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NECESSARY AND SUFFICIENT CONDITIONS FOR
BOUNDEDNESS OF THE HARDY-TYPE OPERATOR FROM
A WEIGHTED LEBESGUE SPACE TO A MORREY-TYPE SPACE

V. 1. BURENKOV AND R. OINAROV

(Communicated by L. E. Persson)

Abstract. Necessary and sufficient conditions on functions u and w are established ensuring
boundedness of the multi-dimensional Hardy-type operator H, , from a weighted Lebesgue
space Ly ,(R") to a local Morrey-type space LMg,,(R") for a wide range of the numerical
parameters p,q,0 .

1. Introduction

Let @ be a fixed non-negative measurable function on (0,e) which is not equiva-
lent to 0. In this paper we consider the multi-dimensional Hardy operator H,, , defined
for all functions f € L{°(R") by

(Huo)@) = o)) [ F3)dy. xR, (1)

By

where n € N and B, is the open ball in R” centered at the origin of radius r > 0.

Let Q C R” be a measurable set, v be a non-negative measurable function defined
on ,and 0 < p <eo. By L,,(Q) we denote the weighted L, -space, the space of all
functions f measurable on Q for which ||f||., (@) = [[V/]L,@) < -

The problem of boundedness of the operator H; , from one weighted space
Ly, v, (R) to another one L, ,,(R) has been studied in detail and necessary and suffi-
cient conditions on the weights v;, v, ensuring boundedness of Hj , from L, ,, (R)
to Ly, ,,(R) have been obtained for all values of the parameters 0 < py,py < eo. See
books [9], [11], [8], [10] for formulations and proofs of these results, and for the history
of the problem.

In the theory of partial differential equations, together with weighted L, -spaces,
Morrey spaces M), ; are widely used. They were introduced by C. Morrey in 1938 [12]
and defined as follows: For 0 <A <n, 1 <p< o, f€ M, if f e Lﬁf’C(R") and

_A
£y, = 1 1lna, ey = sup r 7 [ fllL, (Bea) < o (1.2)
xeR™ r>0
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In the last decade much attention was paid to studying properties of various opera-
tors in general Morrey-type spaces defined in following way. Let 0 < p,0 < o and let
w be a non-negative measurable function on (0,0). We denote by LM, ,,, GMg ,,
respectively, the local Morrey-type spaces, the global Morrey-type spaces respectively,
the spaces of all functions f € Lﬁ;"'(R") with finite quasinorms

1 lzaye, = Iy, Re) = W f 1|2, (8, 1L (0.00) (1.3)

1 fllGmye,, = sup £ Get )20y, (1.4)
X n

respectively. (Clearly GM - =M, .)
peesr

In [3], [4], [5], [2], [6] for a wide range of the numerical parameters p;, pa, 0,
6, (but not for all admissible values of these parameters) necessary and sufficient con-
ditions on functions w; and w, were established ensuring boundedness of the maximal
operator, the fractional maximal operators, the Riesz potentials and the genuine sin-
gular integral operators from one local Morrey-type space LM, g, ,, to another one
LM p, 05, -

In [7] the problem of boundedness from LM, g, , t0 LM, ,, Was studied for
the Hardy operator Hy, a particular case of the operator H, ,, in which ¢(r) = B, |'~ ",
where oo € R and |B,| is the Lebesque measure of the ball B,. For all admissible
values of the numerical parameters p;, p», 01, 6, sufficient conditions on w; and w;
were obtained ensuring the boundedness of H,. Moreover, for a certain range of the
numerical parameters and under certain regularity assumptions on wy these sufficient
conditions coincide with the necessary ones. (See Section 4 for more details.) Under
further a priori assumptions on w; and w, these conditions are also necessary and
sufficient for the boundedness of Hy from GM, g, v, t0 GMp,0, s, -

The aim of this paper is investigation of boundedness of the operator H, , from
one local Morrey-type space LM, g, ., to another one LM, g, ,,, under the assumption
0; = p1. One can easy verify that

