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ON FRACTIONAL SMOOTHNESS OF
FUNCTIONS RELATED TO p-VARIATION

MARTIN LIND

(Communicated by Lars Erik Persson)

Abstract. This paper is concerned with the study of two functionals of variational type - the
Riesz type generalized variation v, o(f) (1 < p <e,0 < <1—1/p) and the moduli of p-
continuity @;_y/p( f36). These functionals generate scales of spaces connecting the class V,, of

functions of bounded p-variation and the Sobolev space W!. Some limiting relations in these
scales are proved. Sharp estimates of v, o(f) in terms of @;_;,,(f;0) are obtained.

1. Introduction

Let f be a periodic function with the period 1 on the real line. A set Il =
{x0,%1,...,x,} of points such that

xXo < X1 <...<X,, Wwhere x,=xp+1,

will be called a partition of a period (or simply a partition). Let 1 < p < e. For any
partition IT, set
1/p

n—1
vp(fsTD) = { X 1f (o) = f ()P
k=0
We say that f is a function of bounded p-variation and write f € V), if

vp(f) = s%pvp(f;ﬂ) < oo,

where the supremum is taken over all partitions IT. This definition was given by N.
Wiener [17]. The following strict inclusions hold

VpCVy for 1< p<g<eos.

For 1 < p < e, we denote by W[} the class of all absolutely continuous 1-periodic
functions f such that ' € LP. F. Riesz (see, e.g., [9, Ch. 9]) found a variational type
characterization of Wp1 . This result was formulated in the framework of the following

Mathematics subject classification (2010): Primary 26A45, secondary 46E35.
Keywords and phrases: Functions of bounded p-variation, generalized variations, optimal constants,
function spaces.

© depay, Zagreb 21

Paper MIA-16-02


http://dx.doi.org/10.7153/mia-16-02

22 M. LIND

general definition (see [11]). Let 1 < p <eo, & >0, and let f be a 1-periodic function.
For any partition IT= {xq,xi,...,x,} of a period, we set

) — e
Vo (f2T) = (2 Xier1) — f (% ) . (1.1)

xk+1 —xk)

We denote by Vlf‘ the class of all 1-periodic functions f such that
vpa(f) = sup Vpo(fiII) <eo,

where the supremum is taken over all partitions of a period. Let p' = p/(p—1). If
o > 1/p', then V¥ contains only constants. For o = 1/p’, the F. Riesz theorem states

that a function f belongs to the class Vpl/ P if and only if f € W). For o =0 we
obtain the class V,. Thus, Vlf‘ for0<a<1/ p’ form a scale of spaces of fractional

smoothness between V), and Wpl.

Another characterization of Wp1 is given by moduli of p-continuity. For a partiton
IT, denote ||TT|| = max;(x;1 —x;). Wiener [17] introduced the function

®1-1/p(f36) = sup vy(fiI) 0<6<1, (1.2)
<8

where the supremum is taken over all partitions IT with ||IT|| < 6. The function (1.2)
is called the modulus of p-continuity of the function f. If 1 < p < o, then the equality

li :6)=0 1.3
ag&wlfl/p(f ) (1.3)

may hold for non-trivial functions. A function f satisfying (1.3)is called p-continuous.
We denote by C, the class of all p-continuous functions.
If feW,) (1<p<eoo),then

o1 (f38) < |If],87. (1.4)

Conversely, if
O_1p(f;0) = 0(8'7),

then [ € Wpl (see [13]). Thus, the space Wpl can be also characterized in terms of
moduli of p-continuity.
The main objectives of this paper are twofold:

1. to obtain sharp relations between v, (f) and moduli of p-continuity;
2. to study limits in the scales generated by v o(f) and @;_y/,(f;6).

Obviously, if f €V (0 <o <1/p'), then

_1/,(f;8) = 0(8%) (1.5)
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Moreover, as we have seen, for oo = 1/ p', the converse also holds. However, for 0 <
o < 1/p’, the condition (1.5) does not imply that f € Vlf‘. On the other hand, it is in
general impossible to improve (1.5).

