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POTENTIAL INEQUALITY REVISITED II: EQUALITY CASE
AND HARDY TYPE INEQUALITIES

NEVEN ELEZOVIC, JOSIP PECARIC AND MARJAN PRALJAK

(Communicated by Ivan Peric¢)

Abstract. A detailed analysis of potential inequality from [6] and [1] is presented. Special atten-
tion is given to the equality case. This enables us to obtain some improvements and generaliza-
tions of classical Hardy’s inequality.

1. Introduction

Potential inequality is a very general inequality which generates many important
inequalities as special cases. Authors proved potential inequality in [1] for kernels and
functions that satisfy the maximum principle (see below).

In this paper the equality case will be discussed in detail. Further, improvements
and generalizations of Hardy type inequalities will be derived.

Let us start by introducing notation and the setup, see [1] for details. We say that
N(x,dy) is a (positive) kernel on X if N : X x #(X) — [0,+0c] is a mapping such
that, for every x € X, A — N(x,A) is a o-finite measure, and, for every A € #(X),
x+— N(x,A) is a measurable function. For a measurable function f, the potential of f
with respect to N at a point x € X is

(NHE) = [ FOINCdy),

whenever the integral exists. The class of functions that have the potential at every point
is denoted by Z &7 (N).

For a measure pt on (X,%(X)) and a measurable set C € Z(X) we will denote
by Neu the measure defined by

(Rew)(dy) = /C N(x,dy)p(dx).

If C =X we will omit the subscript, i. e. Nu will denote the measure Ny [i.
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DEFINITION 1. Let N be a positive kernel on X and #Z C X0 .7 (N). We say
that N satisfies the strong maximum principle on % (with constant M > 1) if

(NF)(x) < Mu+N[f 1npsul (%) (1)
holds forevery x € X, f € Z and u > 0.

O
In [1, Theorem 5] the potential inequality is proved for the standard class of convex
and concave functions on (0,+eo):

THEOREM 1. (The revised potential inequality) Let N(x,dy) be a positive kernel
on X which satisfies the strong maximum principle on % with constant M. Let f € %,
x€X and z> 0 be such that z < (Nf)(x)/M and denote by B; the set

B.={yeX:(NA)(y) >z2}.
Then, for a convex function @ : (0,4o0) — R, the following inequality holds
1 1

(- (NF)() ~@(2) < NI (N )15 ()
+]iu(p(Z)N[f_f+le}('x) - Z(P(Z).

If ® is a concave function, then the above inequality is reversed.

In the sequel, we shall also need the following result.
THEOREM 2. [l, Theorem 15] Under the assumptions of Theorem 1, if f is non-
negative and lim,_oz¢(z) =0, then

1

(1 (V)W) ~ @(0+) < 3-NIFQ(NS 4] (o).

Furthermore, for a finite measure [ on (X,%(X)), the following inequality holds
1 1 N
[l (N - @01)(B) < 35 [ F0(NN) W) R )

2. Equality Case

In this section we will give a set of sufficient conditions on the kernel N(x,dy) and
the function f € # under which the potential inequality from Theorem 1 holds with
equality, not just for convex functions, but for a more general class of functions %
given in Definition 2 below. Using these results, Hardy’s inequality will be generalized.

DEFINITION 2. A function @ belongsto %" if there exists a function ¢ of locally
bounded total variation such that ®(¢) = [j ¢ (u)du for every t > 0.
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Due to the properties of ¢, one can easily derive the following two properties:
(i) a function @ € % is absolutely continuous and, thus, satisfies the fundamental
theorem of integral calculus (see [3], p. 286) and (ii) the measure d¢ generated by ¢
is a well-defined signed measure. These two properties guarantee that the key step in
the proof of Theorem 1, the integration by parts given in [1, equation (1)], is still valid
for a function ® € J# . Hence, we can state and prove the following theorem

THEOREM 3. (The Potential equality) Ler ® € ¢ . If a positive kernel N(x,dy)

on X, which satisfies the strong maximum principle on % with constant M, and f € #
satisfy the following two properties:

(i) for every x € X and u such that 0 < u < % (Nf)(x), the maximum principle
holds with equality, i. e.

