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WENDROFF TYPE INEQUALITIES ON
TIME SCALES VIA PICARD OPERATORS

SZILARD ANDRAS AND ALPAR MESZAROS

(Communicated by J. Pecaric)

Abstract. Recently (see [11]) R.A.C. Ferreira, D.F.M. Torres proved some linear and nonlinear
Wendroff type inequalities on time scales. Similar results were proved also by D.R. Anderson
([2] and [3]). It is well known (see [9]) that the Wendroff inequality is not the best possible
upper estimate for the solutions of the corresponding integral inequality. The aim of our paper is
to improve the known Wendroff type inequalities on time scales and to give a different proof for
the existing inequalities. This improvement is motivated also by the work of A. Abdeldaim and
M. Yakout (see [1] and [5]). The method we use is based on a variant of the abstract comparison
Gronwall lemma (see [18], [15]) and on the theory of Picard operators ([16]).

1. Introduction

1.1. Time scale analysis

The time scale calculus was founded by Stefan Hilger in his PhD thesis (see [12])
as a unification of the classical real analysis, the g-calculus and the theory of difference
equations. Since then this theory has been extensively studied in order to obtain a
better understanding and a unified viewpoint of mathematical phenomenons occurring
in the theory of difference equations and in the theory of differential equations. For
an excellent introduction to the calculus on time scales and to the theory of dynamic
equations on time scales we recommend the books [7] and [8] by M. Bohner and A.
Peterson. Throughout the paper we use the basic notations from these books.

1.1.1. Wendroff type inequalities on time scales

In what follows we assume that T and T, are time scales with at least two points
and we consider the time scale intervals T| = [a1,00) T and T, = [ap,o0) NT, for
a; €Ty and a; € T,. Let us denote D =T x T,. We also use the notation R, = [0, )
and No = NU{0}, while ¢,(z,s) denotes the usual exponential function on time scales
with p € Z, where p is a regressive function (see [7]). In [11] the authors obtained the
following results:
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THEOREM 1.1. (Theorem2.1. in[11]) Let u(t1,12), w(t1,12), a(t1,t2) eC(DJRg)
with w(t1,t;) nondecreasing in each of its variables. If

1
u(ty,n) <w(t,n)+ / a(sy,s2)u(sy,s2)A151A282, (L.1)
ay a

for (t1,0) € D, then

u(t ) < W(tl,lz)eﬁga( (t1,a1), (t1,12) €D. (1.2)

11,52)A252

THEOREM 1.2. (Theorem?2.2. in[11]) Let u(t1,12), w(t1,12), a(t1,t2) eC(D7Ra’),
with w(ty,t;) and a(ty,ty) nondecreasing in each of the variables and g(ty,t2,51,52) €
C(S,]R(J)r), where S = {(t|,t2,51,82) € DxD:a; <51 <1t1,a0 <2<t} and g is
nondecreasing in the first two variables. If u satisfies the condition

5] 15
u(ti,rn) < w(t,n) +a(t1,t2)/ / g(t1,12,51,52)u(s1,52)A1514282, (1.3)
a; Jay

for (t1,1) € D, then

u(ty,h) < W(fl,fz)eﬁga( (t1,a1), V(t1,12) € D. (1.4)

11,12)8(t112,11,52) A2

In what follows we improve (1.2) and (1.4). These improved versions imply also
improved bounds in the nonlinear cases (see Theorem 3.1 and 3.2 in [11]). Applying
the same technique we can obtain new (and simple) proofs for the previous theorems
too.

1.2. Picard operators

The Picard operator technique was applied by many authors to study some func-
tional nonlinear integral equations, see for example [4], [15], [16], [17]. We use the
terminologies and notations from [15], [16], [17].

Let (X,—) be an L-space ([16]), A : X — X an operator. We denote by F, the
fixed points of A. We also denote A? := 1y, Al :=A,... A" :=A"0A, n €N the
iterate operators of the operator A.

DEFINITION 1.3. ([15], [16], [17]) A is a Picard operator (briefly PO), if there
exists xy € X such that:

() Fa={x}};
(ii) A"(x) — x} as n — oo, Vx € X.

