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CHARACTERIZATION OF THE INTERMEDIATE
VALUES OF THE TRIANGLE INEQUALITY

KOSUKE MINENO, YUKA NAKAMURA AND TOMOYOSHI OHWADA

(Communicated by Mohammad Sal Moslehian)

Abstract. We shall present a norm inequality which gives the all intermediate values of the tri-
angle inequality. As an application of it, we shall prove two kinds of norm inequalities in [8] and
[12].

1. Introduction

There are quite a lot of researches concerning norm inequalities under various
settings. The typical one is as follows.

PROBLEM 1.1. Let (X,|-||) be a normed space. Suppose that, for x,y € X, a
norm inequality ||x|| < ||y|| holds. Construct a positive value C with respect to x and
y satisfying |[x[| +C < [y[|.

Note that Problem 1.1 is the same to find the intermediate value between O and
Iyl — [|x||. We are interested in this problem to the triangle inequality. The (general-
ized) triangle inequality, namely

n

n
Dxill < gl
=1

J=1

where x,x5,---,x,, are elements in a Banach space (X, || -||) is one of the most fun-
damental norm inequalities in analysis. This inequality has attracted the attention of a
number of authors, and many interesting refinements and reverse inequalities of it have
been obtained (cf. [1, 2, 3, 9, 10, 11, 14]). For the triangle inequality, we consider the
following problem.

PROBLEM 1.2. Characterize all the intermediate value C which satisfies

n

n
0<C< Y il = |12 %)
=1 j=1

by using x1,x3,--,x, € X.
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When n = 2 Hudzik and Landes [6] proved the following inequality which gives
a partial solution of Problem 1.2.

THEOREM 1.3. ([6, Lemma 1]) For all nonzero elements x,y in X,
X y .
0<(2- IERATE min{|lx]|, [[y[[} < [lx[| + [[y]] = [lx+ ¥

Kato, Saito and Tamura [8] extended this result for an arbitrary number of finitely
many nonzero elements xi,x,---,X, in X to treat the uniform non- £} -ness of Banach
spaces as follows.

THEOREM 1.4. ([8, Theorem 1]) For all nonzero elements xy,x3,---,x, in X,
n
0< | n— Z Xj
j=1

After that, several authors improved and generalized these inequalities (cf. [4, 5,
71). Mitani, Saito, Kato and Tamura [ 12] succeeded in the further extension of Theorem
1.4 as follows.

n

> oL

Z T

n
D min sl < 3 ol -

THEOREM 1.5. ([12, Theorem 1]) For all nonzero elements xi,xp,--,x, in X,

G

where Xi,x5,---,x, are the rearrangement of xy,xa,- -, X, satisfying ||x{|| = ||x5]| >
> ] and ¥y =0,

*

g‘ sl

n n
|> (e 1=l D) < X el = || 22 %5 »
=1 j=1

Since the intermediate value in Theorem 1.5 can be calculated as follows

Y (f— ) (21l = et )
=2

*

i
J
20

=\n— || 2 | ) min g+ 2 (= 2 =l ) Ul = D
27| ) min el 2 1= )2 | ) (il = D
n )C*-

> (n— n [l >

A P &

if we put

*H

D min |

(KST) = (
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and

i k

Zi

j=1 ”xj”

(MSKT) = Z (i—

i=2

D (e 1= [l 1)

then we see that

0 < (KST) < (MSKD)< Y, [lxjl| — | X x;
J=1 J=1
Hence we know that (KST) and (MSKT) give one solution of Problem 1.2. However,
other intermediate values are still unknown.
The aim of this paper is to characterize the all intermediate value in the triangle in-
equality, and two kinds of inequalities in Theorem 1.4 and 1.5 are concretely expressed
as the intermediate value of it.

2. The intermediate values in the triangle inequality (n = 2, 3)

In this section, we shall discuss in the case of n =2 and 3. They might be useful
to understand a general case.

