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CHARACTERIZATIONS OF OPERATOR ORDER

FOR k STRICTLY POSITIVE OPERATORS

JIAN SHI AND ZONGSHENG GAO

(Communicated by T. Furuta)

Abstract. Let Ai (i = 1,2, · · · ,k) be bounded linear operators on a Hilbert space. This paper aims
to show a characterization of operator order Ak � Ak−1 � · · · � A2 � A1 > 0 in terms of operator
inequalities. Afterwards, an application of the characterization is given to operator equalities due
to Douglas’s majorization and factorization theorem.

1. Introduction

A capital letter (such as T ) means a bounded linear operator on a Hilbert space
H . T is said to be positive (denoted by T � 0) if (Tx,x) � 0 for all x ∈H , and T is
said to be strictly positive (denoted by T > 0) if T is positive and invertible. The usual
order S � T among selfadjoint operators on H is defined by (Sx,x) � (Tx,x) for all
x ∈ H . Let I denote the identity operator.

As an historical and beautiful extension of the famous Löwner-Heinz inequality:
A � B � 0 ⇒ Aα � Bα if α ∈ [0,1] , T. Furuta proved the following operator inequality
in 1987.

THEOREM 1.1. (Furuta inequality, [9]) If A � B � 0 , then for each r � 0 ,
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hold for p � 0 and q � 1 with (1+ r)q � p+ r .

K. Tanahashi showed that the conditions for p and q in Figure 1 are best possible
for each r � 0. See [19]. It is well-known that Furuta inequality has many applications.
See [2, 3, 5, 10, 13, 14, 24, 25, 26].

In 1995, T. Furuta showed the following theorem which interpolates Furuta in-
equality and Ando-Hiai inequality for log majorization([1]).
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Figure 1: Domain of Furuta inequality

THEOREM 1.2. (The grand Furuta inequality, [11]) If A � B � 0 with A > 0 ,
then for each t ∈ [0,1] and p � 1 ,

A1−t+r � {A r
2 (A− t

2 BpA− t
2 )sA

r
2 } 1−t+r

(p−t)s+r (1.3)

holds for s � 1 and r � t .

K. Tanahashi proved that the exponent value 1−t+r
(p−t)s+r of the grand Furuta inequal-

ity is the best possible in [20]. Afterwards, the proof was improved by T. Yamazaki and
M. Fujii et al., respectively. See [22] and [7].

In 2003, the grand Furuta inequality was extended by M. Uchiyama in [21] as
follows:

THEOREM 1.3. (Extended grand Furuta inequality, [21]) If A � B � C � 0 with
B > 0 , then for each t ∈ [0,1] and p � 1 ,

A1−t+r � {A r
2 (B− t

2CpB− t
2 )sA

r
2 } 1−t+r

(p−t)s+r (1.4)

holds for s � 1 and r � t .

In 2008, the grand Furuta inequality was given another extension in [12] as fol-
lows:

THEOREM 1.4. (Extension of the grand Furuta inequality, [12]) If A� B � 0 with
A > 0 , t ∈ [0,1] and p1, p2, . . . , p2n � 1 for any natural number n, then the following
inequality
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φ (2n)−t+r

(1.5)

holds for r � t , where φ(2n) = {· · · [{[(p1− t)p2 + t]p3− t}p4 + t]p5−·· ·− t}p2n + t .

We mention that some results related to the extension of the grand Furuta inequal-
ity are in [15], [16] and etc.

In 2010, C. Yang and Y. Wang [23] showed the following theorem which general-
izes the extended grand Furuta inequality.



CHARACTERIZATIONS OF OPERATOR ORDER FOR k STRICTLY POSITIVE OPERATORS 983

THEOREM 1.5. (Further extension of the grand Furuta inequality, [23]) If A2n+1 �
A2n � A2n−1 � · · · � A3 � A2 � A1 � 0 with A2 > 0 , t1,t2, . . . ,tn−1,tn ∈ [0,1] and
p1, p2, . . . , p2n−1, p2n � 1 for a natural number n, then the following inequality
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(1.6)

holds for r � tn , where ψ [2n] = {· · · [{[(p1−t1)p2+t1]p3−t2}p4+t2]p5−·· ·−tn}p2n+
tn .