(NF)(x) =Mu+N[f Lnsy](x), for 0<Mu< (Nf)(x)
(ii) forevery x € X we have N(x,By(y)) =0, where T(x) = = (NF)(x),
then the potential inequality from Theorem 1 holds with equality, i. e.
(- (V)W) ~ @) = N QN () + %wz)zv[f )0 - 290,
forevery x € X and z > 0 such that z < (Nf)(x)/M
Proof. Inspection of the proof of Theorem 1 given in [1, Theorem 5] shows that

sign of inequality is used in two steps. Under the property (i), the first inequality holds
with equality, i. e.

[ gt = [ N tasldot)

Under the property (i), the measure N(x,-) is identically equal to zero on the set

By = {y € X : (N > ()}, 50

/XN(x,dy)

7(x)
7o) / 1150 (0)do (1 >]

= [ Vo) | 770 [ Vg )0 (@)
=) xX,dy y . {(Nf)zuy\y)apu) |,

i. e., the second inequality in the proof of Theorem I also holds with equality. [

REMARK 4. Ifakernel N(x,dy) satisfies the assumptions (i) and (ii) from Theo-
rem 3 and if the condition that @ is convex is loosened to @ € %", then the inequalities
in Corollaries 6, 9 and 12 and Theorems 11 and 15 of [1] hold with equality. The same
is true for the first inequalities in Corollaries 8, 10, 13 and 16 of [1].
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The following lemma gives sufficient conditions under which a kernel N satisfies
the assumptions of Theorem 3 for all nonnegative functions f.

LEMMA 5. Let a kernel N on X and a nonnegative f : X — [0,4o0) satisfy the
following three properties

(i) for every x1,x, € X, the measures N(x1,-) and N(x,-) are identical on the set
B¢, where t = min (Nf)(x1),(Nf)(x2)), i. e.

N(x1,CNB{)=N(x,CNBY), foreveryC € B(X)
(ii) N(x,B;) =0 for every x € X, where t = (Nf)(x)
(iii) The range {(Nf)(x) : x € X} is a connected set in R containing 0.

Then, the kernel N satisfies the maximum principle for the function f with con-
stant M =1 and the potential equality from Theorem 3 holds for every ® € ¢ .

Proof. The inequality from the definition of the maximum principle holds trivially
for u > (Nf)(x). On the other hand, for u < (Nf)(x), nonnegative f and M =1, the
inequality from the definition of the maximum principle is equivalent to

/X T p)<uy N (x,dy) < u. )

By property (iii), there exists ¥ such that u = (Nf)(X). By property (ii) we have

u= [ FONGEA = [ SO GINGEd),

while by property (i) we have

| SO oep < GINGE) = [ 0D gy IV )

Combining the last two equalities, we see that (2) holds with equality. Therefore, the
property (i) from Theorem 3 (with M = 1) holds, while the property (ii) from that
theorem with M = 1 is equivalent to the property (ii) of this lemma. Hence, the as-
sumptions of Theorem 3 are satisfied, so the potential equality holds. [J

3. Applications to Hardy-type inequalities

Hardy’s inequality states that for nonnegative f and p > 1 we have

l/f’ (i /Oxf(y)dy> pdx] < L l O+°°fp<x>dx] | @)
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To work in our setup, we will set X = (0,4o0) and define the kernel N by its
density

1, ify<x,
G(x,y) = 4
(6,3) {0, otherwise. @

Fx) = (NN = [ 6)ay

and that the kernel N satisfies the conditions in Lemma 5.