Hf”LMplplA,WI = Hf”LplA,MI (15)

where
ur(x) = [Iwillz,, (x> (1.6)

so the problem under consideration is a problem of boundedness of the operator Hj ¢
from a weighted space Ly, ,, with a non-negative radially symmetric non-increasing
weight u; to a local Morrey-type space LM, ,. In fact we shall consider a more
general case in which u; is a non-negative radially symmetric measurable weight, but
not necessarily non-increasing.
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2. Main results

Let 0 < 8 <. We denote by €y the set of all functions w which are non-
negative, measurable on (0,e0), not equivalent to 0, and such that for some 7 > 0

WL (1,00) < o 2.1)

Note that, given 0 < p,0 < e and a function ® non-negative, measurable on
(0,0) and not equivalent to 0, the space LM g ,, is non-trivial, i.e. consists not only of
functions equivalent to 0 on R", if and only if w € Qg [3].

In all statements below we assume that u(x) = v(|x|), where v is a non-negative
measurable function on (0,00) and, for a given 0 < 6 < oo, w is a function of the class
Q.

LEMMA 2.1. Let p>1, 0< q,0 <o, and c; > 0. The inequality

| Hnof lmge,, < ctllfllL,. (2.2)

for all functions f € Ly, is equivalent to the inequality

1
0

ENE

) r

[w00) | [togyiar | ar| <callgly, o 3
0 0

for all non-negative functions g € L, 3(0,00), where

Hog(t) = 9(1) [ g(s)ds, 4
0
n—1 _n=1 7(L+l)
pO)=o@) , a)=v@r 7, co=co, " 7,
On is the surface area of the unit sphere S"~' in R", and p' = =t
Moreover
AR

|HnollLyu—1Myg,, = O N HpllL, s—LMpg - (2.5)

REMARK 2.2. If 8 = g then inequality (2.3) takes the form
1
q

/ W (t)(Hpg)!(t)dt | < callgllr, s(0.)
0

i.e.

< 02||g||Lpﬁ(07°°) )
(0,00)

/tg(s)ds )

0 9.
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where
W(t) = Wl ey, 0<t<oo.

Hence, due to the known results [10], [11], [16] the operator H,, ¢ is bounded from L,
to LMy, if and only if
I)for' 1<p<g<eo

Rl q

Ay = sup /((Z)W)th
B>0

]

'
i ?ds < oo,

St~

2)for l<g<p<oo

e plg—1) %
o oo P—q rP—q
A = / / (GW)%dr / " ds i (B)dB | <o
0 \p
3)for0<g<l<p<eo
pP—q
oo ,B (15:‘]1 oo ﬁ re
Az = / /ﬁ_”/dt /(@W)qu (@(B)w(B))*dp < oo,
0 \0 B

Moreover, the norm ||H, || Lpu—LM,,,, 1S €quivalent to Aj,Az,A3 respectively,
with equivalency constants depending only on 7, p and q.

B
If0<g<l<p<e and [i 7ds<-eo forall B >0, then integration by parts
0

implies that

pP—q

If fﬁ‘plds = o for some f > 0, then conditions A, < e and A3 < e are not

0
equivalent (see [16], page 93).

Taking into account this remark, in the sequel we focus on the case 6 # g.

B o
11t may happen that [ii”'ds =0 and [($W)?dt = . In this case, and in similar cases in the sequel, it
0 B

is assumed that -0 =10.
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THEOREM 2.3. Let 1 < p < g, 0 <eo. Then the operator H, g is bounded from
Ly to LMyg,, if and only if

=
=

i
/ i Pdr| <o (2.6)
B>0 o

]
B; = sup /we(r) /(I)qu dr
B B

Moreover,

1
-+

1
—+
"B < | Hupllzy i, <AGH

u
o

e,

1
q

B.

REMARK 2.4. Since the functions w and ¢ are not equivalent to 0 on (0,c0) it

B
follows from (2.6) that [i 7 dr < eo forall B > 0.
0

REMARK 2.5. Note thatif 6 =g then By =A;.