Recently, some beautiful results on characterizations of operator order have been
shown, such as [8], [17] and [18]. C.-S. Lin, by using Furuta inequality, showed char-
acterizations of operator order for two strictly positive operators in [17]. Afterwards, he
and Y. J. Cho, by using the extended grand Furuta inequality, showed characterizations
of operator order for three strictly positive operators in [18]. The aim of the present
paper is to show a characterization of operator order Ak � Ak−1 � · · · � A2 � A1 > 0
for any positive integer k in terms of operator inequality via the further extension of
the grand Furuta inequality. An application of the characterization is given to operator
equalities due to Douglas’s majorization and factorization theorem.

2. Main results and proofs

In this section, we show a characterization of operator order for k strictly positive
operators. First, we assume that k is an odd integer (k = 2n+1).

THEOREM 2.1. If A1,A2,A3, · · · ,A2n−1,A2n,A2n+1 are strictly positive operators,
then the following two assertions are equivalent.
(I) A2n+1 � A2n � A2n−1 � · · · � A3 � A2 � A1 .
(II) If t1, t2, · · · , tn ∈ [0,1] , p1, p2, · · · , p2n−1, p2n � 1 , ψ [2n] = {· · · [{[(p1 − t1)p2 +
t1]p3 − t2}p4 + t2]p5 − ·· · − tn}p2n + tn , then the following inequalities always hold
for r � tn :
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Proof. (I)⇒(II) Applying Löwner-Heinz inequality for r−tn
1−tn+r to the further ex-

tension of the grand Furuta inequality, we obtain (II.1). Replacing A1,A2,A3, · · · ,A2n−1,
A2n by A2,A3,A4, · · · ,A2n,A2n+1 in (II.1), respectively, we obtain (II.2). Replacing A2 ,
A3 , A4, · · · ,A2n−1,A2n by A3,A4,A5, · · · ,A2n,A2n+1 in (II.2), respectively, we obtain
(II.3). Similarly, we can obtain (II.4), (II.5), · · · , (II.n).

If we replace A1,A2,A3 · · · ,A2n−1,A2n,A2n+1 by A−1
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(II.2n), (II.2n-1), (II.2n-2), · · · , (II.n+1) hold.

(II)⇒(I) Because each Ai is strictly positive and bounded, there exist ui and vi

such that +∞ > uiI � Ai � viI > 0 (i = 1,2, · · · ,2n+ 1) . If we take p1 = p3 = p4 =
· · · = p2n = 1, t1 = t2 = · · · = tn = 1, r = 2 in (II.1), then we have
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(2.1)

According to Theorem 6’ in [6]: X �Y > 0 with sI �X � tI > 0⇒ (s+t)2
4st X2 �Y 2 ,

we can obtain the following inequality by (2.1) and u2n+1I � A2n+1 � v2n+1I > 0.
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Then we have
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holds for any p2 � 1. A2 � A1 is obtained by taking p2 → +∞ .
Similarly, we can obtain A3 � A2,A4 � A3, · · · ,An+1 � An by (II.2), (II.3), · · · ,

(II.n), respectively.
By the same setting for (2.2n), the following inequality holds according to Theo-

rem 6 in [6]: X � Y > 0 with s′I � Y � t ′I > 0 ⇒ (s′+t′)2
4s′t′ X2 � Y 2.
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A2n+1 � A2n is obtained by taking p2 → +∞ in (2.6).
Similarly, we can obtain A2n � A2n−1,A2n−1 � A2n−2, · · · ,An+2 � An+1 by (II.2n-

1), (II.2n-2), · · · , (II.n+1), respectively. �

REMARK 2.1. If n = 1, Theorem 2.1 is the main result of [18].
Next, we assume that k is an even integer (k = 2n ).