THEOREM 2.1. (cf.[5, Theorem 2.2]) Foreach x,y in a Banach space (or normed
space) X, and s,t in R with 0 < s,t < 1, the following inequality holds

[lsxll + lleyll = [lsx + eyl < llxll + Iyl = e+ -
Proof. Since
x+y=(sx+1y)+{(1—s)x+(1—1)y} and 1—s5,1—7>0,
by repeatedly using the triangle inequality, we have

[yl < [lsx+ 2yl + ([ (1 = s)x+ (1 =)y

<

<+ oy [+ 10— s)xl[ + ([ (1 = 2)y]]

= llsxc+ el + llxell = llsxll + 1yl = ¥l

= llxell 130 = Cllsxl] + lleyll = llsx+2y[])-

This completes the proof. [

For x and y in X, putting a function f on a product space [0, 1] x [0, 1] as
fls.0) = llsx] + [leyll = [lsx 42yl (Y(s,2) €,]0,1] x [0, 1]),
then it is clear that f is a continuous function on [0, 1] x [0, 1] satisfying
f(0,0)=0 and f(1,1) = [lx]| + Iy = [Ix+ ¥l

Since [0, 1] x [0,1] is connected, by using the intermediate values theorem, we have
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COROLLARY 2.2. Let x,y € X. For each ® with 0 < o < ||x|| + [|y|| = [lx -+,
there is (sg,to) in [0,1] x [0,1] such that

® = [|sox[| + [lzoyl| — [|sox + 20y

Corollary 2.2 not only gives the solution of Problem 1.2 but also contains Theorem
1.3. Indeed, forany x and y in X and s,s0,7,/0 € R with 0 < s <so <1, 0<r <9< 1,
we see that sox,7py € X, 0 < $ <land 0K % < 1. Hence, by Theorem 2.1, we have

fs;0) = [lsxl[ + eyl = llsx + 2y

S
%(SOX)

0

S t
— = —(t
]Hmmw+tww

e

< [sox|| + [|zoy | — [[sox + toy||
= f(s0,10)-

Thus f is a non decreasing continuous function on [0, 1] x [0, 1], and so if ||y|| < ||x||,
then we have

o=ﬂam<f@hm<f(bll)<ﬂnJ>

E
<o =+l -l (0ss< P ens).
Since
() = G g+ ) mintis

by Theorem 2.1, we have Theorem 1.3 as

o< (2-]

Next, we consider a geometrical meaning of these inequalities as X = R? and
Iyl < ||x]|- Under this setting, Theorem 2.1 shows the relation of the differences of the
inequalities concerning two triangles in Figure 1.

X y .
——+——>MMW,ﬂH<xw-ﬂ—X+w
ﬂlﬂH

ty sT Hty

Figure 1: Theorem 2.1
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Especially, Theorem 2.1 is as follows for r = 1.

0 < [|sx|| + Iyl = llsx+yl|
=f(s,1)
< e+l = x4yl (O<s<1).

The following figure is useful to understand this relation.

I
—_

s=0 sz s

sx+y

Figure 2: Case with t =1

In this case, if the value of s is continuously moved from O to 1, all the values
between f(0,1) =0 and f(1,1) = |[x||+ ||y]| — [[x+ | can be obtained. And, when
the value of s is just ||y||/||x]|, it is Theorem 1.3.

Figure 3: Theorem 1.3

Next, we shall discuss it in case of n = 3.

THEOREM 2.3. Foreach x,y,z in X, and o, B,y,A,t in Rwith 0< o, B, 7,4,
< 1, the following inequality holds

(lewxl[ + 1Byl + llv2ll — llox+ By + vz]))
+ (1A= a)x]| + (1= B)yll = [|A (1 = e)x+u(1=B)yl)
<Iell #1311 flzll = e+ 42
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Proof. Put xo = (1 —a)x, yg = (1 —B)y, zy = (1 — 7)z, then

ol = [lxll = lloexlls Nlygll = [y = 11BYI], llzyll = llzll = [zl

and, by Theorem 2.1, we have

1A%l + 1yl = [ Axa + mypll < [lxall + [[ypll = llxe +ypll-

Thus we have

lx+y+2ll = [[(ox+ By +7y2) + (xa+yp +2)
< llox+ By + vzl + [lxa+yp + 2/l
l|oex + By + vall + [|xe+ vl + [zl
llowx+ By + vzl + {llxall + [Iygll = (I1Axall + |yl = | Axe + 1ygll)} + |2yl
= llxll + Iyl + lizll = Cleexl| + 1Byl + vzl = llox + By + vzll)
— ([[Axall + [[uypll = [[Axa + uygl)
= [lell + [y [+ llzll = Cllowxll + 1Byl + |7zl = lox+ By +vz)
— (A (1 = a)x]| + [[u(X = Byl = [[A (1 = e)x+ u(1 = B)yl])-
This completes the proof. [