Notice that

THEOREM 6. Let f be nonnegative, F(x) = [y f(y)dy, p e R\{1}, g=p/(p—
1), ®e ., ®0+)=0, lim,0z¢(z) =0 and let v;(dx) = Ai(x)dx, i = 1,2, be two
O -finite measures with densities A; that satisfy

~+o0

@ =4 W[ [ L] 5)

X

Then
[ oFE@m@ds= [ f@oF@R 02, xax,

where
B = (b,+), forb=essinf{y: f(y) > 0}.

Proof. By the assumptions on the kernel N, the function f and the set B we see
that B = {x € (0,4+) : (Nf)(x) > 0}.

The kernel N satisfies the conditions in Lemma 5 and, taking into account Re-
mark 4, we see that the second inequality from Theorem 2 holds with equality. Since
®(0+) = 0 this is equivalent to

/ O(F(x))vi (dx) = / F0)0(F (x))(Rgvi) (d). ©)

Notice that

(Ripv1)(dx) = /b +°°[ / x| 24 (y)dy = / +°° / ozb7x)7tl(y)dy]dx7

+o0

AW @ = [ Jaly)ay

max(b,x)

i. e.

Due to (5), we see that for x € B
d(Ngvi)(x) = A1) 4,7 (x),

Plugging the last equality into (6) finishes the proof. []
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COROLLARY 7. Let f, F, B and v;, i = 1,2, be as in Theorem 6. Then, for
p > 1 the following inequality holds

/FI’ () (x x] <p[/fp (1) (x)d ]p,

while for 0 < p <1 the inequality is reversed.

Proof. Applying Theorem 6 with ®(7) = 7” for p > 0 we get

| From@dx=p [ f0a7@F ! 02 @

Finally, applying Holder’s inequality on the right hand side integral for functions f /121 /p

and FP*IJLll/q = (FP21)"/4 and multiplying the inequality by [ [5 F?(x)2; (x)dx] e
we get the claim of the corollary.

Similarly, let the kernel N be defined on the set X = (0,+oco) by its density

1, ifx<y,
G(x,y) = 7
(%,3) {07 otherwise. ™

~+oo
F@) =N = [ 1y

and that the kernel N also satisfies the conditions in Lemma 5.

Then

THEOREM 8. Let f be nonnegative, F(x) = [ f(v)dy, pe R\{1}, g=p/(p—
1), ®e ., ®0+)=0, lim,0z¢(z) =0 and let v;(dx) = Ai(x)dx, i = 1,2, be two
O -finite measures with densities A; that satisfy

R =47 [ M) ®)

Then

[ oFE@m@ds= [ f@oF@R 52, xax,

where
B=(0,b), forb=esssup{y: f(y) >0}.

Proof. By the assumptions on the kernel N, the function f and the set B we see
that B = {x € (0,+) : (Nf)(x) > 0}.

The kernel N satisfies Lemma 5 and, taking into account Remark 4, we see that
the second inequality from Theorem 2 holds with equality. Since ®(0+) = 0 this is
equivalent to

/q) V1 dx /f NB\/l)(dx). (9)
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Notice that
R b oo oo min(b,x)
)@= [ [ afumar= [ [ [T mdyax
o LJy 0 0

i.e. d(Npvy)(x) = f(;mn(b’x) A1(y)dy. Due to (8), we see that for x € B
d(w, =22,
(Npvi)(x) = A, (x) 2,7 (x).
Plugging the last equality into (9) finishes the proof. [

COROLLARY 9. Let f, F, B and v;, i = 1,2, be as in Theorem 8. Then, for
p > 1 the following inequality holds

1
P

/FP(x)JLl(x)dx] ' gp[/fﬁ(x)lg(x)dx] R
B B

while for 0 < p < 1 the inequality is reversed.
Proof. Applying Theorem 8 with ®(7) = ¥ for p > 0 we get
[ Fremas=p [ ron 0F 02/ (x)ax.
B B

Finally, applying Holder’s inequality on the right hand side integral for functions f 121 /p

and Fp‘l/lll/q = (FP21)"/4 and multiplying the inequality by [ [ F”(x)A; (x)dx] e
we get the claim of the corollary. [

COROLLARY 10. Let f be nonnegative, p >0, p # 1 and k # 1. Define F by

Fx) = {fé‘f(y)dy, k>1, (10)

L f)dy, k<1
Then, for p > 1 the following inequality holds

L 1
P P

[/O+kaFp(x)dx] < ‘kz;l‘ [/O+wxpkfp(x)dX‘| )

while for 0 < p <1 the inequality is reversed.