THEOREM 2.2. If A1,A2,A3, · · · ,A2n−1,A2n are strictly positive operators, then
the following two assertions are equivalent:
(I) A2n � A2n−1 � · · · � A3 � A2 � A1 .
(II) If t1, t2, · · · , tn ∈ [0,1] , p1, p2, · · · , p2n−1, p2n � 1 , ψ [2n] = {· · · [{[(p1 − t1)p2 +
t1]p3 − t2}p4 + t2]p5 − ·· · − tn}p2n + tn , then the following inequalities always hold
for r � tn :
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A
− t2

2
2n−3{A

t1
2
2n−2 · (A

− t1
2

2n−1A
p1
2nA

− t1
2

2n−1)
p2 ·

A
t1
2
2n−2}p3A

− t2
2

2n−3

]p4A
t2
2
2n−4 · · ·A

tn−1
2

2

}p2n−1A
− tn

2
1

]p2n
A

r
2
1

} r−tn
ψ[2n]−tn+r

.

Proof. Replace A2n+1 by A2n in Theorem 2.1. �
Combining Theorem 2.1 with Theorem 2.2, we have shown a characterization of

operator order Ak � Ak−1 � · · ·� A2 � A1 > 0 for any positive integer k . For example,
if k = 5, we have the following result:

PROPOSITION 2.1. If A1,A2,A3,A4 and A5 are strictly positive operators, then
A5 � A4 � A3 � A2 � A1 if and only if the following four operator inequalities

Ar−t2
5 �

{
A

r
2
5

[
A
− t2

2
4

(
A

t1
2
3 (A− t1

2
2 Ap1

1 A
− t1

2
2 )p2A

t1
2
3

)p3A
− t2

2
4

]p4
A

r
2
5

} r−t2
ψ[4]−t2+r

, (2.7)

Ar−t2
5 �

{
A

r
2
5

[
A
− t2

2
5

(
A

t1
2
4 (A

− t1
2

3 Ap1
2 A

− t1
2

3 )p2A
t1
2
4

)p3A
− t2

2
5

]p4
A

r
2
5

} r−t2
ψ[4]−t2+r

, (2.8)

Ar−t2
1 �

{
A

r
2
1

[
A
− t2

2
1

(
A

t1
2
2 (A− t1

2
3 Ap1

4 A
− t1

2
3 )p2A

t1
2
2

)p3A
− t2

2
1

]p4
A

r
2
1

} r−t2
ψ[4]−t2+r

, (2.9)

Ar−t2
1 �

{
A

r
2
1

[
A
− t2

2
2

(
A

t1
2
3 (A− t1

2
4 Ap1

5 A
− t1

2
4 )p2A

t1
2
3

)p3A
− t2

2
2

]p4
A

r
2
1

} r−t2
ψ[4]−t2+r (2.10)

hold for p1, p2, p3, p4 � 1 , t1,t2 ∈ [0,1] and r � t2 , where ψ [4] = {[(p1 − t1)p2 +
t1]p3− t2}p4 + t2 .
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REMARK 2.2. It should be mentioned that we can not obtain A5 � A4 � A3 �
A2 � A1 only by (2.7) and (2.10). If A1 =

(
1 0
0 1

u

)
, A2 =

(
1 0
0 1

)
, A3 =

(
1 0
0 u

)
,

A4 =
(

u 0
0 1

)
, A5 =

(
u+ ε 0

0 1

)
, where u > 1 and ε > 0, then the five strictly posi-

tive operators satisfy (2.7) and (2.10), but do not satisfy A4 � A3 .

3. An application

In what follows we give an application of the characterization in Theorem 2.1 and
Theorem 2.2 to operator equalities.

THEOREM 3.1. If A1,A2,A3, · · · ,A2n−1,A2n,A2n+1 are strictly positive operators,
t1,t2, · · · , tn ∈ [0,1] , p1, p2, · · · , p2n � 1 , ψ [2n] = {· · · [{[(p1 − t1)p2 + t1]p3 − t2}p4 +
t2]p5 −·· ·− tn}p2n + tn , r � tn , m is a positive integer such that (r− tn)m = ψ [2n]−
tn + r with m � 2 , then the following assertions are mutually equivalent:
(I) A2n+1 � A2n � A2n−1 � · · · � A3 � A2 � A1 .
(II) The following operator inequalities hold:

