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A NOTE ON SOME INEQUALITIES OF

MARTINGALE SHARP FUNCTIONS
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(Communicated by S. Varošanec)

Abstract. In this paper, some new inequalities for the sharp functions of martingales are estab-
lished by use of rearrangement technique.

1. Introduction and preliminaries

Martingale inequalities of the sharp functions were studied by F. Weisz [1] , in
which the following martingale inequalities are formulated:

‖ M( f ) ‖p � Cp ‖ f � ‖p, 1 < p < ∞;

‖ S( f ) ‖p � Cp ‖ f S
r ‖p, 0 < r < p < ∞;

‖ s( f ) ‖p � Cp ‖ f s
r ‖p, 0 < r < p < ∞.

These inequalities play an important role in the interpolation between martingale Hardy
and BMO spaces. In this paper we adopt rearrangement technique to study these in-
equalities. Some new martingale inequalities of the sharp functions are obtained. In
particular, our results show that the first inequality also holds for p = 1, and that there
is no connection between p and r for the second and the third inequality to hold when
1 � p,r < ∞ .

The organization of this paper is divided into two sections. Some basic knowledge,
which we will use, is collected in this section. Main results and proofs are given in the
next section.

Let (Ω,μ) be a σ -finite measure space, M (Ω) the space of all measurable func-
tions on Ω . For f ∈ M (Ω) , denote its distribution function by

λ f (t) = μ(x : | f (x)| > t), t � 0,

and its decreasing rearrangement function f ∗ is defined as

f ∗(t) = inf{s > 0 : λ f (s) � t}, t � 0.
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For 0 < p,q < ∞ , the Lorentz space Lp,q is defined as

Lp,q = Lp,q(Ω,F ,μ) = { f :‖ f ‖p,q< ∞},

where

‖ f‖p,q =
(∫ ∞

0
( f ∗(t))qt

q
p
dt
t

) 1
q

.

We recall that Lp,p = Lp for 0 < p < ∞ .
Let (Ω,F ,P) be a complete probability space, and {Fn}n�0 a nondecreasing

sequence of sub-σ -algebras of F such that F = σ(
⋃

n Fn) . The conditional expecta-
tion operators relative to Fn are denoted by En . For a martingale f = ( fn)n�0 relative
to (Ω,F ,P;(Fn)n�0 ), denote its martingale difference by d fi = fi − fi−1 ( i � 0, with
convention d f0 = 0), its maximal function, square function and conditional square
function by

Mn( f ) = sup
0�i�n

| fi |, M( f ) = sup
i�0

| fi |,

Sn( f ) = (
n

∑
i=0

|d fi|2) 1
2 , S( f ) = (

∞

∑
i=0

|d fi|2) 1
2 ;

sn( f ) = (
n

∑
i=1

Ei−1|d fi|2)
1
2 , s( f ) = (

∞

∑
i=1

Ei−1|d fi|2) 1
2 .

For 0 < r < ∞ , the sharp functions of a martingale f = ( fn)n�0 are defined as

f � = sup
n�0

En | f − fn−1 |;

f s
r = sup

n�0
(En[S2( f )−S2

n−1( f )]
r
2 )

1
r ;

f s
r = sup

n�0
(En[s2( f )− s2

n( f )]
r
2 )

1
r .

Throughout this paper, we use C or Cp (depending only on p ) to denote some
constant and may be different at each occurrence.

2. Some martingale inequalities for the sharp functions

In this section, we first establish some martingale rearrangement inequalities. By
use of these rearrangement inequalities and Hardy inequality, we formulate some new
martingale inequalities of the sharp functions.

LEMMA 1. Let 1 � r < ∞ . Then for any martingale f = ( fn)n�0 we have

s( f )∗(t) � 4 f s∗
r

( t
2

)
+ s( f )∗(2t), t > 0.
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Proof. Set ηn = (En[s2( f )− s2
n( f )]

r
2 )

1
r , define stopping times as follows:

μ = inf{n : sn+1( f ) > s( f )∗(2t)},

ν = inf
{

n : sn+1( f ) > 4 f s∗
r

( t
2

)
+ s( f )∗(2t)

}
,

τ = inf
{

n : ηn > f s∗
r

( t
2

)}
.

Notice that μ � ν , and

{μ < ∞} = {s( f ) > s( f )∗(2t)},

{ν < ∞} =
{

s( f ) > 4 f s∗
r

( t
2

)
+ s( f )∗(2t)

}
,

{τ < ∞} =
{

f s
r > f s∗

r

( t
2

)}
,

P(μ < ∞) � 2t, P(τ < ∞) � t
2
,

we have

{ν < ∞} = {ν < ∞,μ < τ}∪{ν < ∞,μ � τ}
⊆ {τ < ∞}∪{ν < ∞,μ < τ},

{ν < ∞,μ < τ} ⊆
{

μ < τ,s( f )− sμ( f ) > 4 f s∗
r

( t
2

)}
.