Proof. Since, for any choice of p and k, we have f(x) = F(x) =0 fora.e. x ¢ B,
the integrals over (0,+ec) can be replaced with integrals over B. Then the inequality
for k > 1 follows from Corollary 7, while for £ < 1 from Corollary 9, by taking

xP—k

_ —k —
Ai(x)=x and A(x) = T
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The last corollary is a well-known result (see [2]) and it is a generalization of
Hardy’s inequality. Indeed, by taking k = p > 1, A;(x) =x7? and Ay(x) = 1 we get
inequality (3).

We will end this section with an elementary proof of the potential equality from
Theorem 6, but with additional assumptions that f € L! and that v;(dx) = A;(x)dx is
a finite measure. Under the same additional assumptions, the dual potential equality
from Theorem 8 can be proven in an analogous way.

Proof of Theorem 6. We have

—
dx

and condition (5) can be restated as

Jroo
AAPw = [ )y, an

X

so the integration by parts gives

o0
| PFW)A(x)dx =

x=+

o0
=—0(F(x) [ A(y)dy

X

T e oo
+ [ r@eF@)( [ Mdy)ax (2
b

X

x=b

Notice that, due to the additional assumptions, we have

o0
lim F(x)= | f(y)dy < e,
X——+oo 0
80 limy_ 4. @(F(x)) is finite, while lim,_,;, ®(F(x)) = ®(0+) = 0 due to the definition
of b and properties of @.

On the other hand, since v, is a finite measure, the integral [," A;(y)dy is finite
and

o0
X—o0 x

so the first term on the right hand side of equality (12) vanishes.

Taking into account (11), we see that the second term on the right hand side of
equality (12) is equal to

[ £00(F )2 2P (@),

so the equality from Theorem 6 holds. [l
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4. n-dimensional Hardy-type inequality
Hardy’s inequality compares the L? norm of the “averages” % Jo f()dy to the L?
norm of the function itself. We can generalize this to » dimensions by looking at the

averages of a function over the n-dimensional balls B, (0, ||x||) around the origin. To
derive the results, we will look at X = R" and the kernel N with the density

Loyl < flxdl
Gmw={ Iyl <l

0, otherwise.

The kernel N satisfies the conditions of Lemma 5 and we have
FW=WNW=[ 10y
By (0, |x[])

THEOREM 11. Let f:R" — [0,+oo),

F(x) = /B ! (07“x“)f(y)dy,

peR\{1}, g=p/(p—1) and ® € X such that ®(0+) =0 and lim,_,oz¢(z) =0.

Let vi(dx) = Ai(x)dx, i = 1,2, be two © -finite measures on R" with densities A; that
satisfy
_ P
@ =AW [ uea]” (13)
Bu(0,1x)¢
Then
/ B(F (x)) 1 (x)dx = / FEQFE)A10)AP (x)dx,

where

B=B,(0,b)°,  forb=sup{b': f(y) =0 for almost every y € B,(0,5')}.

Proof. By the assumptions on the kernel N, the function f and the set B we see
that B={x € R": (Nf)(x) > 0}.