(II.1) Ar−tn
2n+1 �

{
A

r
2
2n+1

[
A
− tn

2
2n

{
A

tn−1
2

2n−1 · · ·A
t2
2
5

[
A
− t2

2
4 · {A

t1
2
3 (A− t1

2
2 Ap1

1 A
− t1

2
2 )p2A

t1
2
3 }p3 ·

A
− t2

2
4

]p4A
t2
2
5 · · ·A

tn−1
2

2n−1

}p2n−1A
− tn

2
2n

]p2n
A

r
2
2n+1

} 1
m

;

(II.2) Ar−tn
2n+1 �

{
A

r
2
2n+1

[
A
− tn

2
2n+1

{
A

tn−1
2

2n · · ·A
t2
2
6

[
A
− t2

2
5 · {A

t1
2
4 (A

− t1
2

3 Ap1
2 A

− t1
2

3 )p2A
t1
2
4 }p3 ·

A
− t2

2
5

]p4A
t2
2
6 · · ·A

tn−1
2

2n

}p2n−1A
− tn

2
2n+1

]p2n
A

r
2
2n+1

} 1
m

;

(II.3) Ar−tn
2n+1 �

{
A

r
2
2n+1

[
A
− tn

2
2n+1

{
A

tn−1
2

2n+1 · · ·A
t2
2
7

[
A
− t2

2
6 · {A

t1
2
5 (A− t1

2
4 Ap1

3 A
− t1

2
4 )p2A

t1
2
5 }p3 ·

A
− t2

2
6

]p4A
t2
2
7 · · ·A

tn−1
2

2n+1

}p2n−1A
− tn

2
2n+1

]p2n
A

r
2
2n+1

} 1
m

;
· · · · · · · · · · · ·

(II.n) Ar−tn
2n+1 �

{
A

r
2
2n+1

[
A
− tn

2
2n+1

{
A

tn−1
2

2n+1 · · ·A
t2
2
n+4

[
A
− t2

2
n+3{A

t1
2
n+2(A

− t1
2

n+1A
p1
n A

− t1
2

n+1)
p2A

t1
2
n+2}p3

A
− t2

2
n+3

]p4A
t2
2
n+4 · · ·A

tn−1
2

2n+1

}p2n−1A
− tn

2
2n+1

]p2n
A

r
2
2n+1

} 1
m

;

(II.n+1) Ar−tn
1 �

{
A

r
2
1

[
A
− tn

2
1

{
A

tn−1
2

1 · · ·A
t2
2
n−2

[
A
− t2

2
n−1{A

t1
2
n (A− t1

2
n+1A

p1
n+2A

− t1
2

n+1)
p2A

t1
2
n }p3

A
− t2

2
n−1

]p4A
t2
2
n−2 · · ·A

tn−1
2

1

}p2n−1A
− tn

2
1

]p2n
A

r
2
1

} 1
m

;
· · · · · · · · · · · ·

(II.2n-2) Ar−tn
1 �

{
A

r
2
1

[
A
− tn

2
1

{
A

tn−1
2

1 · · ·A
t2
2
2n−5

[
A
− t2

2
2n−4{A

t1
2
2n−3 ·(A

− t1
2

2n−2A
p1
2n−1A

− t1
2

2n−2)
p2 ·

A
t1
2
2n−3}p3A

− t2
2

2n−4

]p4A
t2
2
2n−5 · · ·A

tn−1
2

1

}p2n−1A
− tn

2
1

]p2n
A

r
2
1

} 1
m

;

(II.2n-1) Ar−tn
1 �

{
A

r
2
1

[
A
− tn

2
1

{
A

tn−1
2

2 · · ·A
t2
2
2n−4

[
A
− t2

2
2n−3{A

t1
2
2n−2 · (A

− t1
2

2n−1A
p1
2nA

− t1
2

2n−1)
p2 ·

A
t1
2
2n−2}p3A

− t2
2

2n−3

]p4A
t2
2
2n−4 · · ·A

tn−1
2

2

}p2n−1A
− tn

2
1

]p2n
A

r
2
1

} 1
m

;
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(II.2n) Ar−tn
1 �

{
A

r
2
1

[
A
− tn

2
2

{
A

tn−1
2

3 · · ·A
t2
2
2n−3

[
A
− t2

2
2n−2{A

t1
2
2n−1 · (A

− t1
2

2n Ap1
2n+1A

− t1
2

2n )p2 ·

A
t1
2
2n−1}p3A

− t2
2

2n−2

]p4A
t2
2
2n−3 · · ·A

tn−1
2

3

}p2n−1A
− tn

2
2

]p2n
A

r
2
1

} 1
m

.