THEOREM 2.6. Let 0 <g<p< 60 <oo.Assumethat g>1o0orq<1, p>1and

B
Ji=Pds < oo forall B> 0. Then the operator Hy gy is bounded from L, , to LM ,,
0

if and only if max{B,By} < e, where

1 _q_ q(p—1) %
oo ] B B P—q t P—q
B> = sup /wedr / /@qdr (1) /ﬁ*p/dr dt
B>0 B 0 y 0
Moreover, Hn7(p||Lp‘uﬁLMq9‘w is equivalent to max{By, B}, briefly

||Hn~,q) HLp,u_’Lqurw ~ maX{Bl 7B2}7

with the equivalency constants depending only on n,p,q and 0.

THEOREM 2.7. Let 0 < g < 0 < p <oo. Assumethat q=> 1 or g<1, 0 > 1 and
B,
JiPds < oo forall B> 0. Then the operator H, gy is bounded from Ly, to LMy,
0
if and only if max{C,C,} < oo, where

p—6
a p(6-1) PO

p—0

B
Java) arpap|
0

=
<l

i
o [ o r q
C = / /we(r) /(])ds dr
0 \p B
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p _q_ q(p—1) 2((1’;:3%
0o [ oo o [ B /B = [t p=q
C— / / wdr / / (ds / it dt w8 (B)dp
0 \p o \7 0

Moreover,
||Hn~,q) HLp,u_’LquM; ~ maX{Cl ) C2}7

with the equivalency constants depending only on n,p,q and 6.

REMARK 2.8. Sometimes the variants of the Hardy operator of the following
form are considered

. dx,x € R, 2.7

(Hg ) = osv() [ 120
B

I

where v is a positive measurable function on (0,0) when dealing with such operators
one should keep in mind that

HH"7(P~,V HLp,u—’Lqu#w = HH"7(PV HLp,uv_’LMqG,w :

Operators H,Y, of the form (2.7) with ¢(r) = r®~" where considered in [15], [14],
where under a number of a priori assumptions on v and w necessary and sufficient
conditions on v and w were found ensuring that Hy’, : LM peo v — LM geo v -

3. Proofs of the main results

Proof of Lemma 2.1

1. By taking the spherical coordinates and applying Holder’s inequality we get

Jx| q q
|Hnofllz,B,) = /(p(|x|)/ /f(O'p)dO' p"ldp| dx

B 0 sn—1

. r t q é
=0/ /(p(t)/ /f(crp)do p"ldp| " lar

0 0 sn—1
1 N

L/*’v’l r n—1 f ’

<ol | [|owxs [| [ 1fep)rac) pldp | ar
0 0 sn—1

g(p)deLq(O,r)v (3.1

Il

Q
S
-

<

—~

-~

N—
o _
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where .
P
[ \rtopyras | o 32)
sn—1
Furthermore,
171ty = / sshcavas | = [vor ([ roprae ) tap
0 sn—1
1
([ (o0 T e(0) o | =lell o 63)

Note that if f(x) = f(Jx|) where f is a non-negative measurable function on
(0,00), then in (3.1) there is equality because in this case

[ rioprac=a.jip)=ol | [ Irop)dc

sn—1 sn—1

Also in this case by (3.2) we get

g(p)=of flp)p" . (3.4)

2. Assume that inequality (2.2) holds for all functions f € L, and let g be an
arbitrary non-negative function in L, 7(0,e). Taking into account equality (3.4) we
1

put in (2.2) the function f defined by f(x) = 6, ”g(|x|)|x|'~", x € R". In this case
there is equality in inequality (3.1) and this equality together with equality (3.3) imply
inequality (2.3).

