A :| Al } .

The proof of (3.4) < (II1.2n) is similar to the proof of (II.1) <> (III.1), so we omit it here.
Repeat the method above, we can prove that (I[.2n-1) < (III.2n-1), (I.2n-2) &
(II1.2n-2), ---, (IL.n+1)< (IL.n+1). O

THEOREM 3.2. If A1,A,A3,--,Ax,_1,A2, are strictly positive operators, t|,t,
€ [07 l]) P1,P2, 5 P2n > 1) W[zni = { a [{[(pl _tl)p2 +tl]p3 _12}1744'12}[75 -
=ty }pan +th, T =1y, m is a positive integer such that (r —ty)m = y[2n] —t, +r
with m > 2, then the following assertions are mutually equivalent:
(D) Azp 2 Agp1 2 2A3 2 A2 2 Ay
(I1) The following operator inequalities hold:

n
-2

r )
(IL1) A5, "> {Azzn A2n {A2n A [A4
_ — P L %
A47]p4A57 A2_;72_1 mnilAznT} 2A22n} ;

1 1 t

r—in 5[,—% 1"51,_, ) 3 a7 + P + P3.
(IL2) A}," > Azn Azn {A AZ [As % {AF (Ay T AD'AL ) A7}

{A;TI( ZAP'A )pzAZ }p3

ror 'n—1 _h i
(I1.3) A;;ln > {A22n A2n2 {A2n2 ...A7 [A6 2 .{ASZ( ZAPIA )PZAZ }P3

............ T

(ILn) AL > {Agn 45,7 {45, A
P2n

n+3] A2n2 }pzn 1A2n :| 2A22n}

(ILn+1) A7 < {Alj {AIT{Alz "'Anz—z[ n—l{A (An+lA£17-li-2An+l)p2A 3

[ n+3 {An+2 (An+21Ap1An+l)p2A 2 2}173

5"‘ 3 M\N

p4A2

A n+4’

) o) In—1 Wpm Y
eRlZyei 2 P17 2 alm.
Anfl] An72”'A1 } Al :| Al } ’

t t

3 s _n _n
“A22n 5[ 2n— 4{A2n 3 (A2n2—2A127r11—1A2n2—2)p2

n In—1
2

(202 47" < {af [Al"f (A,

+ p*tjzmz P2n177p2"5%
Agu 3} Ay )" Ag s } Ay } A} g
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(IL2n-1) AT < {Az{ T{AT A2n 4[ {A2n 2 (A2n71A2nA2n71) 2

2n—
il _4 2 P £ 7

p P2n— m
A22n72}p3A2n273j| 4A22n A2 2 } ’ IA :| Alz}
(IIT) There exist strictly positive operators S1,82,53, -+, Son—2,Sou—1 satisfying the fol-
lowing operator equalities, respectively, where each S; (i =1,2,---,2n— 1) is unique
with ||S;]] < 1.

i i i
(I11. 1) A2n2 Si(A%, ’”Sl)m*IAznz =A,° (SlAggt’l)m*1S1A2n2 =
o)

[A2n {Azn—l"'As 4,7 {A3 (A, TAVIA, 2 )P2AZYP3A, T A

2L\ pat 4=
Ay} A2n } ;
(111 2) A2n2 S?(A’ t"Sz)’" 1A A2n (SQA’ fmym= ls A2n =
2
[A2n2 {A Ad At ad 2APIA Hymatira; 3]riad
Pan— —— P2n .
} ’ lA2n ] ’
(111 3) A2n2 53(A;n’"53)m 1A2n 2n (S3A’ fym= lS3A2n =
2
[ 2n2 {A CAR[AC AT (A A DA yras B]riad

}p2n 1A77:|P2n .

_mn ,m ,m ,fﬂ
(IILn) A,,* S,(A5,"Sy)" 1A, 2 =A,, (S A’*’")mfls A2n =
[ 7%{AtnTilA% [Ai%{A% (A ZAPIA )p2A2 }p3A ]P4A2
2n n+4 [ n+3 42\ a1 n+1 2 n+4
Pan— Pan .
2 } ’ lA2n :| ’

1
(MLn+1) A, 2 sn 1

n

n+1)m_1A_7 =47 (Sn+1

_In In—1
[ T{AT'”A [A I{A’?_( r1+’2_1AI7l An+1)P2A7}P3A ]mAT

n+2
-4 P2n
A 2 }p2n lA :| ;

(A’ " A’ 'f")'" lsn +1A =

(IIL.2n- 2)A Zszn 2(A’ ’nszn )" 1A (Szn 2A’ ’")m sk, -%_
’1
[A {A ’ |: 2n— 4{A2n 3(A2n 2A§n 1A2n 2)172A }P3A2 4]

A 2 }pZn lA_7:|p2n .
(111.211-1)A‘735n1 1(A"t"52;} mlart —A Fsyarmymisyl At =
—tm o Il 1 n
[Al ’ {A22 h [ 2n— 3{A2n 2(Azn2 1A12?r11A2n )7 A2 }p3A2n—3]

In—1 P2n
72\ P2n—1 4 7
Ay } A } :

Proof. Replace Ay,+1 by Ay, in Theorem 3.1. [
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Combining Theorem 3.1 with Theorem 3.2, we have given an application of the

characterization of Ay > A;_| > --- > Ay > A > 0 to operator equalities for any posi-
tive integer k.
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