We prove (see Theorem 4.1 below) that if f €V, (1<p<e), 0<a <1/p',
and

1 d 1/p
Im(f)E(/O <r°‘w1_1/p<f;z>>f’—’) <o, (1.6)

t
then f € V¥ and

Vpﬂ(f) <A[Vp(f)+cp,al ,a(f)]a (L.7)

where A is an absolute constant and ¢, o = p'at!/P(1/p’ — &t)'/P. Further, we show
(see Theorem 4.5) that the condition (1.6) cannot be weakened whatever be the order
of decay of the modulus of p-continuity. That is, if ® is any continuous nondecreasing
function on [0, 1] such that @(0) =0, /7' w(r) is nonincreasing, and

1
[ omprs ==
0 1t

then there exists a function f such that ®;_;/,(f;0) < @(8) (0< < 1) and f ¢V,

It is also important to stress that the constant ¢, o in (1.7) has the optimal asymp-
totic behaviour as o — 0+ and o — 1/p’—. Actually, an inequality of the type (1.7)
could be derived from estimates of v, o (f) via L -moduli of continuity obtained in [6]
(see Remark 4.4 below). However, the constant obtained in this way is not optimal.

For the functionals v, «(f) we prove the following limiting relations (see Theorem
3.4 below):

1. for any 1-periodic function f, we have

lilm/ Vvp.alf) = vy (f)s (1.8)
a—1/p'=

2. if fe V,;XO for some o > 0, then

lim vpa(f) =vp(f). (1.9)

a—0+

Further, we study limits of the Besov type norms I, o(f) as a — 1/p’—. This
problem was inspired by the results obtained in [2] (see also [3, 8]) concerning limits
of usual Besov norms. We prove that for functions f € wl,

lim (1/p' =) /"Ly o(f) = p~ 71 llp- (1.10)
o—1/p'—
Conversely, if the limit in the left-hand side of (1.10) is finite, then f € Wp1 .
The limiting relations (1.8)—(1.10) show the sharpness of the constant in (1.7).
An essential role in the proofs of our main results play estimates of approximation
by Steklov averages in V), proved below in Lemma 2.2. We use also these estimates to

show that the K -functional K(f,t;Vp,Wpl) is equivalent to a)l_l/p(f;tp,), 1< p<eo.
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2. Auxiliary results

We shall begin with some basic properties of the modulus of p-continuity (1.2). It
was proved in [13] that for 1 < p < e and any n € N

o1, (find) <nP oy, (f:8) (0<8<1/n).

It follows that
w171/p(f§5) <21/p/w171/p(f§li)

S < i @1

for 0 < u < & < 1 (that is, the function 5’1/”,601_1/,,(]’;5) is “almost decreasing”).
As a consequence of (2.1), we see that the best order of decay of the modulus of p-
continuity for f € C), is @y_1/,(f;6) = O(8/7"). This order is attained only for func-
tions f € Wp1 (see the Introduction).

Let Q, (0 <y < 1) be the class of all continuous functions @ defined on [0, 1]
such that ®(0) =0, o(z) is nondecreasing and () /t? is nonincreasing. For historical
remarks and some new information concerning conditions of this type (including the
close relation to index numbers), we refer to the paper [12] and the references given
there.

For y =1, the class Q; is “almost” the same as the class of moduli of continuity
(see, e.g., [4, p.41]), in the sense that for any modulus of continuity 7, there is @ € Q;
such that o(r) < N(r) <20(r), 1 €10,1].