3. Assume that inequality (2.3) holds for all non-negative functions g € L, (0, ),
and let f be an arbitrary function in L, ,. We put in (2.3) the function g defined by
equality (3. 2) By inequality (3.1) the left-hand side of inequality (2.3) is greater than or

(=
equalto o, HH nofllLM,e,,» and by equality (3.3) the right-hand side of inequality
(2.3)is equal to c2|f||,,,, - Hence inequality (2.2) follows.
4. Equality (2.5) follows by inequality (3.1), equality (3.3) and the last part of Step
1. ]

Proof of Theorem 2.3

Necessity. Assume that the operator H, 4 is bounded from L, , to LMyg,,. Then
by Lemma 2.1 for some ¢; > 0 inequality (2.3) is satisfied. Let 0 < ox < B < e and
€ > 0. Consider in (2.3) the test-functions g, defined by

/

ge(t) =v P ()" Yap) () We(t), 1 € (0,%0),
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where ¥, g) is the characteristic function of the interval (o, 8) and ye (1) =1 if v(t) >
€ and ye(r) =0 if v(r) < €. Then

’ 1(5)sD0=) r
lgellz,. = /( —p+ 7 wg(s)) ds
o

and by (2.3)
B »
/ v (s)s" e(s)ds
o
1
oo r ¢ q 7 2]
st | [wor | [ (o0 [setsras) ar| ar
0 0 0

=

0
q q

oo r ﬁ
=c! / w(r) / Q)" dr | dr / v (5)5" Ve (5)ds
B B o

B
Since [vP (s)s" lye(s)ds < o it follows that
o

1
0

o r % B pi’
/we(r) (/qﬂ(t)z"—ldz) dr (/vp() Ve (5)d ) <o
B B

o

By the Fatou Lemma this inequality implies that for all o € (0, 3)

1
a7 1
7 B v

/we(r) /(pq(t)tnfldt dr /vfpl(s)s"flds < g,
B B

o

ENEY

which in its turn, by passing to the limit as o« — 0" and by taking supremum with
respect to 3 > 0, implies condition (2.6).
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Moreover, B} < ca.

Sufficiency. 1. By Lemma 2.1 it suffices to prove inequality (2.3). Let B| < oo
and 0 < g € L, 35(0,%0). First assume that g is not equivalent to 0 on (0,0) and g €
L1(0,00). Consider the sequence {rk}ngw, where rg = +o and for integer k < O the
numbers r; are defined by

/rkg(s)ds = Zk/oog(s)ds
0 0

Note that for all integer k <0, 0 < 1,y < r; and

Tk—1

7g(s)ds:4 / g(s)ds. (3.5)
0

rk—2
Let 0 = sup{x € (0,e0): [g(y)dy =0}. Then
0

0
(0,00) = (O,G}U( U [rkl,rk)> .

k=—oco

Therefore by applying equality (3.5) we get

0
oo r t q E
1= /we(r) / (I)(t)/g(s)ds dr| dr
0 0 0
0 r t q q
= w(r) / (I)(t)/g(s)ds dr| dr
h=—e c
9
0 rk k min{r,r,-} t q q
<Y w(r) ( D Q@) | gls)ds | dt ]| dr
h=—e =l 0
9
0 rx X min{r,r;} ri 9\ g
<Y /We(r) D ()" Ldr /g(s)ds dr
kifwrkfl = Tio1 0
[}
T X min{r,r;} r q
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2. If 6 < g then by Jensen’s inequality

2]
0 0 [ min{r,r;} q
1<4°y 2 / g(s / WO (r) / ol dr | dr
k=mei=me \ 0, k-1 rio1
— 0 e E
<4e /g ds 2/ /(pq Ly dr
t——oo -2 k=i — i1
q
=40y /g / /qoq "l | ar.
t——oo ri-2 Fi— ri—-1

By Holder’s inequality, by the definition of B and by Jensen’s inequality we have

8
p
I<49 / lg(s)i(s)|Pds
z——oo ri2
9 [}
°° q
% /v P (5)s"1ds / / Wy tar | dr
ri-2 -1 Fi—1
8
0 Ti—1 p o i1 p
<)’ 3| [ lsards | <@s)® 3 [ lsts)ds
= ri2 1:700"172
2]
r—i P 0
= @)’ | [le@a)ds | < (41l u0m)
0
Hence
1
18 <418l 0. 67