In the following we recall two abstract Gronwall lemmas.
LEMMA 1.4. ([15], [16]) (Abstract Gronwall lemma) Ler (X,—,<) be an or-
dered L-space and A : X — X an operator. We assume that:

(i) A is PO;
(ii) A is increasing.
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If we denote by x); the unique fixed point of A, then:
(a) x <A(x) = x <xi;
(b) x =2 A(x) = x> x}.

LEMMA 1.5. ([15], [16]) (Abstract Gronwall-comparison lemma) Ler (X,—, <)
be an ordered L-space and A1,A; : X — X be two operators. We assume that:

(i) Ay is increasing;

(ii) A and A, are POs;

(iii) A] < A;.

If we denote by x5 the unique fixed point of A, then

x<AI(x) = x< x5

These lemmas are very powerful because once we prove that the operator is a
Picard operator and we have an L-space structure, the Gronwall type inequalities can be
proved without any additional effort (calculation). In many Gronwall type inequalities
the upper bound of the solution is the solution of the corresponding fixed point equation.
These can be proved using Lemma 1.4. This is not the case of the Wendroff type
inequalities, where the upper bound is not the solution of the corresponding fixed point
equation (see [9]). To handle these cases Lemma 1.5 can be used (see [18]). The main
difficulty in using Lemma 1.5 is the construction of the operator A;. To avoid this we
propose the following variant:

LEMMA 1.6. (Abstract Gronwall lemma) Let (X,—,<) be an orderd L-space
and A : X — X be an operator with the following properties:

(i) A is increasing;

(ii) A is PO;

(iii) there exists X with the property AX < X.

If for some x € X we have x < Ax, then x < X.

Proof. A is increasing, so the inequality x < Ax implies x < A"x, Vn € N. Due to
the Picard property of the operator A this implies x < x*, where x* is the unique fixed
point of the operator A. On the other hand the inequality Ax < X implies A"X < ¥ and
so x* <X, which completes the proof. [

REMARK 1.7. If the conditions of Lemma 1.4 or 1.5 are satisfied, than the condi-
tions of Lemma 1.6 are also satisfied. From this viewpoint Lemma 1.6 is more general
than Lemma 1.4 and Lemma 1.5. We have to mention that in many cases the inequal-
ity AX < X can be established by using the operator A, with the properties A < A, and
ArX =X. Our result from Theorem 3.2 can not be proved with this technique because the
operator A, for which A,X =X does not satisfy A < A. This motivates the necessity
of Lemma 1.6.
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2. Preliminary results

In this section we extend the metric introduced by C.C. Tisdell and A. Zaidi in
[19] to functions with several variables. This allows us to prove that our operators are
Picard operators, in fact they are contractions if we use a well chosen metric. Suppose
that o, 8 > 0 are real constants and define the functionals

dg.p : C([a1,01(b1)]T, x[az2,02(b2)]r,,R") xC([ar, 01(b1)]r, X[a2, 02(b2)]1,,R")) = R

2.1
by
d I}(M V)_ sup ||u(51,52)—\)(51,s2)H (2.2)
o, ’ - .
’ siclar,on b))z, €a(51,a1) - ep(s2,a2)
$2€[az,02(b2)lr,
for all u,v € C([a1761 (bl)}Tl X [6127(52(172)}’]1‘2,]:@") and
I+ lle,p : C(lar, 01(b1)]T, X [a2,02(b2)]1,, R") — R (2.3)
[uls1, )
lullgp= " sup (2.4)
“P oo, calsiar)-ep(s2,a2)
52€[az,05(b2)lr,
for all u € C([a1,01(b1)]|T, X [a2,02(b2)]T,,R"), where ||-| : R" — R is a norm on

R".
LEMMA 2.1. If a,3 > 0, and o1(b;) < o0, 02(b2) < o=, we have the following
properties:
1. dgy g is a metric on C([ar,01(b1)]T, X [az,02(b2)]T,,R");
2. C(lay,01(b1)]T, X [a2,02(b2)]1,,R") is a complete metric space with d, g;

3. |- llap is anorm on C([ay,01(b1)]r, % [a2,02(b2)]1,,R") and it is equivalent
to || 10,0~

4. (C([alvo-l (bl)]Tl X [a2762(b2)]T27Rn)7 || : H(Xﬁ) is a Banach space.