<
<

As well as in the case of n =2, for x,y,z in X, if we put a function g on a product
space [T2_;[0,1] =[0,1] x ---x [0,1] as
| —

5 times
8o By A, ) = ([loxl| + [|By ]| + [vzll = [lox + By + vzll) 2.1)
(1A = e[+ [u(t =Byl = 1A (1 = o)+ p(1 =By,
then it can easily check that, for each (oq, B1, y1, 41, 1), (02, B2, 12, A2, 1) in Hle[O, 1],
‘g(ahﬁl»?’l,ll»ﬂl)_g(a2»ﬁ2772»7tz7l-11)|
<220 — 0]+ A1 = Az) - |lx]
20211 = Bal + |1 — i) - Iyl =+ 2[ v = 2l - Nl
and so, g is a continuous function on []_, [0, 1]. Moreover, we see that
£(0,0,0,0,0)=0 and
s(LLLA p) = [l + [y +llzll = ety 2l (0<2,p < 1)

Thus we have

COROLLARY 2.4. Let x,y,z € X. For each ® with 0 < o < ||x||+ ||y|| + ||z]| —
llx+y+z|, there exists (s1,52,53,54,85) € H?ZI[O, 1] such that

o = ([[s1x|| + [ls2y[| + [[s3z]| = [|s1x + 52y + 532]|)
+ ([[sa(1 = s1)x][ + [[s5(L = s2)y|| = [[sa(1 = s1)x +s5(1 —s2)¥])
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There are infinitely many paths to take the value from 0 to ||x|| + ||| +|z]| = [|x+

y+2z|| by how to choose variables. We can obtain Theorem 1.4 and 1.5 in the case

n =3 by choosing it well. Note that Theorem 1.4 and 1.5 are as follows respectively
for n=3.

THEOREM 2.5. (cf. Theorem 1.4) For all nonzero elements x,y,z in X with

O<<3—

THEOREM 2.6. (cf. Theorem 1.5) For all nonzero elements x,y,z in X with

llx[] = [yl = Izl
X y
Jell + (2— H—+ —H) (Il = 1)
D ERRE

( H A" Hyll E]

< el + Myl Nzl = b+ + 2]l

X
—+
X

y
R D lell < Iell + 91+ 1l = e +y+2]
EIRAE

To obtain these theorems, the following examples give one of the paths.

EXAMPLE 2.7. We may assume that ||x|| # ||z||. For each t with 0 <t < %, put

p oo A Il

—S——S OSIZO
G Y A Pl e

and for each t with el « t <1, put

[l

' PR 3 O 5l ( IIZII) ' '
S| =t, 55 = oy s5=1,54=0,s
I Tyl Tl =11 ] ’ e

then we see that (s’l,s’z,sg,sz,s’s) € H?:l [0,1] satisfying

I
o

(s(l),s(2)7s37s4,s5) (0,0,0,0,0), (s} 53,5%,84,85) = (1,1,1,0,0) and
z

g g

T T Tl Izl llzll Izl )
s Sy LS s Ky = —,—,—.0,0]).
(1 5258 ) ( 17 1yl M=l

Hence if we define a function f on [0,1] by using g in (2.1) as

f(t) =g (h.5,55,54,55)

then f is a continuous function on [0, 1] such that

f0)=0 and f(1)=|lxl[+IyI+ )l = [lx+y+z]-
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Moreover
Izl ftoBt Bt Bt B I2ll Nzl izl
f(— =g s ,8 8,8 ,8 =g ,0,0
] P (€l Myl Mzl
Z Z Z Z Z é
o o ] - R B
[lx]l Il (Bd| R TTTE]

- (o~ ) v

By Theorem 2.3, we see that f(0) < f ( I‘I‘szllll) f(1), and so we have Theorem 2.5.