3. If 6 > g then starting with inequality (3.6) and applying Minkowski’s inequal-
ities of the forms

/rk (i ai(r)>6dr< i /rkal-(r)ﬁdr

j=—o0
Tk—1

o

and
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0
where 6 = — > 1, we get
q

- 0 19
. 0 r ¢ 1 min{r,r;} i1 9\ g
10 <49 Y / Y, wa(r) / ()"t /g(s)ds dr
ke NI ri-1 ria
- 0
i A
0 k Tk min{r,ri} q Ti-1 8
<411 Y | Y /we(r) / @I(1)" Lar /g(s)ds dr
k= fi=me ric1 ria
0 o \ 0
0 0o 'k r q rio1
<41y | Y w(r) /(pq(t)t"_ldt /g(s)ds dr
e\ Ticl ri2
q
0 fil o . g ’
=44 2 g(s)ds 2 we(r) /(pq(t)t” Lt dr
== \ 7 k=i,” o
a
0 ri1 q o r q 0
=473 /g(s)ds /we(r) /(pq(t)t"fldt dr
T\ rie1 rie1

q
J 0 ri-1 r
16<a0y /\g(s) (s)|Pds /v P (5)s"1ds
== ri-2 ri-2
q
4 0
q
x / /qoq o lar | dr
i1 i1
q q
i1 r p

[SYASY
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b q
= (4B)" / s@ats)rds | < (4B1lgl,00) "

Hence for 6 > g inequality (3.7) also holds.

4. If [ g(s)ds = oo we consider the sequence {ry};___ , where for all integer &
0
Tk
/ g(s)ds = 2%,
0

Note that in this case for all integer k 0 < r;,_; < r; and equality (3.5) holds. By a
similar argument we get for 6 < ¢

=
|
<o

<@ | X [lewac)ras| = (4Billsls,u00)"

ri-2
and for 6 > ¢
o Tl I
q J o q
10 <@py | Y [le@aw)rds | = (4Bl 00) -
T

So for all 0 < g € L, 7(0,%0) inequality (3.7) holds which means that inequality
(2.3) is valid with ¢, =4B;.

Therefore the statement of Theorem 2.3 follows by Lemma 2.1 g
Proof of Theorem 2.6

1. By Lemma 2.1 and the duality formula if suffices to estimate the quantity

(Z (wq(r)({r (Hqsg)qdf> % d*’) :

C?=sup
§20 [ gHLp
e o q
e (g (<p<z> ({g(s)ds> dr) ir
= supsup _
00 W 9h|L o 7°°)||ugHZp(07w)
—-q
B q /oo
J (am Ofg<s>ds) ( fh(r)dr) i
t
= supsup - X
h>0g>0 [w=4hl|, 0 (o,oo)HMqu

0—q
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By Remark 2.2 it follows that

oo

o 4o
f(<p<z>fg<s>ds) Th(r)drds
0 t

0
sup —
g=0 Hug||zl,(0,w)
. plg—1) %
oo oo = —q t rP—q
~ / / #(7) / h(r)dr | dt / a7 (s)ds @ (1)dt
0\t T 0
. plg—1) %
o o r P—q t P—q
_ / / / ¢ (v)dt | h(r)dr / @ (s)ds a? (nar |,
0 \t \¢ 0
where the equivalency constants depend only on p,q and 6.
Let
(Kn) (1) = [ Ksh(r)ar
t
where
-
k(r,t) = / #(t)dt
1
Note that the kernel & satisfies the condition
k(r,t) =k(r,s)+k(s,t), r=s>t>0. (3.3)
Let
plg=1) %
t P—q
Ut) = / i " (s)ds i (1) . W) =w0)
0
Then by the above
9
= ”K”Le%qw(O,w)HL%ﬂ(O,w)7 (3.9

where the equivalency constants depend only on p,g and 6.
2. By the assumptions on the parameters 1 < Gi—q < ﬁ, therefore due to condi-