Similarly, A.P. Terehin [15] proved that for y = 1/p’, the class Q; /p “almost
coincides” with the class of all moduli of p-continuity for functions in C, . Indeed, let
f€Cp and set

10) su
woy _ 1/p lfl/p(f’ )
o*(t)=t ogifgt Uy (2.2)
Then clearly ®* € Q;/,; and by (2.1)
o' (1) S o1 (f:1) <2V 0 (1), 0<r<L. 2.3)

Conversely, for any o € /o' in [15] there was constructed a function f € C,, such
that
o(t) <o_1/,(ft) <90(t), 0<r<L

For this reason, we shall call a function @ € €, /,; a modulus of p-continuity.
Throughout this paper, for any @ € Q, we denote

o, =0(2™") and ®,=2"w(27") (neN). (2.4
Since @(z) is nondecreasing and @(z)/t? is nonincreasing, we have
Opt1 < O < 270541 (2.5

and

(o < wn-‘rl S 2)/611 (l’l S N) (26)
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Let o € Qy and assume that

tgr(1)r1+w(t)/t7’: oo, (2.7

Then we define the sequence of natural numbers ny = ni(@,7y) as follows. Set ng =0

and . |
. wn wnk
= : — <= k=0,1,...). 2.8
N1 = min (n max(wnk7 5n) 2) ( ) (2.8)
Thus,
20n,, < Wy, 20, <Oy, (k=0,1,..), (2.9

and for each £k =0, 1,... at least one of the inequalities
2(an+1,1 > @y, Or ankH,] < 26’%

holds. By (2.5) and (2.6), this implies that for each £k =0, 1, ... we have at least one of
the inequalities
Oy, < 4Oy, | (2.10)

or
@y, < 4Ty, (2.11)

Partitions (2.8) for moduli of continuity have been used for a long time, beginning
from the works [1, 10, 16].

The following lemma is a slight generalisation of Lemma 2.1 in [6] and it can be
proved in exactly the same way.

LEMMA 2.1. Let 0 <y <1 and let o € Qy satisfy (2.7). Let 1 < g < oo and
0 < B < qy be given numbers. Then

< 2412 ! di
2P <208+ — - /t*ﬁwt’f—.
2ol <20+ mBlar=p) | Pol)

Let feL'. Forany 0 <h <1, let
1 rh
filo) =1 /O Flx+1)dr 2.12)
be the Steklov average of the function f.
LEMMA 2.2. Let 1 <p <o and f €V),. Then
O -1/p(fust) S 01_1)p(f31), 0< 1 <1, (2.13)

£l <H VP w1 y,(f1h) (2.14)
and
vp(f = fu) S 601_1,(f3h). (2.15)
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Proof. The inequality (2.13) is immediate and (2.14) follows from (3.1). We shall
prove (2.15). Let T = {xq,x1,...,x,} be any partition and set

K'={j:xjz1—x;<h}, K'={0,1,...n—1}\K
Set also g, = f — f and
1/p
V' = (Z |gn(xj+1) —gh(xj)|p>
JjeK'
and
1/p
V= (2 |gh(xj+1)_gh(xj)|p> :
jEK//

Then v,(gy;IT) < V' +V”. By Minkowski’s inequality

I/p 1/p
V' < (Z |f(xj+l)_f(xj)|p> + (Z fh(xj+1)—fh(xj)|p>

JEK' JEK'
< @_1)p(f3h) + @11 p(fish)-

Using (2.13), we get

VI <20p_y,(fh). (2.16)
We now estimate V”'. We have
h P
vy = 3 | [0~ S+~ 1(05) + g+ 0
jek”

Applying the trivial inequality |a+ b|? < 2P(|al? + |b|?) and Holder’s inequality, we
obtain

vy <onct [ [ %, [f sy +0) = sl +

jEK//

+ 2 1f(xj+1) —f(xj)lp] dt.

jeK"

For 1 € [0,h] and j € K” we have [xj,x;j+1] C [xj,xj+1), and hence [xj,x;+1]N
[xi,xi+t] =0 fori,j € K", i+ j. Moreover, since j <n—1 and j € K", we have that
Xj+1<xjy1 < x,. Thus,