The kernel N satisfies Lemma 5 and, taking into account Remark 4, we see that
the second inequality from Theorem 2 holds with equality. Since ®(0+) = O this is
equivalent to

/q) V1 dx /f NB\/l)(dx). (14)

Notice that

NBV1 / / dx] A (y)dy
2(0,0)¢ LJBA(0,[ly)

- LI )av]ax
n LJB,(0,max(b,||x|))¢
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i.e. d(Npvi)(x) = [z, (0.max(p, sy M1 (7). Due to (13), we see that for x € B
d(Rgvi)(x) = A}/ () 077 ().
Plugging the last equality into (14) finishes the proof. [J

COROLLARY 12. Let f, F, B and v;, i = 1,2, be as in Theorem 11. Then, for
p > 1 the following inequality holds

1
P

/ FP(x) (x)dx] "< p[ / fl’(x)lz(x)dx] :
B B

while for 0 < p < 1 the inequality is reversed.
Proof. Applying Theorem 11 with ®(7) = 77 for p > 0 we get

L Fromwar=p [ 02" 0F " 092 wax.

Finally, applying Holder’s inequality on the right hand side integral to the functions
flzl/p and F”’llll/q = (FP2;)"/4, and multiplying the inequality by

[ /B FP(x) A (x)dx] "4

we get the claim of the corollary.

Similarly, let the kernel N be defined on the set X = R" by its density

Gy {1 TR <,
’ 0, otherwise.

Then
Fo=0e=[ 7o)

and that the kernel N also satisfies the conditions of Lemma 5.

THEOREM 13. Let f:R" — [0, +oo),
Fw= [ f)ay
ACAE

peR\{1}, g=p/(p—1) and ® € & such that D(0+) =0 and lim,_oz¢(z) = 0.
Let vi(dx) = Ai(x)dx, i = 1,2, be two © -finite measures on R" with densities A; that

satisfy
Jol) =4 "] [

p
A(y)dy| . (15)
haoepy 10 )
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Then
/ D(F (x)) A (x)dx = / FEQFEE)A ()P (x)dx,

where

B=B,(0,b),  forb=inf{b": f(y) =0 for almost every y € B,(0,')}.

Proof. By the assumptions on the kernel N, the function f and the set B we see
that B={x e R": (Nf)(x) > 0}.

The kernel N satisfies Lemma 5 and, taking into account Remark 4, we see that
the second inequality from Theorem 2 holds with equality. Since ®(0+) = 0 this is
equivalent to

/cp )i (dx) = /f ) (Rgvi)(dx). (16)

Notice that

Ngvi)(d :/ / dx| A (y)dy = / M (y)dy|dx,
B = Jo o U O oL iy O]

i.e. d(Ngvi)(x) = JB.,(0min(b.x)) M (¥)dy . Due to (15), we see that for x € B
d(Npv1) (x) = 471 (0) )77 (x).
Plugging the last equality into (16) finishes the proof. [J

COROLLARY 14. Let f, F, B and v;, i = 1,2, be as in Theorem 13. Then, for
p > 1 the following inequality holds

/Fp e x] <pl/fp Vo (x)d ]p,

while for 0 < p <1 the inequality is reversed.

Proof. Applying Theorem 11 with ®(7) = 77 for p > 0 we get
L From@ar=p [ 102" 0F " (52w,
B B

Finally, applying Holder’s inequality on the right hand side integral for functions f 121 /p

and Fp‘l/lll/q = (FP21)"/4 and multiplying the inequality by [ [ F”(x)A; (x)dx] e
we get the claim of the corollary. [

_ REMARK 15. If the densities of the measures v;, i = 1,2 are radial, i. e. Vi(dx) =
Ai(||x|])dx with A; : [0,4oe0) — [0,+e0), then the integrals in conditions (13) and (15)
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can be simplified by switching to the hyperspherical coordinates. Condition (13) is
equivalent to

~ 51— Foo P
b= of ) [ hio)a]
holding for every r > 0, while condition (15) is equivalent to

halr) = oAl /0 i (tyar|"

holding for every r > 0, where @, is the area of the surface of the unit hypersphere
§"=!in R",

COROLLARY 16. Let f:R" —[0,4), p>0, p#1, g=p/(p—1) and k # 1.
Define F by

Is 5 fO)dy,  k>1,
o= N 17
v {an(o,xyf(y)dy, k<1. a7

Then, for p > 1 the following inequality holds

[/RHHX_"I‘F”(x)dx] < 1|[/ "~ 47 () ] ,

while for 0 < p < 1 the inequality is reversed.