121 z t=1

T+Yy+=z

=0
RN

- ()

Y+

Figure 4: Example 2.7

According to Figure 4, Theorem 2.5 gives the relation between quadrangle con-
| P A

cerning x,y,z and x+y+ z and quadrangle concerning T oY TRI2 and H H
Lzl o Ll
Y T2

EXAMPLE 2.8. We may assume that ||x|| # ||z||. For each t with 0 <t < H, put

O | POV 1 A 3 1 Bl | x|

-1, sk =11t
Izl el =Tzl Tl

sT=t, 5 =— = —
S T M

and for each t with JIzll <t <1, put

P S -\ P

(5 N e B4 [xl
=zl Clell = [y D Clele = l])

S,
YT IR (Il = 1l=11)?

t
755:17
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! 1 ! 1 1 5 . .
then we see that (s17s2,s37s47s5) € I17_,[0,1] satisfying

(s?7sg,s3,s47) (0,0,0,0,0), (s%,sz,s37si,s5) (1,1,1,1,1) and
|

1< 4 < R < | R 4

EI I R I Nzl Tzl Nzl [l = llz]] )
N S S N S = - — —— = 1.
(1 TR s ) (IIX’IIy’IIZII’XII—Z’

Hence if we define a function f on [0,1] by
f(0) =g (s),55.55,54,55),
then f is a continuous function on [0, 1] such that
f0)=0 and f(1) = x|+ [yl + [zl = I +y +z].-

Moreover

Il W R
X X | X
f<x||>:g TR

2l Nzl Jlzll iyl = izl 1)

el 1zl flell = Nl

T T
[ R G

{\illii( o)1 05l
- =t O )=+ Ol
-~ i )
(I T TN

X+
Nl || Il

X y z x y
YO (S )||z||+(z—H—+—H)<y||—z>.
( EREEREE ERRE

Since f(0) < f (H) < f(1), we have Theorem 2.6.

Figure 5 shows that Theorem 2.6 is a combination of Theorem 1.3 and 2.5. That
is, we obtain Theorem 2.6, applying Theorem 1.3 for two vectors pr(|[y|| —|lzll) and
T (lx[l = |zl|) in addition to Theorem 2.5.

Furthermore, if we put, for each t,u with 0 <t,u < %’

PP P WP TGP L
I = 0= el Dl = e el
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KH'ZH‘\ x t:\.1

rer izl = llz1)
e Tl
HyH( Il s

| 1yl = ll=Il

rT+y+z

<
+

[
n

iyl = l1z0)

Figure 5: Example 2.8

and for each t,u with H <t,u<l, put

hmrm L DI (B

IR R E [l

Iyl =l Cllell = Hyll)(IIXHM2— =) G-t
[l =1zl (llell = {l=I1)

then we can define a function h on [0,1] x [0,1] by

54 =

h(tvu) :g(savsévsgvsﬁvsg)'
It contains both Theorem 2.5 and 2.6 at the same time, that is, if we take (t,u) =
(HZ” O) , then we have Theorem 2.5 and if we take (t,u) = (M Il ), then we also

[Elk x> Tl

have Theorem 2.6.

3. The intermediate values (general case)

In this section, we discuss a general case. To do it, we need some preparations.

For positive integer n > 2, let M,([0,1]) be the set of all n by n matrices whose
all elements belong to the interval [0,1] and L, denote the set of all lower triangular
matrices of M,([0,1]); i.e.,

Ly ={a=(aij) € My([0,1]) ] a;j=0 (i< ) }.
Let 1 <m < n. For each a = (a;;) in L,, we set
Tj(m)=ai; and £5;(m)=an; (1<j<m)

and if 3 < n, then, for each m with 3 <m < n, we put

N

éi’lj(m):aijkn (1-aj) 2<i<m—1,1<j<m).

—it1
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LEMMA 3.1. Keep the notation as above. Let a = (a;j), b = (b;;) in L,. Then
the following statements hold.

(1) Let 1 <m < n. Foreach i with 1 <i<m,
ngj-‘j(m)gaijgl (1<j<n),
and n X n matrix (El“j (n)) belongs to L,.
(i) Let n > 3. For each m with 3 <m < n,

a 1 —ap 2<i<m—1,1<j<m—1
Ela(m) — E ( )( a J) (_ L m . J m )
amj (l_m71<J<m)

(iii) Foreach i with 1 <i<n,

655 m) = £;(m)| < 3 law—bu - (1< j<m).