tion (3.8) by [13] C9 ~ max{gl,gz}, where the equivalency constants depend only on
p,q and 6,
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B = sup jﬁ%(z)dt) q (ZW_%(r)k%(r,ﬁ)dr> )
5, pla) R . AN
:/S;ir()) / (/ﬁ_p,(s)ds) i (r)dr /we(r) (/ ¢q(s)ds> dr
0 \0 B B
r=q o r % 0 B pl’
= (q(l;)_—ql)> Zli% /we(r) (ﬁ/ 5q(s)ds) dr (()/ﬁ_p (r)dr)
B (qgv_—ql)> - B
and
B T e §
B = O/ ﬁﬁ(z)kﬁ(ﬁ,z)m> ( ﬁ/ W—%(r)dr)
8 8 ﬁ , p(’?:ql) % . %
= / ( / aq(s)ds> ( / a—P’(r)dr> @ (1)dt ( / we(r)dr>
0 \¢ 0 B
N B /B 7 : b \ 7
- (%) ’ sup ( O/ ( / aq(s)ds) (1) ( O/ T (r)dr) dr

Taking into account equality (2.5) we get C ~ max{B|,B,}, where the equivalency
constants depend only on n, p,q and 6, hence the result. U
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Proof of Theorem 2.7

By the assumptions on the parameters 1 < ﬁ < e%q, therefore due to formula
(3.9) and condition (3.8) by [13] C? =~ max{ghé}, where

3 0 (1:7799)
wl| [ = r i\’ /8 i
Ci— / /W*g(r) /(])(s)ds dr /ﬁ# 07 ()dp
0 B B 0
q(p—0)
N N . % [1%9 5 p;e:el) PO
~ / / Wwe(r) / $(s)ds | dr / @ (s)ds @ (B)dp
0 B B 0
=C{,
and
— po
P=q q(p—0)

SR

G = /w /I3 /I3 @(s)ds | T75 (1)ar 7 Wi (rdr Wi (B)dp
0 0 B

N 5 5 # . q(;:ql) q(p—9)
~ / / / (s)ds / i (t)dt a " (1)de
0 0 t 0
_ I,L—)e fJ(I;;@)
« /we(r)dr WO (B)dp —c,
B

and the equivalency constants depend only p, g and 6. Hence the statement of Theorem
2.7 follows by equality (2.5). (|

4. Corollaries of the main results

As noted in Introduction in [7] the problem of boundedness from LM, g, ,, to
LM, e, v, was studied for the Hardy-type operator Hy, where o € R, defined by
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Since Hy = Hy,, Where @(r) = vnﬁ_lro‘_" and v, is the volume of the unit ball in
R", Theorems 2.3, 2.6 and 2.7 are applicable to the operator H,. We formulate the
appropriate corollary for the case of Theorem 2.3, the other cases being similar.

COROLLARY 4.1. Let 1 < p; < p2,0, <o and o € R. Then the operator Hy, is
bounded from LM, p, v, to LMp,g, ., if and only if
)

7] [} !
o0 r ) B ”

Dy = sup / w2 (r) / slemptntge | gy / Il e | <o,
B>0 3 3 0 P>

If oo > &, then
1)
g
Dy < ((@—n)pa+n) 2n "E,
where
Ev = sup [wa(r)r* "7 |1y 5y 5.
B>0 6, \P> Ly, (B.e)
Hence the condition E| < oo is sufficient for the boundedness of Hy from LM, p, w,
to LM,y,0, v, if 1 < py < p2,60 <o and & > o
This condition is similar for the case 6; = p 1 to the sufficient condition obtained
in [7]. In that paper it is proved that if 1 < p; <o, 0 < p3, 01,0, <o, O < 6, and

1 1
a>n<___> if 1 <py<py<eoorp;=landp;=eco .1

P P2

or 1 1
a>n<___>ifp1:1<p2<ooor0<p2<p1<°°, 4.2)

P P2

then the condition

(L
Fy = sup ||wa (r)r” "5y

1 ) —1
) - < oo
P ||L92(l3’ )”wl”Lgl(ﬁa"")

is sufficient for the boundedness of Hy, from LM, g, ,, to LM,,p, . . Moreover, under
certain regularity assumption on the function wy (formulas (60) and (61) in [7]), the
condition Fy < o is necessary and sufficient for the boundedness of Hy, from LM, g, 1,
to LMP292~,W2 .