The proof of this lemma is quite straightforward, so we omit it. For the simplic-
ity of notation in what follows we denote C([a;,01(b1)]T, X [a2,02(b2)]T,,R) by X.
Using this Bielecki type (or “TZ”) metric, we prove the following properties:

THEOREM 2.2. If wya € X, 01(b1) < o0,02(by) < oo, the operator A : X — X
defined by

11 %)
M) =winn)+ [ [ alsisulsis)disidn, 25)
ay ap

is well defined and there exist o, 8 > 0 such that Ay is a contraction on (X,dy ).
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THEOREM 2.3. If w,a € X, g is continuous, 01(b1) < e, 02(by) < e, the oper-
ator Ay : X — X defined by

il
Az(”)(fl,fz)=W(11,12)+a(f1,f2)/ / g(ti,t2,51,52)u(s1,52)A1510282,  (2.6)
ay an

is well defined and there exist o, 3 > 0 such that A; is a contraction on (X,dgp).

Proof of Theorem 2.2. Denote by M the maximum of a(sy,s2) if s1 € [ar,01(b1)]T,
and s7 € [az,02(b2)]T,. Due to the given conditions M exists and M < oo

o
A1) (11,12) = Ar () (o1,12)] < / [ latsrs2)lutsn,2) = visi,s2) rsidasy
aj
/’2 |u(s1,52) —v(s1,52)]
a

> eal(s1,ar)eg(s2,a2)

<MHM—VHa,/3/ / ea(s1,a1)ep(s2,a2)A1514252
a; Jay

ea(s1,a1)ep(s2,a2)A1s1A252

M
<@ lu—v|apealti,ar)es(tz;az).

The last inequality implies

M
A1) =A1()]lap < —

ot Vlap: @7

so Aj is a contractionon X if oo >M. O

REMARK 2.4. The proof of Theorem 2.3 can be done in a similar way by using
the maximum of g on ([a1,01(b1)]r, X [az,02(b2)]T,)>.

REMARK 2.5. We can obtain the contractive property of a more general nonlinear
operator A3 : X — X defined by

SR
As(u)(t1,12) = wltn,i2) + alerts) [ [ florita,stso,utsn,s2))Arsidgsa,
ay Jap
where f is continuous and has the Lipschitz property in the last variable.

REMARK 2.6. Due to Theorem 2.2 and 2.3 the operators A; and A, are Picard
operators.

In the calculations we use the following two properties:

LEMMA 2.7. If f is continuous and is continuously A differentiable with respect

to t, then the function
!
U(t) = / F(s5,1)As
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admits a A derivative with respect to t and
)
Ar) :/ —f(s,z)As+f(t,t).
a At
LEMMA 2.8. If f: E — R is a continuous function, where

E={(s,1) €Ty xTala<t <ba<s<t},

then the function g : [a,b) — R, defined by

= /utf(s,t)Als

is A integrable on [a,b) and we have

bt b b
/ /f(sJ)AlsAzt:/ ( S(s,0)AxtAys.
a Ja a Jo(s)

REMARK 2.9. If f: E — R is a continuous function, where
E ={(t1,12,51,52) € (T1 x T2)*|a; <51 < t1,a2 < 52 < 1},

then the function g : [a,71) X [az,12) — R, defined by
S 82
g = [ [ foné&)agmg
ap a

is A integrable on [ay,;) X [az,12) and we have
1 %)
/ g(s1,52)A1s14252

5}
/ / / f(&1,80,51,50)A181008A 15105
o1(s1) Joa2(s2)

3. Main results

3.1. Linear inequalities

In this section we give new estimates for # and we prove that these are better than
(1.2), (1.4). We use the following lemma

LEMMA 3.1. For the function V : E — R, defined by

V(t17t27S17S2):e/2 (tl7sl)7
a(t1,6)06
52

where
EZ{(Il,tz,Sl,Sz)E(Tlez) \al sl<t1,a2<sz<t2}
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we have
( ) (t 15 ( ) ( ))< A A (t 5 ) (3 1)
a(sy,s2)V ,12,01(51),02(s S 7/ U1,2,81,82)- .
and
(t t ) (t 15 )< 7(1‘ 1,81,S ) (3.2)
a 1% S$1,52) < 0,581, . .