U [xj,x;j +1] C [x0,Xn],

jEK//
and

D f G 1) = fF)IP < @1 (Fi1)

jEK//
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for each ¢ € [0,/]. Furthermore, if i, j € K” and i < j, then xjp 1 +1 <xj+1 < Xxjq1.
Whence, [xi1,%i11+1] N [Xjr1,xj41+1] =0, i< j, and

U [xj+17xj+1 +l] C [x0+t7x,,+t}.
JjeK”

Thus,
D i +0) = fln)|P < oy (f3h)

jGK”

for each 7 € [0,4]. It follows that
V' <2 Pey y(fh). (2.17)
By (2.16) and (2.17) we obtain

vp(f = fn) S 6@1_1/,(f3h).
This completes the proof. [

REMARK 2.3. Applying Lemma 2.2, we can show that the Peetre K -functional
K(f,;V,,W,) is equivalent to wl_l/p(f;tl’,).

Set || f|lv, = [£(0)[+v,(f) for f €V,. Itis simple to show that [ - ||y, is a norm
on V), and that V), is a Banach space with respect to this norm.

As in [4, p.172], we define the K -functional for the pair (V), Wpl) by the equality

K(f,1:Vp,W,) (I = &llv, +1l&'llp)-

= inf
gEW)

We emphasize that the second term on the right-hand side is only a seminorm on Wp1 .
We shall prove that

wlfl/p(f;tp,) <K(f,1:Vp,W,) < 8w171/p(f;lpl)~ (2.18)

Fix an arbitrary ¢ € (0,1] and set h = 1. Let g = f; be the Steklov average (2.12),
then g € Wpl . By (2.14) and (2.15), we have that

1£(0) = (0) [ +vp(f — &) + 171" < 8@y (f3h).
Substituting h = 17" above yields

1f—glv, +1llg'llp < 8wy_y/p(f:27),

and therefore, )
K(f,t:Vp, W) <Bwi_y/,(f:t?).

On the other hand, for any g € Wl we have by (1.4) that

o1 (f3t") < @1yp(f —git? )+ o1y (g37)
<vp(f—g)+1llgllp-
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Taking infimum over all g € W1 we obtain that

o1 (fi17) S K(f1:Vp, W),

Thus, (2.18) is proved.

3. Limiting relations

The LP-modulus of continuity of a function f € L is defined by
1/p
o(f;8),= sup (/ Gt h) — )de) . 0<8<I.
0<h<§

It was proved in [14] that for d € [0, 1]
o(f:8) < 8Pwy_1),(f:8) (1< p<o). (3.1)

Observe that in the non-periodic case (which is much simpler), (3.1) was proved in [18].
Let f € LP (1 < p < o). It was proved in [2] that if

1
sup (1-5) [ (0 0(7:0,)P 5 <o
0<s<1 0 t
then f € W, and

' L dr 1/p 1\ /P

im (-9 (o) = (5) 170

s—1—

We shall consider a similar limiting relation involving the modulus of p-continuity
instead of L”-modulus of continuity. We begin with the following proposition.

PROPOSITION 3.1. Let f € W, (1 < p <eo). Then

Oy _1/p(f3h)
h—0+ Wi/

=17ll- (3.2)

Proof. Ttis a direct consequence of (1.4) that

o h
m 1 l/p(.lf )
h—0+ hl/p

<If1lp-
For h € (0,1], denote Ay f(x) = f(x+h) — f(x) and set
w(h) =11 = (Anf) /1l p-

Then

A
11 < iy + 12 e
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From here and (3.1), we obtain that

0)171/p(f§h)

. (3.3)

£l < u(h)+

for any 0 < i < 1. Further,

Anf(x) / fl(x+1)d

Thus, applying Holder’s inequality and Fubini’s theorem, we have
1 rh P 1/p
- E/ flx+t)dt dx)

( / (/ f'(x x+t)|1’dx> dz)l/pgw(f’;h)p.