(III) There exist strictly positive operators S1,S2,S3, · · · ,S2n−2,S2n−1,S2n satisfying the
following operator equalities, respectively, where each Si (i = 1,2, · · · ,2n) is unique
with ‖Si‖ � 1 .

(III.1) A
− tn

2
2n+1S1(A

r−tn
2n+1S1)m−1A

− tn
2

2n+1 = A
− tn

2
2n+1(S1A

r−tn
2n+1)

m−1S1A
− tn

2
2n+1 =[

A
− tn

2
2n

{
A

tn−1
2

2n−1 · · ·A
t2
2
5

[
A
− t2

2
4 {A

t1
2
3 (A− t1

2
2 Ap1

1 A
− t1

2
2 )p2A

t1
2
3 }p3A

− t2
2

4

]p4A
t2
2
5

· · ·A
tn−1

2
2n−1

}p2n−1A
− tn

2
2n

]p2n
;

(III.2) A
− tn

2
2n+1S2(A

r−tn
2n+1S2)m−1A

− tn
2

2n+1 = A
− tn

2
2n+1(S2A

r−tn
2n+1)

m−1S2A
− tn

2
2n+1 =[

A
− tn

2
2n+1

{
A

tn−1
2

2n · · ·A
t2
2
6

[
A
− t2

2
5 {A

t1
2
4 (A− t1

2
3 Ap1

2 A
− t1

2
3 )p2A

t1
2
4 }p3A

− t2
2

5

]p4A
t2
2
6

· · ·A
tn−1

2
2n

}p2n−1A
− tn

2
2n+1

]p2n
;

(III.3) A
− tn

2
2n+1S3(A

r−tn
2n+1S3)m−1A

− tn
2

2n+1 = A
− tn

2
2n+1(S3A

r−tn
2n+1)

m−1S3A
− tn

2
2n+1 =[

A
− tn

2
2n+1

{
A

tn−1
2

2n+1 · · ·A
t2
2
7

[
A
− t2

2
6 {A

t1
2
5 (A− t1

2
4 Ap1

3 A
− t1

2
4 )p2A

t1
2
5 }p3A

− t2
2

6

]p4A
t2
2
7

· · ·A
tn−1

2
2n+1

}p2n−1A
− tn

2
2n+1

]p2n
;

· · · · · · · · · · · ·
(III.n) A

− tn
2

2n+1Sn(Ar−tn
2n+1Sn)m−1A

− tn
2

2n+1 = A
− tn

2
2n+1(SnA

r−tn
2n+1)

m−1SnA
− tn

2
2n+1 =[

A
− tn

2
2n+1

{
A

tn−1
2

2n+1 · · ·A
t2
2
n+4

[
A
− t2

2
n+3{A

t1
2
n+2(A

− t1
2

n+1A
p1
n A

− t1
2

n+1)
p2A

t1
2
n+2}p3A

− t2
2

n+3

]p4A
t2
2
n+4

· · ·A
tn−1

2
2n+1

}p2n−1A
− tn

2
2n+1

]p2n
;

(III.n+1) A
− tn

2
1 S−1

n+1(A
r−tn
1 S−1

n+1)
m−1A

− tn
2

1 = A
− tn

2
1 (S−1

n+1A
r−tn
1 )m−1S−1

n+1A
− tn

2
1 =[

A
− tn

2
1

{
A

tn−1
2

1 · · ·A
t2
2
n−2

[
A
− t2

2
n−1{A

t1
2
n (A− t1

2
n+1A

p1
n+2A

− t1
2

n+1)
p2A

t1
2
n }p3A

− t2
2

n−1

]p4A
t2
2
n−2

· · ·A
tn−1

2
1

}p2n−1A
− tn

2
1

]p2n
;