Proof. The function V is A; differentiable with respect to s; and we have

o)
v
m(l‘latzashsz) = _/a(517€2)A2§2'V(tl,tz,cl(SI),SQ).

52

Moreover the function % is A, differentiable and we have

1) 5]

(i) = [ab1.8)88 [ aGn)MiE Vinnoi6),002)
52 o1(s1)

+a(s1,52)V(t1,12,01(s1),02(52)).

*v
AlSlAQSQ

Since the function a is nonnegative we obtain

0%v

< —(1,1,51,52).

a(s1,52)V(t1,12,01(s1),02(s2))

Using a similar argument we have

1)

Vv
—(t1,12,51,8) = /a(lhéz)Azé'V(ll,lz,s1,sz)~

Ay
52
The function il—‘t/l is A, differentiable with respect to 7, and we have
32y 0,(t2) 1
————(t1,12,51,82) = / a(ll,éz)Azé/a(él,lz)Alél'V(117127S1,S2)
A1 Aoty
52 S

+a(t, )V (t1,12,51,52).
Since the function a is nonnegative we obtain
o’V

< —(H,1,51,52). O
\AltlAzl‘z( e )

a(ty,0)V(t,t2,51,52)

THEOREM 3.2. Let u(ty,12), w(ti,12), a(ti,t2) € C(D,Ry) with w(t1,t,) nonde-
creasing in each of its variables. If u(ty,t;) satisfies

hn

u(ty,n) < W(tl,tz)+//a(sl,Sz)u(sl7S2)A1S1AzSz, (3.3)

ay ay
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for (t1,12) € D, then

5]
u(ty, ) <wty,n +// a(si,s2)w S17S2)€,t2(2) (r1.m)ayn (1501 (51))Ats14052, (3.:4)

a) ay

for (t1,1) € D, where o1 and G, are the jump operators on Ty respectively Ts.

Proof. The integral operator A : C(D) — C(D) defined by
(5]
Ao = wlon)+ [ [ alns)asron) Ao (3.5)

is a Picard operator (due to Theorem 2.2). Moreover the space (C(D),| -]|) is an
ordered Banach space with the natural ordering

u<veu(ty,n) <vit,h),¥(t,n) €D

and the operator A is an increasing operator, so the inequality # < Au implies u < u*,
where u* is the unique solution of the equation Au = u. On the other hand it is easy to
check that the unique fixed point of A is not the function

i [t
(t,a2) =wini) + [ [ alsisawor,ses
ay Ja oy(s2)

alty magn (1 O1(51))A151 4252,

so by Lemma 1.6 we need to prove Au < u. Using the function V' from Lemma 3.1 it

is sufficient to prove
S

/a(S1,S2)W(S1,S2)A1S1A2S2 (3.6)

ay ay

no1 s 5

+////a(Sl,Sz)a(él,éz)W(él,52)‘/(51,52,01(51),02(52))A1§1A2(§2A151A252

ap az ay a

(3.7)
1 n

< [ [atsrswor,s2)V (01,0201 (51). 02(52)) Arsi 8. (3.8)
aj ap

Changing the order of integration in (3.7) and renaming the variables it is sufficient to
prove

3l 5]

1+/ /0(51’52)‘/(51’52,01(51)’02(52))A1§1A2§2SV(fl,lz,Gl(Sl)’Gz(Sz))

01(s1) 02(s2)

This can be obtained by integrating (3.2) from o(sy) to #; and than from 0»(s3) to
n. U
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THEOREM 3.3. If the conditions of Theorem 3.2 are satisfied, the estimation of
the Theorem 3.2 is better than the estimation from Theorem 1.1.