Since f' € L, o(f;h), — 0 as h — 0. Thus, u(h) — 0 as h — 0 and we get from
(3.3) that

o _ 3 h
lim 1 1/1p(/f )
h—0+ h /[7

= [1£'llp-
This completes the proof. [

THEOREM 3.2. Let f be an I-periodic function. Then the following statements
hold:

Lif feW, (1<p<e),then

1 dar\ /P 1\ /r
i, 1/ = ([ omyprar )= (5) sl G

s—1/p'—

2.ffeC, (1<p<eo)and

_— LI d
T (1/p' =) [ oy, ()T <

s—1/p'—

then f € Wpl.

Proof. We first prove the statement 1. Let f € Wp1 and s € (0,1/p’). Set

dt

h
I, = p(1/p =) [0y rl L 0<h<L,

then we shall prove that
lim J(s,1) = /|5

s—1/p'—
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By (3.2) we have that for any € > 0, there is a number § = §(g) > 0 such that for
0<tr<é

O_1/,(f31)

p
17— < — 35— < I/ +e (3.5)

Multiplying (3.5) by tP~27P, integrating over [0, 8] and taking into account that p —
1—sp=p(1/p’ —s) yield the inequalities

871 (1f1p — ) <J(s.8) < 8IS +e).
It follows that

—1- —1- —1- —1-
(1= ) £l = e87 7 < [F = (s.8) < (1= 87~ D) f|[p 428"~ .
(3.6)
Furthermore, since f € W, we also have fe€V,and

/ ! = dr / —sp—1
P10 =) [ oy (0l S < p(1/p =587 ()"
Therefore,

|J(s, 1)— ||f’Hg’ <(1- 6[7*1*5‘[7)”]‘/”1?_’_861971—5‘17
+p(1/p — )87, (1)

As s — 1/p’—, the limit of the right hand side of this inequality is equal to €. Since
€ > 0 is arbitrary, the proof of 1. is complete.

Let now f € C,. Forany 0 <h <1, let f;, be the Steklov average of f given
by (2.12). Then f;, € W, and fj(x) = [f(x+h) — f(x)]/h ae. Applying (3.4) to the
function f; and using (2.13), we have that

l /| P . / /1 — dl
— = lim (1/p'—s o )P —
Sl = tim (/=) [ oy (el
< EH(U’—Q/Wﬁw UﬂVﬂ—C<
\.\'4»1/17’7 p 0 171/1’ ’ t o ’
On the other hand,
1
ity =77 [Vt by = £ (o)
Thus,

(Alﬂx+w—f@WﬂOhm<Ch he(0,1].

Since f is continuous, a theorem of G.H. Hardy and J.E. Littlewood [5, Thm. 24]
implies that f € W, . O
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REMARK 3.3. M. Milman [8] studied continuity properties of interpolation scales
at the endpoints. In particular, it follows from his results that for any f € W,

) y L Lo dt 1/p 1\ ,
tim (1= ([kravwrs) T =(2) i,
Together with (2.18), this provides another look on (3.4).

We shall also give some limiting relations for the functionals v, (f) defined by

(1.1).

THEOREM 3.4. Let [ be an I-periodic function and let 1 < p < eo. Then the
following relations hold:

1. for any f we have

lim/ Vp,a(f) = vp,l/p’(f); 3.7
a—1/p'—

2. 0iffe V;‘“ for some o > 0, then

lim vy o(f) =v,(f)- (3.8)

a—0+

Proof. To prove 1, we first observe that

vpa(f) <vpip(f), 0<a<l1/p.