· · · · · · · · · · · ·
(III.2n-2) A

− tn
2

1 S−1
2n−2(A

r−tn
1 S−1

2n−2)
m−1A

− tn
2

1 = A
− tn

2
1 (S−1

2n−2A
r−tn
1 )m−1S−1

2n−2A
− tn

2
1 =[

A
− tn

2
1

{
A

tn−1
2

1 · · ·[A− t2
2

2n−4{A
t1
2
2n−3(A

− t1
2

2n−2A
p1
2n−1A

− t1
2

2n−2)
p2A

t1
2
2n−3}p3A

− t2
2

2n−4

]p4

· · ·A
tn−1

2
1

}p2n−1A
− tn

2
1

]p2n
;

(III.2n-1) A
− tn

2
1 S−1

2n−1(A
r−tn
1 S−1

2n−1)
m−1A

− tn
2

1 = A
− tn

2
1 (S−1

2n−1A
r−tn
1 )m−1S−1

2n−1A
− tn

2
1 =[

A
− tn

2
1

{
A

tn−1
2

2 · · ·[A− t2
2

2n−3{A
t1
2
2n−2(A

− t1
2

2n−1A
p1
2nA

− t1
2

2n−1)
p2A

t1
2
2n−2}p3A

− t2
2

2n−3

]p4

· · ·A
tn−1

2
2

}p2n−1A
− tn

2
1

]p2n
;

(III.2n) A
− tn

2
1 S−1

2n (Ar−tn
1 S−1

2n )m−1A
− tn

2
1 = A

− tn
2

1 (S−1
2n Ar−tn

1 )m−1S−1
2n A

− tn
2

1 =
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[
A
− tn

2
2

{
A

tn−1
2

3 · · ·[A− t2
2

2n−2{A
t1
2
2n−1(A

− t1
2

2n Ap1
2n+1A

− t1
2

2n )p2A
t1
2
2n−1}p3A

− t2
2

2n−2

]p4

· · ·A
tn−1

2
3

}p2n−1A
− tn

2
2

]p2n
.

Proof. Because (I)⇔(II) holds obviously by Theorem 2.1, we only need to prove
that (II)⇔(III).

Firstly, let us prove that (II.1)⇒(III.1). We recall Douglas’s majorization and
factorization theorem in [4]: SS∗ � λ 2TT ∗ ⇔ there exists an operator Q such that
TQ = S , where ‖Q‖2 = inf {μ : SS∗ � μTT ∗} .
By (II.1), there exists an operator E1 with ‖E1‖ � 1 such that

A
r−tn

2
2n+1E1 = E∗

1A
r−tn

2
2n+1

=
{

A
r
2
2n+1

[
A
− tn

2
2n

{
A

tn−1
2

2n−1 · · · {A
t1
2
3 (A− t1

2
2 Ap1

1 A
− t1

2
2 )p2A

t1
2
3 }p3 · · ·A

tn−1
2

2n−1

}p2n−1A
− tn

2
2n

]p2n
A

r
2
2n+1

} 1
2m

.

(3.1)

Taking S1 = E1E∗
1 , we have

A
r−tn

2
2n+1S1A

r−tn
2

2n+1

=
{

A
r
2
2n+1

[
A
− tn

2
2n

{
A

tn−1
2

2n−1 · · · {A
t1
2
3 (A− t1

2
2 Ap1

1 A
− t1

2
2 )p2A

t1
2
3 }p3 · · ·A

tn−1
2

2n−1

}p2n−1A
− tn

2
2n

]p2n
A

r
2
2n+1

} 1
m
.

(3.2)

According to (3.2) and S1 = E1E∗
1 , S1 is unique and strictly positive with ‖S1‖ � 1.

(3.2) also implies that

(A
r−tn

2
2n+1S1A

r−tn
2

2n+1)
m = A

r−tn
2

2n+1S1(A
r−tn
2n+1S1)m−1A

r−tn
2

2n+1 = A
r−tn

2
2n+1(S1A

r−tn
2n+1)

m−1S1A
r−tn

2
2n+1

= A
r
2
2n+1

[
A
− tn

2
2n

{
A

tn−1
2

2n−1 · · ·{A
t1
2
3 (A− t1

2
2 Ap1

1 A
− t1

2
2 )p2A

t1
2
3 }p3 · · ·A

tn−1
2

2n−1

}p2n−1A
− tn

2
2n

]p2n
A

r
2
2n+1.