Proof. We only prove (iii). It is clear in case of n =1 and 2. Let n > 3. It is also
clear in case of i = 1 and m. By using induction on m, we see that

m m m
IT —ay)— TT (0 —biy)| < D |awj—buyl-
k=it k=it k=it1

Thus we have

|£f’,(m) m)| = |ai; H (1 —ax;) — bij H (1—bx;)
=i+1 =i+1
< |aij H (1 —ayj) — aij H (1=byj)| + |aij H (1—byj) — bij H (1—by;)
=i+l =i+1 =i+l =i+l
<| [T —ay) = TT (1= bwj)| + |aij — byj]
k=it1 k=it1
Y lag—bus| + |aij — bij
k=i+1
m
<1

This completes the proof. [l
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Take any a = (a;;) € L, and fix it. Considering (Efl(n)> as the matrix acting on

a Banach space XX @ --- B X, we have
| ——

n times

£, (n 0 W\ (L
£5,(n) £5,(n) x| | X ()
i(n) ..o 08 (n) €5, (n) Xn ’}-:1 Eﬁj(n)xj
where x1,x2,---,x, € X. For each entries, we have the triangle inequalities
Z!If mxjl| - (1<i<n).

j—

‘ Z g?j(n)xj
j=1

We revealed the fact that the sum of all differences of the triangle inequalities

ZHé x| (1<i<n)

is less than the difference of the triangle inequality

n n
25| < X sl
j=1 j=1

as follows.

THEOREM 3.2. Let n > 2. With the above notation, take any a = (a;;) in L,. For
all elements xy,x3,---,X, in a Banach space X, the following inequalities hold

0< Y (Z 165 (n)x;]| — )Xj ) <Dl =11 %
i=1 \j=1 = =

Proof. Let n=2. Foreach a = (a;j) € Ly, we note that 5, (2) = ay; and £5,(2)
az . Hence, by Theorem 2.1, the following inequality holds; for each xj,x; in X,

1451 (2)x1 +£5,(2)x2]) < [l + [leall = [l + 22|

0 < (1651 (2)x1]] + [1£52(2)x2 | —

Thus, we have

2 2
j ><Z||xj||— 2|
= =

> 3 by induction. To do this, for any @ = (a;;) in L, and

) m

2 i i
> (Z 152l — || 3 £(2)x
Jj=1 =1

i=1

We shall next prove the case n >

m with 2 < m < n, we only have to prove that the following holds; for all x,x>, -

in X

)x; ) < Il = || 2%
j=1 j=1

(a)

2 e (m
=1

i(iwymmv

i=1 \J=
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The case m = 2 is the same as above. Assume that the inequality (a) holds for m with
2<m<n—1.Foreach xi,x2, -, X, Xut1 in X, we have

m+1 m+1 m+1
2| <[ X amn || || 2 (= ame j)x;
j=1 j= j=1
m+1 m
= Z Ayl jXj|| + 2(1 — Qi1 )X+ (1 = G 1 g 1) X1
= =
m+1 m
< 2 Am+1jXj|| + 2(1 = @1 )X ||+ 11 = @t 1mt- 1) %me41 ]
=1 j=1
m+1 m
= 2 Am+1Xj || + 2(1 _arn+1j)xj F X1l = ll@ms1me1Xme ||
=1 =1
m+1 m
= 2 €m+l/ (m+1)x;|| + 2(1 _aerlj)xj + 11l = ll@mt 1 ms1%m41]-
J J=1
Recall that

E?j(m—Fl):E?j(m)(l—am_,’_lj) 2<i<m).

Applying the assumption for m elements (1 —a,,+11)x1, (1 —ams12)X2, -, (L — 1 m) Xm
in X, we have

s

(l —am+1j)xj
1

J

< 3 (1= e e — z(z ~amael-| 3.4 amﬂ,ax,-)
= i =1

m m 1 l
:Z(lejll—am+uxj)—2<2 5 (m+ D)xjl| — Z ((m+1)x )

j=1 = =1 j=1

i

Z (m+1)x

I
Ms

1 = Z 16041 5 (m+ 1) —2 (2 14 (m+1)x;]| —

)