Further, let TT = {xo,x1,...,x,} be any partition. Then, since

vralf) > (nil NACYERY) —f(xk)p> 1/,,’

k=0 (xk+1 - xk)ap

we get

ne 1/p

o—1/p'— k=0 ('xk+1 _xk)p_l

Taking supremum over all partitions, we obtain

lim Vppc(f) > vlhl/l’/(f)'
a—1/p'—

Thus, (3.7) holds.
We proceed to prove 2. Since

Vp(f) < Vp,oc(f)

for any a > 0, it is sufficient to show that

Q@Jrvpﬂ(f) < Vp(f)~
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For any partition IT = {x,xi,...,x,}, we set

kel —k
o,={j:2 <Xjy1—x; <2 1,

and
I/p
Sk(f) = (Z If(xj+1)—f(xj')”> :
JEOK
Then
- 1/p
Voo (f3T1) <27 (2 pkorg, ( f)”) . (3.9)
k=0

Furthermore, by applying the Abel transform we have

=3

3 2 s () = ¥ 2k [isjw— > Sj<f>”]
j=k

k=0 k=0 j=k+1

= S S+ (12 Y 2k S ().
k=0 1 =k

k=

It is easy to see that

Whence, for 0 < o < oy

oo

3 2XPS ()P < vp(f)F + vp.ao (f)Pap i 2—k(ew—a)p,
k=0 k=1

Thus, by (3.9)

1 » 1/p
Vpa(f) < 2% [ vo(F) + &Py (f) (m )

and it follows that

Tm vpalf) <vplf),

which concludes the proof. [J

REMARK 3.5. The condition that f € V;‘“ for some o > 0 in (ii) cannot be
omitted. Indeed, if f € V), has a discontinuity at some point, then vpﬂ( f) = o for all
o >0 whence limv, o(f) = oo, while v, (f) < oo.
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4. Estimates of the v, , -variation

In this Section we obtain a sharp estimate of v, o(f) (see (1.1)) in terms of the
modulus of p-continuity @;_; /p(f ;0).

THEOREM 4.1. Let 1 < p <o andlet 0 < o < 1/p’. Assume that f €V, and
that

1 dar\ VP
bt = ([ o) <o @)
Then f €V and
Vp.a (f) < A[Vp(f) + Cp,alp,a(f)}y 4.2)
where A is an absolute constant and
a=pa’P(1/p —a)/P. (4.3)

Proof. The condition (4.1) implies that f € C,. Let ®*(r) be given by (2.2) and
take @ € €2/, such that

o)) < o), 1€0,1] (44)
and
. 1/ / e
zligiw(t)/t P = oo, (4.5)

We specify later how such @ can be obtained. As before, set @, = ®(27") and ®, =
21/ @, . Let the natural numbers n; = m(w,1/p"), k=0,1,..., be defined by (2.8).
Set (k) =k if (2.10) holds and (k) = k+ 1 if (2.11) holds, and define

—n

2 k)
a(x) = 2"u(k)/ fx+1)dr.
0
Fix a partition IT = {xg,x],...,x, } and set
Oy = {] 127 < Xjr1—X; < 2_n/"}.

For any function ¢ we define

1/p
Ri(p) = (Z «p(x,-+1>—<p<x,,»>|f?>
JEOK

(Xj41 —xj)%P

and

1/p
Si(e) = (Z |§0(xj+l)_(P(xj)p> :

JEOK
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By Holder’s inequality we have for j € oy

lgr(xjr1) — grl(x;)]? 1 r

(dcj+1 —x))*P (j1 —x;) P

1 Xj+1
< G =)o [ g rar

Xj

Xjt1
<ammtteon) [T g .

Xj

Xj+1 ,
/ gi(1)dt
X

J

Thus, by (2.14) and (4.4),

Ri(gx)

(1/P=) |6t

NN N

2-
2 "k(l/plfa)zn“(k)/p,wlfl/p(f;2_"“("))
- "k(l/Pl_a)znu(k)/P,wnﬂ(k).
If p(k) =k, then Ri(gr) < 2%y, . If u(k) =k+1, then ,,,, <4, and
Ri(ge) <27mWr=og, | <omotlg, (4.6)
Thus, (4.6) holds for each k € N. Further,
Ri(f — gk) < 2"H19Sp(f — gx)- 4.7