(3.3)

Then (III.1) holds by (3.3).
Secondly, we prove that (III.1)⇒ (II.1). By (III.1),

{
A

r
2
2n+1

[
A
− tn

2
2n

{
A

tn−1
2

2n−1 · · · {A
t1
2
3 (A

− t1
2

2 Ap1
1 A

− t1
2

2 )p2A
t1
2
3 }p3 · · ·A

tn−1
2

2n−1

}p2n−1A
− tn

2
2n

]p2n
A

r
2
2n+1

} 1
m

=
{
A

r−tn
2

2n+1S1(A
r−tn
2n+1S1)m−1A

r−tn
2

2n+1

} 1
m

=
{
(A

r−tn
2

2n+1S1A
r−tn

2
2n+1) · (A

r−tn
2

2n+1S1A
r−tn

2
2n+1) · · · (A

r−tn
2

2n+1S1A
r−tn

2
2n+1)

} 1
m

= A
r−tn

2
2n+1S1A

r−tn
2

2n+1

� Ar−tn
2n+1.

The inequality follows from the fact that S1 � ‖S1‖I � I , and then (II.1) holds.
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By using the same method mentioned above, we can prove that (II.2)⇔ (III.2),
(II.3)⇔ (III.3), · · · , (II.n)⇔ (III.n), respectively.

Next, we show that (II.2n)⇔(III.2n). Notice that for two strictly positive operators
S and T , S � T if and only if T−1 � S−1 . Then, (II.2n) is equivalent to

A−(r−tn)
1 �

{
A
− r

2
1

[
A
− tn

2
2

{
A

tn−1
2

3 · · ·A
t2
2
2n−3

[
A
− t2

2
2n−2{A

t1
2
2n−1(A

− t1
2

2n Ap1
2n+1A

− t1
2

2n )p2

A
t1
2
2n−1}p3A

− t2
2

2n−2

]p4A
t2
2
2n−3 · · ·A

tn−1
2

3

}p2n−1A
− tn

2
2

]−p2n
A
− r

2
1

} 1
m
.

(3.4)

The proof of (3.4)⇔(III.2n) is similar to the proof of (II.1)⇔(III.1), so we omit it here.
Repeat the method above, we can prove that (II.2n-1)⇔(III.2n-1), (II.2n-2)⇔

(III.2n-2), · · · , (II.n+1)⇔(III.n+1). �

THEOREM 3.2. If A1,A2,A3, · · · ,A2n−1,A2n are strictly positive operators, t1,t2,
· · · , tn ∈ [0,1] , p1, p2, · · · , p2n � 1 , ψ [2n] = {· · · [{[(p1− t1)p2 + t1]p3− t2}p4 + t2]p5−
·· · − tn}p2n + tn , r � tn , m is a positive integer such that (r− tn)m = ψ [2n]− tn + r
with m � 2 , then the following assertions are mutually equivalent:
(I) A2n � A2n−1 � · · · � A3 � A2 � A1 .
(II) The following operator inequalities hold:

(II.1) Ar−tn
2n �

{
A

r
2
2n

[
A
− tn

2
2n

{
A
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2

2n−1 · · ·A
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2
4 · {A
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2
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3 }p3 ·
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4

]p4A
t2
2
5 · · ·A
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2
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2
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A

r
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} 1
m

;

(II.2) Ar−tn
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2
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A
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2
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2
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2
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2
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2
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2
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2
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A
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;
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2
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2
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;
· · · · · · · · · · · ·

(II.n) Ar−tn
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;
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;
· · · · · · · · · · · ·
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(II.2n-1) Ar−tn
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(III) There exist strictly positive operators S1,S2,S3, · · · ,S2n−2,S2n−1 satisfying the fol-
lowing operator equalities, respectively, where each Si (i = 1,2, · · · ,2n−1) is unique
with ‖Si‖ � 1 .
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· · · · · · · · · · · ·
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Proof. Replace A2n+1 by A2n in Theorem 3.1. �



992 JIAN SHI AND ZONGSHENG GAO

Combining Theorem 3.1 with Theorem 3.2, we have given an application of the
characterization of Ak � Ak−1 � · · · � A2 � A1 > 0 to operator equalities for any posi-
tive integer k .
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Schwarz and Hölder-McCarthy inequalities, Nihonkai Math. J. 8 (1997), 117–122.