Let us consider in more detail the case of power-type local Morrey space LM 1/}9’
where 0 < p,8 < oo, A >0 if 6 < oo and A > 0 if 6 = oo, the spaces of all functions
fe Ly (R for which

r ”fHL,, (By) 9dr
”fHLMl = ([( ) 7 < oo

=
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if @ < e and 171
- Ly(By)
n <

1Al pag, = sup———
LM r>0 r

if @ =oco. (If L <0 for 8 <o or A <0 for @ = oo, then these spaces are trivial.)
Clearly, LMZ;9 = LM, with w(r) = r~*~% (hence IWlLg (reo) = (7L6)’$r‘7L ).
First of all we note that the condition

1 1
06=7L2—M+n<———) (4.3)
P P2
is necessary for the boundedness of H, from LM;L; g, t0 LM;L;ez . This follows by the
‘dilation’ argument (see [7, Remark 9] for details.) The non-triviality assumptions on
A1 and A, imply that

11 11
a</12+n<———) if01<oo,a</12+n<———> if ) = oo (4.4)
P1 P2 P1 P2

and
1 1Y . 1 1Y .
Oc>—7Ll—|—n<———>1f92<°o,a>—7tl+n<———)1f02:°o. 4.5)
P P2 P P2

COROLLARY 4.2. Let 1 < py < p2,6, < o0, A1,A4 >0 and oo € R. Then the
operator Hy, is bounded from LM;,LIl p 1O LM;;;QZ if and only if equality (4.3) holds.

Proof. Follows by Corollary 4.1 if one takes into account inequalities (4.4). In-
deed, it suffices to prove that equality (4.3) implies that D} < eo. This follows since if
o> pi, , then by (4.4) and (4.3)

2

1

=

)

(=+o—2-)6,—1 M+

Dy < csup /r 7 dr B <o
B>0

1 -4 1
where ¢ = (Aip1) 7 (A +n) "t|(c—n)pa+n| 72,if o < -7 » then by (4.3)
2

1

o 0,

o—L-+ A+
D) < csup /r*lzerldr B " " < oo,
B>0 B

and if o0 = pi,z , then by (4.3)

oo 6 6,
_ 1 7L, 2 A +%
Dy = (Mp1) Pt (A +n) "1 sup /r_bez_l <1n£> ?dr B !
B>0 ﬂ
L ——lr T 0 —1 b > —A+A+5
— (ap1) 7 (A +n) B /f 201 (Inf)m dr | supB M <o O

1 B>0
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For comparison, in [7] for a wider range of the parameters py, p2, 601,02, 41, 2,
namely

1 <p1 <0< p2,01,60, Kooy >0if 0 < oo, A; > 0if 6; =o0(i =1,2), (4.6)

and
0 < 6, 4.7

it is proved that Hy, is bounded from LM;}: o, O LM;L;62 if and only if equality (4.3)
holds, but under the additional assumption that conditions (4.1) — (4.2) are satisfied.
(These additional conditions are necessary for application of the method used in [7]
which is based on proving first the boundedness of Hy, from L, (B,) to Lp,(B;).)
Conditions (4.6) are maximal admissible assumptions on the parameters

pP1,P2,01,6, and Ay, A,. As for inequality (4.7) it is likely that it is also a necessary
condition for the boundedness of H, from LMA; o, 10 LM;%GZ. If 6, =p; and 6, = p;
this is true. (See [7, Remark 11].) If 6; = p;, 0 < pr < 6, < oo with po > 1, or pr < 1
and 6 > 1, this follows by Theorem 2.7 because in the case 6, < 0; = p; C| = oo.

So the conjecture is that under natural assumptions (4.6) the operator H, is

bounded from LM;}: o, 10 LM;};OZ if only if both inequality (4.7) and equality (4.3)
are satisfied.
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