Therefore

P(ν < ∞,μ < τ) � 1

4 f s∗
r

(
t
2

) ∫
{μ<τ}

(s( f )− sμ( f ))dP

� 1

4 f s∗
r

(
t
2

) ∫
{μ<τ}

E[s( f )− sμ( f ) | Fμ ]dP

� 1

4 f s∗
r

(
t
2

) ∫
{μ<τ}

(E[((s( f ))2 − (sμ( f ))2)
r
2 | Fμ ])

1
r dP

� 1
4

P(μ < ∞) � t
2
.

Thus we get

P(s( f ) > 4 f s∗
r

( t
2

)
+ s( f )∗(2t)) � P(τ < ∞)+P(ν < ∞,μ < τ)

� t
2

+
t
2

� t.

It follows that
s( f )∗(t) � 4 f s∗

r

( t
2

)
+ s( f )∗(2t), t > 0.

The proof is completed. �
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REMARK 1. (1) Set ηn = (En[S2( f )−S2
n−1( f ) | r

2 )
1
r , define stopping times:

μ = inf{n : Sn( f ) > S( f )∗(2t)},

ν = inf
{

n : Sn( f ) > 4 f S∗
r

( t
2

)
+S( f )∗(2t)

}
,

τ = inf
{

n : ηn > f S∗
r

( t
2

)}
.

Similar to the proof of Lemma 1, we can prove that for 1 � r < ∞ ,

S( f )∗(t) � 4 f S∗
r

( t
2

)
+S( f )∗(2t), t > 0.

(2) It was proved by Long [2,3] that

(M( f ))∗(t) � 4 f �∗
( t

2

)
+(M( f ))∗(2t), t > 0.

LEMMA 2. [2,4] Let (F,G) be a pair of nonnegative measurable functions on
(Ω,F ,P) . If (F,G) satisfies the rearrangement inequality :

F∗(t) � F∗(2t)+CG∗
( t

2

)
, ∀t > 0.

Then with the same C, we have

F∗(t) � 2CG∗
( t

2

)
+

C
log2

∫ ∞

t

G∗(s)
s

ds, ∀t > 0.

LEMMA 3. [5] (Hardy’s inequality) If 1 � q < ∞ , r > 0 and f is a nonnegative
function defined on (0,∞) , then

(∫ ∞

0

(∫ ∞

t
f (u)du

)q

tr
dt
t

) 1
q

� q
r

(∫ ∞

0
(t f (t))qtr

dt
t

) 1
q

.

Now we are in the position to state our main results.

THEOREM 1. Let 0 < p < ∞,1 � q,r < ∞ . Then for any martingale f = ( fn)n�0

we have
(1) ‖ M( f ) ‖p,q� Cp,q ‖ f � ‖p,q ;
(2) ‖ S( f ) ‖p,q� Cp,q ‖ f S

r ‖p,q ;
(3) ‖ s( f ) ‖p,q� Cp,q ‖ f s

r ‖p,q .

Proof. We only prove (1), since the proofs of (2) and (3) are similar.
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It follows from (2) in Remark 1, Lemma 2 and 3 that

‖ M( f ) ‖p,q =
(∫ ∞

0
(M( f )∗(t))qt

q
p
dt
t

) 1
q

� Cq

⎛
⎝(∫ ∞

0

(
f �∗
( t

2

))q
t

q
p
dt
t

) 1
q

+

(∫ ∞

0

(∫ ∞

t

f �∗(s)
s

ds

)q

t
q
p
dt
t

) 1
q
⎞
⎠

� Cp,q

(∫ ∞

0
( f �∗(t))qt

q
p
dt
t

) 1
q

= Cp,q ‖ f � ‖p,q .

The proof is completed. �
Let 1 � p < ∞ and p = q , it follows from Theorem 1 that

COROLLARY 1. Let 1 � p,r < ∞ . Then for any martingale f = ( fn)n�0 we have
(1) ‖ M( f ) ‖p� Cp ‖ f � ‖p ;
(2) ‖ S( f ) ‖p� Cp ‖ f S

r ‖p ;
(3) ‖ s( f ) ‖p� Cp ‖ f s

r ‖p .

REMARK 2. In F. Weisz [1] , it was proved that the inequality (1) in Corollary
1 holds for 1 < p < ∞ , and that the inequalities (2) and (3) in Corollary 1 hold for
0 < r < p < ∞ . Here we show that the inequality (1) also holds for p = 1, and that
there is no connection between p and r for the inequalities (2) and (3) to hold when
1 � p,r < ∞ .
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[5] J. BERGH, J. LÖFSTRÖM, Interpolation Spaces, Springer-Verlag, Berlin, 1976.

(Received June 9, 2011) Ren Yanbo
School of Mathematics and Statistics

Henan University of Scinence and Technology
Luoyang 471003

PR China
e-mail: ryb7945@sina.com

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