Applying (4.6) and (4.7), we get

- 1/p - 1/p
vp.a(f311) < (Z,Rk(gk)p) + (2 Rk(f_gk)p>
=0 =0

- I/p - I/p
<4 (2 2"k°‘1’a),1,’k> + (2 2"k+1°‘1’sk(f—gk)1’> :

k=0 k=0

We estimate the latter sum. Clearly, Si(f —gx) < vp(f —gk). Applying (2.15), we
obtain

Sk(f —8k) < 6“’",1(/{)'
If (k) = k, then Wpy < 4w"k+1 and
2nk+1aSk(f _ gk) < 2nk+la+3wnk < 2"k+la+5a)nk+l .
If u(k) =k+1, then
2AOSy(f —gr) <241 @y

Thus

- 1/p - 1/p
(Z kAP S (f — gk)p> <32 (Z 2”k°‘pa),{’k> .
k=0 k=0
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It follows that

- 1/p
vp.o(f;11) < 36 (2 2"k°‘1’w,fk> .

k=0
Applying Lemma 2.1 with y=1/p’, g=p and = ap yields
1 dar\ VP
Vvpa(f) <36 (2wg+21’+2pp’a(1/p’— Oc)/ to‘pa)(t)pT) .
0

Set y
1 p
Dpal() = ( / tapm(t)l’%) .
0

Since p'/? <2 and (p')'/? < p’, we obtain

vpalf) <2 [@o+p'a7(1/p =) 17D, ()] (458)

If there holds ()
o (1
Jim 27 — e (4.9)
then we take @(¢) = *(¢). In this case

Dp,a(®) <Ipa(f)

and g < vp(f), by (2.3). Thus, (4.2) is proved in this case.

If (4.9) does not hold, we take wg(r) = ®*(r) + &t” where oo < y < 1/p’. Then
e € Ql/p/ for each € > 0 and w; satisfies (4.4) and (4.5). Furthermore, by (2.3) and
a simple calculation we have

Dpa(@e) < Ip.a(f) +e(p(y—a)/?

and g (1) <v,(f)+ €. Thus, we get from (4.8) that

vpal(f) <200, (f) + e+ p e P(1/p = o) P, a(f) +£(p(y— 2)'/7)).
Letting £ — 0 yields (4.2). O

REMARK 4.2. Assume that f € WI,l (1 < p <oo). By Theorem 3.2

lim (1/p' =)' 1pa(f) = p P IF
o—1/p'—
Further, v,(f) <||f||, for f € WI}. Thus, the upper limit as o¢ — 1/p’— of the right-
hand side of (4.2) does not exceed Al|f’||, (where A is an absolute constant). On
the other hand, by Proposition 3.4, the left-hand side of (4.2) tends to Vi /17’( f) as
o — 1/p'—. Thus,
VpJ/p’(f) < AHf/HP

This agrees with the theorem of F. Riesz (see the Introduction) and shows that the order
of the constant (4.3) is optimal as & — 1/p’—.
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REMARK 4.3. Assume that 1, o, (f) < e forsome 0 < o9 < 1/p’. Since I,, o(f) <
Ip.oy(f) for 0 < o < 0, we get that

. 1 . 1
allf&a Pla(f) < o}g&ro‘ /Pl 4 (f) = 0.
Thus, as oo — 0+, the limit of the right-hand side of (4.2) does not exceed Av,(f)
(where A is an absolute constant). On the other hand, if I, o, (f) < e, then f € V,,°
by Theorem 4.1. By (3.8), vp.a(f) — vp(f) as a — 0+4. Thus, the behaviour of the
left-hand side of (4.2) agrees with the behaviour of the right-hand side as o — 0+.