—_

J

Therefore, by using induction, we conclude that

'§<ie e~

i=1

m+1

Zx,

m+1
Z 1 —

This completes the proof. [l

Let xq,x2,---,x, in X . For each a in L,, if we put

=i<iWU~MI Y €4 (n)
—1 j=1

i=1

il
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then we see that

flag)=0 and f(a1) =ZHXJII— LY
j=1 j=1

where ag,a; € L, with

ajp 0 0
0---0 ay;  an
ap=|:". and a; = 0
0...0 anfllanflz"'anflnflo
1 1 ... 1 1

Moreover, by Lemma 3.1, we see that, for each a = (a;;), b = (b;j) € L,,

[f(a) 222\5 i) %

i=2 j=
<2 max [l - 222\% byl
i=2j=1k=i
Thus, considering f to a functionon [T; "“)/2[0 1], f is continuous on H "H /2[0 1].

Therefore, as a solution of Problem 1.2, we obtain the following

COROLLARY 3.3. Keep the notations as above. Let x1,x2,---,x, € X. For each

o with 0 < o <Xy [|x;]| — HZ’;lej , there exists a in L, such that

COROLLARY 3.4. ([8, Theorem 1]) For all nonzero elements xi,xp,---,X, in a
Banach space X, the following inequalities hold

n n
( D min ;] < Z 71 = || 2 %5
j=1 j=1

Proof. We may assume that ||x, || = min; <<, ||x;|. If we take a € L, as

o= 2 (Z 1455 (n)x;]| = if?f(’”x
i=1 \j=1 J=1

Of course, Theorem 3.2 contains Theorem 1.4 and 1.5.

0
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then it is clear that

[l

ti(n)=0(1<i<n—1) and (;(n)= T <j<n).
J
In this case, we see that
n i i
= Z 1665 () || = || 2 6 (n)x;
i=1 \j=1 j=1
n n n X n X
= 3 eyl — | 3 | = 3 [l - |5 Ll
j=1 j=1 j=1 [l j=1 111
n
X; .
=|n— — min |[x
( jzzl le ‘ l<j<n|| J”

Thus, by Theorem 3.2, we have

o[ 2

This completes the proof. [l

n
|> min {lxjll < ZHXJ'II—

n
2 Aj
j=1

COROLLARY 3.5. ([12, Theorem 1]) For all nonzero elements xy,xp,---,X, ina
Banach space X, the following inequalities hold

0< 2( D (=l ) < il“xf' -

i *

2T lx *II

j=1

n
2 Xj
=1

where x7,---,x;, are the rearrangement of x1,x2,---,X, which satisfies ||x7|| > ||x3| >
-2 ||Ix;|| and x5, = 0.

Proof. Let us first show in the case [|xf|| > [[x5]| > -« ||lx;]|. If we take a = (a;j) €
L, as
= Il
iFM (1<j<i<n),
51 = [y
then, forall j <i with 2 <i < n, we have £f;(n) = W Indeed, when 2 < j <

n—1,forall i with 1 < j <1i, we have

= dij H — a;)

=i+1

_ s

A=l el =l
I R - N R e P
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O 7 Y [ S 7 L
AR = B S e = Dl
I e Y [ I [l 521
S T=T I = Tl Il —= sl =T
B el
[l
; a £ o e LY .
Moreover, when j = n, we see that £5,(n) = ] = T . In this case, we
see that ! !
nof
s -3 (L s - S )
i=1 \j=1
:i<iu|aﬂx__iwmeﬁ>
2\4 1557/ | e BN 511 /
(| iy
=2{ x|<fwmn 2 *|x*|mm&
i=2 =t %) i=1
no i i
=29 2l = ekl = | 2 = | (1l = Tl )
i=2{j=1 iyl | }

D (e 1T =l l1-

n
D (I 1 = [l ll) < 3 [l =

~.
"M~
L
~

x|
Applying Theorem 3.2, we have
°<Z< Enw

i=2

We next prove a general case by using technique in the proof of [13, Theorem 2].
Let |[x}|| > ||x3]l = --- > ||x}|| . For each fixed integer m with m > n, we set

n
2%
=1

xzm:<l—i)xl’-‘ (1<i<n).

m

Then we see that [[x] || > [|x3,[| > - > [|x;, || > 0, and so we have

o<y (i
i=2
where x*

ni1m = 0. Since x7,, — x; (m — ), we have Theorem 1.5. This completes
the proof. [

=

|> (el = e ll) < 25 M all =
j=1

n
2 X
j=1

,mll
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