Proof. Integrating inequality (3.1) with respect to s; and s on the rectangle
[al,tl)qu X [a2712)11*2 we deduce

i
/ / a(s1,52)V(t1,12,01(s51),02(s2))A1s1A282
aj az

< B ? 72 ( )A A
11,,81,S8 N S
[ (51752751752) [ (t17t27a17t2) [ (t17t27t17a2) [ (t17t27a17a2)'

But V(11,00,11,12) =V (t1,12,a1,t2) = V(t1,12,11,a2) = 1, so we obtain

1
/ / a(s1,52)V (1,12, 61(51), 02(52))ArsiAas < V(i inyan,as) — 1. (3.9)
ay Jar

The function w is nonnegative and nondecreasing in both variables, hence we have

o n

w(tl,lz)+//3(51;52)‘4’(51;52)ef;22(xz)a([hn)A2n(tlacl(sl))AlslAﬂZ

ap ap
nn
< w(t,h) 1+//a(sl’SZ)effz(sz)u(mn>Azn(Zl’al(sl))AlslAzsz
ayp ay

<w(t,n)V(t,h,a1,a2).

This inequality shows that the estimation in Theorem 3.2 is better than the estimation
from Theorem 1.1. [J

LEMMA 3.4. For the function W : E — R, defined by

Wit tz,s1,52) = €12 alty ) (a1 a201,m)A0n (1,51),
where
E = {(t1,12,51,52) € (Ty x Ty)?|a; <51 < t1,a0 <83 < h}
we have
32
a(ty,02)g(t1,12,51,52)W (11,12, 01(s1),02(s2)) < Ai(tlyt%sl;h) (3.10)
15142587

REMARK 3.5. The proof of the Lemma 3.4 is similar to the proof of the Lemma
3.1
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THEOREM 3.6. Let u(ty,12), w(ti,t2), a(ti,t) € C(D,RY), with w(ty,12) and
a(ty,12) nondecreasing in each of the variables and g(t1,12,s1,s2) € C(S,R(}), where
S={(t1,12,51,82) EDxD:a; <s1 <11,ap < 55 <t} and g is nondecreasing in the
first two variables. If u satisfies the condition

u(ty,n) <w(t,n)+a(t,n / g(t1,12,81,82)u(s1,52)A151A2582, (3.11)

for (t1,1) € D, then

u(ty, ) <w(t,n) (3.12)
1 n
+a(l1,12)//g(ll,lz,sl,sz)w(sl,Sz)W(ll,lz,Gl(Sl),02(52))A151A2S2,
ay az

or (t1,tr) € D, where o1 and o, are the jump operators on T respectively T5.
Jump op 4 y

Proof. We apply the same technique as in [11]. We consider that ¢ and 5 are
fixed and we consider the operator A* : C(D) — C(D) defined by

15 1
A" @)(tn1) = wlnn ) +aleis) [ [ e s sl s)Amidos. (.13)
aj az

It is clear that if u satisfies the conditions of Theorem 3.6, then u(ry,1;) < A*(u)(11,12),
for t <t and 1, <13. t{,t; beeing fixed, Theorem 3.2 implies

u(ty,t2) < wlt,1) (3.14)
n n
+//a(tf7t;)g(tik7t;aslaSZ)w(SlaSZ)H(Sl7s2atlat2atfat;)AlslA252a
ap az

where
H(S17S27t17t27tik7t;):e[’z (11761(5‘1))
Joa(s2)
This inequality is valid for #; = ¢ and #, =¢; and t{,z; are arbitrary, so we obtain

(3.12). O

a(ty 13)g(ty 15 ,11,m)Am

THEOREM 3.7. If the conditions of Theorem 3.6 are satisfied, the estimation of
the Theorem 3.6 is better than the estimation from Theorem 1.2.

Proof. Integrating inequality (3.10) from a; to #; and from a, to t, with respect
to s; and s, on the rectangle [ay,?;)t, X [a2,t>)T, We have

5}
// a(ty,n)g(t1,12,51,52)W(t1,12,01(51),02(52))A151A282
a

o 9w
/ ————(11,12,51,82)A151 4282
a1 Jay A151008)

- W(t17t27t17t2) _W(tlat2aa17t2) _W(tlat2atlaa2) +W(t1,t2,a1,a2).
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But W(t1,12,11,t2) =W (t1,02,a1,t2) = W(t1,12,11,a) = 1, so we obtain
1 [
alt) [ [ gl Winn o), o) Asds G15)
aj ap
<W(t,n,a1,az) — 1.