Proof. Since, for any choice of p and k, we have f(x) = F(x) =0 fora.e. x ¢ B,
the integrals over R" can be replaced with integrals over B. Then, the inequality for
k > 1 follows from Corollary 12, while for k£ < 1 from Corollary 14, by taking into
account Remark 15 with

o
nPlk—1lp ~

M) =[x and  Zo(x) =
REMARK 17. Since the volume of the n-dimensional ball B, (0, ||x||) satisfies

V(B(0, [1x]1)) = [1x]["@n/n,

the inequality from Corollary 16 for k = p > 1 can be rewritten as

1 ’ '
[/ : <W /B o x)ﬂy)dy)pdx] : l% [/R fp(X)dx]

which can be interpreted as the n-dimensional analogon of Hardy’s inequality.
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As in the 1-dimensional case, we will end this section with a direct, elementary
proof of the potential equality from Theorem 11, but with additional assumptions that
f € L' and that v|(dx) = A (x)dx is a finite measure. Under the same additional as-
sumptions, the dual potential equality from Theorem 13 can be proven in an analogous
way.

In the proof we will make use of hyperspherical coordinates (r,0) = (r, 0y, ..., 6,_1)
in R”. Interchange between x and (r,0) or use of the equation x = (r,0) will mean
that (r,0) are the hyperspherical coordinates of a point x € R". Let us denote by

J(r,0) = """sin"2(0))sin"3(6) - - - sin(6,_)

the Jacobian of the transformation from hyperspherical to Cartesian coordinates and let
§"~1 = {x € R": ||x|| = 1} denote the unit sphere in R".

Proof of Theorem 11. Notice that F(x) depends only on the norm ||x||, so we can
interpret F as a function with the domain [0, +e<) and, in this proof, we will use both
notations F(x) and F(||x||). With this understanding, we see that

F(r) :/ )dy = / / J(7,0)dodF,
By( Or gesn— W

where the last integral is obtained by transferring to hyperspherical coordinates. There-
fore,

Fin= [ _, Jr0)(r0)db.

Let us introduce the functions g and G by

g1 = [ m(:0)I(0)d0
and .
G(r) = / ¢(7)dF.

By transferring to hyperspherical coordinates in the integral in condition (13), we see
that that condition is equivalent to

27402377 (x) = G(||x]).- (18)

By transferring to hyperspherical coordinates and using integration by parts we get

/,,W, O(F (x)) 2 (x)dx
_/”’/eesn 1 )i (r,0)J(r, e)dedr—/ O(F (r))g(r)dr

+oo

o0
——o(F)G0)| + [ ore)( [ . J(10)1(10)d0)G(rdr (19)

b
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Notice that, due to the additional assumptions, we have

lim F(r) = /B o [O) < e

r——o0

$0 lim,— 4+ ®(F(r)) is finite, while lim,_,, ®(F(r)) = ®(0+) = 0 due to the definition

of b and properties of ®.

On the other hand, notice that G(r) = v;(B,(0,r)¢), so, since v; is a finite mea-
sure, G(b) is finite and lim,— ;. G(r) = 0, so the first term on the right hand side of

equality (19) vanishes.

By transferring back to Cartesian coordinates and taking into account (18), we see
that the second term on the right hand side of equality (19) is equal to

+oo
/h / S (0)9(F(r)G(r)J(r,6)d0dr
ocsn

The Jacobians J and J !

holds. [

= 1/ 1/ o
B Bn(o,b)cf(x)(p(F(x)Ml P(x) 29 (x)J (x)J ™ (x)dx.

cancel out, so we see that the equality from Theorem 11
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