[7] M. FUJII, A. MATSUMOTO AND R. NAKAMOTO, A short proof of the best possibility for the grand
Furuta inequality, J. Inequal. Appl. 4 (1999), 339–344.

[8] M. FUJII, E. KAMEI AND R. NAKAMOTO, On a question of Furuta on chaotic order, Linear Algebra
Appl. 341 (2002), 119–127.

[9] T. FURUTA, A � B � 0 assures (BrApAr)1/q � B
p+2r

q for r � 0 , p � 0 q � 1 with (1+2r)q� p+2r ,
Proc. Amer. Math. Soc. 101 (1987), 85–88.

[10] T. FURUTA, Furuta’s inequality and its application to the realtive operator entropy, J. Operator Theory
30 (1993), 21–30.

[11] T. FURUTA, An extension of the Furuta inequality and Ando-Hiai log majorization, Linear Algebra
Appl. 219 (1995), 139–155.

[12] T. FURUTA, Further extension of an order preserving operator inequality, J. Math. Inequal. 2, 4
(2008), 465–472.

[13] T. HURUYA, A note on p-hyponormal operators, Proc. Amer. Math. Soc. 125 (1997), 3617–3624.

[14] M. ITO AND T. YAMAZAKI, Relations between two inequalities (B
r
2 ApB

r
2 )

r
p+r � Br and

(A
p
2 BrA

p
2 ) � Ap and their applications, Integr. Equat. Oper. Th. 44 (2002), 442–450.

[15] M. ITO AND E. KAMEI, Mean theoretic approach to a further extension of grand Furuta inequality,
J. Math. Inequal. 4 (2010), 325–333.

[16] S. IZUMINO, N. NAKAMURA AND M. TOMINAGA, Mean theoretic operator functions for extensions
of the grand Furuta inequality, Sci. Math. Japon. 72 (2010), 157–163.

[17] C. -S. LIN, On operator order and chaotic operator order for two operators, Linear Algebra Appl.
425 (2007), 1–6.

[18] C. -S. LIN AND Y. J. CHO, Characterizations of the operator inequality A � B � C , Math. Inequal.
Appl. 14, 3 (2011), 575–580.

[19] K. TANAHASHI, Best possibility of Furuta inequality, Proc. Amer. Math. Soc. 124 (1996), 141–146.
[20] K. TANAHASHI, The best possibility of the grand Furuta inequality, Proc. Amer. Math. Soc. 128

(2000), 511–519.
[21] M. UCHIYAMA,Criteria for monotonicity of operator means, J. Math. Soc. Japan 55 (2003), 197–207.
[22] T. YAMAZAKI, Simplified proof of Tanahashi’s result on the best possibility of generalized Furuta

inequality, Math. Inequal. Appl. 2, 3 (1999), 473–477.



CHARACTERIZATIONS OF OPERATOR ORDER FOR k STRICTLY POSITIVE OPERATORS 993

[23] C. YANG AND Y. WANG, Further extension of Furuta inequality, J. Math. Inequal. 4, 3 (2010), 391–
398.

[24] J. YUAN AND Z. GAO, Classified construction of generalized Furuta type operator functions, Math.
Inequal. Appl. 11, 2 (2008), 189–202.

[25] J. YUAN, Classified construction of generalized Furuta type operator functions, Math. Inequal. Appl.
13, 4 (2010), 775–784.

[26] J. YUAN, Furuta inequality and q-hyponormal operators, Oper. Matrices 4, 3 (2010), 405–415.

(Received December 6, 2011) Jian Shi
LMIB & School of Mathematics and Systems Science

Beihang University
Beijing, 100191

China
e-mail: shijian@ss.buaa.edu.cn

Zongsheng Gao
LMIB & School of Mathematics and Systems Science

Beihang University
Beijing, 100191

China
e-mail: zshgao@buaa.edu.cn

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