The function w is nonnegative and nondecreasing in both variables, hence we have

1 n
Wit i) +alty,n) / / g(t1,12,51,52)w(s1,52)W (1,12, 01 (1), G2(52)) Ars1As
ay ay
1
<winn) [ 1+aln) / / g(11,12,51,52)W (11,12, 61 (51), 0 (52) )A1s1Aas:
ay ay

<w(t,n)W(t,h,a1,a2).

This inequality shows that the estimation in Theorem 3.6 is better than the estimation
from Theorem 1.2. [J

3.2. Nonlinear inequalities

In this subsection we give improved estimations to the recently proved nonlinear
integral inequalities in ([11]) combining the method from ([11]) with Theorem 3.2 and
3.6. First we recall the nonlinear integral inequalities from [11]:

THEOREM 3.8. (Theorem 3.1in[11]) Let u(ty,t2), w(t1,12), a(ty,t2) € C(D,Ry)
with w(ty,12) nondecreasing in each of its variables. If p and q are two positive real
numbers such that p > q and if

1 %)
uP (t1,0) < w(ty,n) + / a(sy,s2)ul(sy,s2)A1510282 (3.16)
ajy a

for (t1,12) € D, then

1

P

u(ty,n) < w%(thtz) [e (tl,al)} ,(t1,1) € D. (3.17)

1 4y
Jas altisa)wP (t1,52)Aas2

THEOREM 3.9. (Theorem3.2in[11]) Let u(t1,t2), w(t1,t2), a(t1,t2) EC(D,R{{),
with w(ty,t;) and a(ty,ty) nondecreasing in each of the variables and g(ty,t2,51,52) €
C(S,]R(J)r), where S = {(t1,t2,81,82) EDXD:a; <s; <t1,ay < 52 <t} and g is non-
decreasing in each of its variables. If p and q are two positive real numbers such that
p = q and is u satisfies the condition

1 15)
u(t1,1) < W(’1,12)+a(f1’12)/ / g(t1,12,51,50)u?(s1,52)A1514252, (3.18)
ajy an
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for (t1,12) € D, then

P

u(ty,n) < w% (t1,0) |e (t1,ar)| ,Y(t1,n) €D. (3.19)

fa2 a(tyr)w %71(117-\'2)8(!17127117-\'2)A2-Y2
In what follows we prove the following improvements of these to theorems:
THEOREM 3.10. Let u(ty,12), w(ti,12), a(ti,r,) € C(D,Ry) with w(ty,12) non-
decreasing in each of its variables. If p and q are two positive real numbers such that
p = q and if
(5]
up(tl,tz) < (lhlz + / S17S2) (Sl,SQ)A1S1A2S2 (3.20)

for (t1,12) €D, then

[t P
u(ty, ) < W(’1,12)+W(11,12)/ / H(ty,t,51,52)A1510082 | (3.2D
ajy an
where
q_
H(t1,12,51,82) = a(s1,52)wr " (s1,82)e ,, g (t1,01(s1)),
Jo(syy altmw?(0,m)Axm

(t1,2) €D.

Proof. Suppose w(t1,t2) >0, (11,t2) € D. We denote u” by . If u satisfies the
conditions of the previous theorem, due to the monotonicity of w we obtain

o oa(sy,sy) 4
/ / W’ (s1,82)A151A257,
51752

hence for the function v defined by the right hand side of the previous inequality we
have

% a(n,n)

Aoty wty )

_ 4 4_1
uf’(tl,tz) <a(t1,t2)wf’ (tl,tz)v(tl,lz).

Integrating both sides we deduce that the function v satisfies the following inequality:
g q_
v(t1, ) < 1+ / a(sy,so)wr 1(sl,sz)v(sl,sz)AlslAzsz.
aj

Aplying Theorem 3.2 for v and using u(t;,t) < (w(tl,tg)v(tl,tz))% we obtain (3.21).
]

REMARK 3.11. If w > 0, we can replace w with we = w+ € and then consider
e—0.
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REMARK 3.12. Due to Theorem 3.3 the estimation in Theorem 3.10 is better than
the estimation in Theorem 3.8.