REMARK 4.4. Let 1 < p<e and 0 < @ < 1/p’. 1In [6], sharp estimates of
vpa(f) interms of @(f;08), were studied. There it was proved that if f € L” and

Kyl f) = (/01 o (fa)) d’)w e

then there exists f € V¥ such that f = f a.e. and

vpa(f) <AV (1/p — o) V7K, o(f), (4.10)

where A is an absolute constant. The scheme of the proof of Theorem 4.1 is similar to
one used in [6] in the proof of (4.10).
We shall now compare (4.10) and (4.2). For | < p <o, 0<a <1/p and f€V,,

we have c
Kpalf) <Ipa(f) < ~Kpalf), (4.11)
where C is an absolute constant. Indeed, the left inequality is an immediate conse-
quence of (3.1), while the right inequality follows from estimates of ®;_y/,(f;6) in
terms of @(f;9) p obtained in [14] (see also [6]) combined with Hardy’s inequality (see
[7,p. 7).
Applying (4.10) and the left inequality of (4.11), we get

Vp,a(f) <Acp olp, a(f)

where A is an absolute constant and ¢}, , = a /P (1/p' — a)'/P. Observe that for
small ¢« > 0, the constant cp o is much larger than the constant c¢) o given by (4.3).
Indeed, cp — o0 as o — 0+, while ¢, o — 0 as o« — 0+. Thus, (4.2) with the
sharp constant (4.3) cannot be obtained from (4.10). However, note that the order of
the constant in (4.10) as a — 0+ is optimal (see [6], Remark 5.3).

Now we show that for 0 < e < 1/p’ the condition (4.1) is sharp.

THEOREM 4.5. Let 1 < p<ooand 0 < o < 1/p'. Assume that ® € Q) isany
modulus of p-continuity such that

[ oy ® =« @1
0 t

Then there is a function f € V), such that @,_y;,(f;6) < (8) but f ¢ V.
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Proof. Define ®,,®, by (2.4) with y=1/p’. The condition (4.12) implies that
o(8) # 0(8Y/7"), thus we may construct {mi}y by (2.8).
For k=1,2,..., set & =27, & =272 and I, = [§ — &, & + &]. Then
Iy € (0,1). Further, since ngy > ng+ 1, we have gy + 8y < & — & and thus the
intervals {I} }xen are pairwise disjoint and ordered from the right to the left.
For k € N, define ¢, as a continuous 1-periodic function such that @ (x) =0 for
€ [0,1]\ Ix, ¢x(&) = @y, , and @y is linear on [§; — &, & and [&, &+ &]. Set

=Y o)
k=1

We shall estimate a)l_l/p(f;Z_s) for s € N. Assume that n, < s < n,; for some
m = 1. Clearly, there holds

- 1/pf2 2 1-1/p (Q:277).
For each k > m+ 1 we have the trivial estimate
O1_1/p(027°) < vi(Qr) =20y,
Fix 1 <k <m. Observe that

o (x)] = 2%y, x € (& — 8. &) U (&, &+ &),

and
O(x) =0, x€[0,1]\ L.
By (1.4), we have

, , 1/p
wkuA%as><zSmnﬁmf=2vp([2“ﬁ”%ﬁd§
k

2*S/1?’+2*1/175nk.
By (2.9),

o 1/,(f:27%) [ —s/p' Ewnk+ 2 wnk]

k=m+1

< 8(2_5/1) anm + wnn1+l)'

Further, since n,;, <5 < ny41, we have o, < 05 = 25/ P,a)s, and ®,,,, < ;. Thus,
®_1/p(f;27°) < 16@;. This implies that

o1_1/,(f:8) <320(8) for0< S < 1.
We shall prove that f ¢ V*. For any N € N, consider the points

O<év—Ov<én<év 1—0y_1<..<& -6 <& <.
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Clearly
1/p 1/p
&1f(E) = f(&— &)1 &
vpa(f) = | D S — 4 2 omer gp
k=1 k k=1
Thus,
1/p

vpalf) = 4% z 2P @l
k=1

It remains to show that the series at the right-hand side diverges.

If (2.10) holds, then

27 "%k P
(tfaw(t))Pﬂ < 4_2nk+la17w17 .
27 M1 t ap Mt

If (2.11) holds, then

27" dt 4r
/ (o)l < — T morgp.
2 e+ 1 1 p—1—ap k

These estimates and (4.12) yield that

=

> 2P —co. O
k=1
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