Using the same argument as in the previous theorem we obtain the following re-
sult:

THEOREM 3.13. Let u(ty,12), w(ti,12), a(ti,t2) € C(D,RY), with w(t1,1,) and
a(ty,12) nondecreasing in each of the variables and g(t1,1,s1,52) € C(S,R(}), where
S={(t1,12,51,82) EDxD:a; <s1 <11,ap < 55 <t} and g is nondecreasing in the
first two variables. If p and q are two positive real numbers such that p > q and u
satisfies the condition

1 15)
u(t1,1) < W(11,12)+a(l1,12)/ / g(t1,12,51,52)u?(s1,52)A1514252, (3.22)
ajy an

for (t1,12) € D, then

1 SEEY) P
u(l‘l,tz) < Wl’(tl,tz) 1—|—a(t1,t2)/ / g(tl,t2,51,SQ)H([I,t2,51,52)A151A252 s
ajy a

(3.23)
where

q_
H(t1,12,51,82) =w? ' (s1,52)e

q t1,01(s1
./(I)-z(sz)a(tlan)g(tlatZ:thn)Wp 1('f1~,1”I)A2T1( 01(s1)),

(t1,1) € D.

REMARK 3.14. Due to Theorem 3.7 the estimation of the Theorem 3.13 is better
than the estimation from Theorem 3.9.

REMARK 3.15. Theorem 3.10 and Theorem 3.13 generalize and extend to time
scales Theorem 2.1, Theorem 2.2 and Theorem 2.3. from [10].

3.3. Applications and examples

In what follows we present an application and two examples for Theorem 3.2. Let
us consider the the following partial delta dynamic equation

%u(ty, 1)
—— =2 = F(t1,00,u(ty,t 3.24
AotaALl (t1,12,u(t1,12)) (3.24)
on the domain D, equipped with the initial conditions

u(ty,az) = gi(n), u(ar,n) = ga(02),vn € Ti, 1 € To (3.25)

where F € C(D xR}, R{), g1 € C(T1,R}). g2 € C(T2,R}) and gy and g, are non-
decreasing.
If we assume, that F satisfies the inequality

F(t1,t,u) < f(t1,2)u, V(t1,12) € D, u € C(D,Ry), (3.26)

for a given function f € C(D,RR{), which is nondecreasing in both of its variables.
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THEOREM 3.16. If u is the solution of the initial value problem (3.24)—(3.25) and
the previous assumptions hold, then u satisfies the inequality

u(ty,t) < g1(t) +g2(12) (3.27)

n n

+//f(51,S2)(81(51)+82(52))€f;22($2)f(tl’n)A2n(11,01(51))A151A2S2-

ay a

Proof. If u(ty,1;) is a solution of the initial value problem (3.24)—(3.25), then it
satisfies the equation

5] %)
u(ti,n) =gi1(t) + g2(2) +/ F(s1,82,u(s1,52))A151057.
a az

From (3.26) we have
51 %)
u(tl,t2)<gl(f1)+gz(tz)+/ / J(s1,2)u(s1,s2)A1514052.
ajy ap

Hence Theorem 3.2 can be applied for w(t,5) 1= g1(11) + g2(t2), a(t1,t2) := f(11,12),
V(1,1;) € D and implies inequality (3.27). O

REMARK 3.17. Using the previous theorem we can study also other properties of
the solutions for the initial value problem (3.24)—(3.25) (existence, uniqueness, conti-
nuity, etc.). Moreover the same technique can be applied to a wide range of problems.
If we replace (3.24)—(3.25) with

9%uP(11,1)

=F(1,t t,t 3.28
NN (t1,1,u(t1,12)) (3.28)

on the domain D, and the initial conditions
uP(t1,a2) = g1 (1), uP(ar,i2) = g2(t2),v11 € Ty, 1 € Ty (3.29)
where we assume the same regularity conditions F, g, g>, and also
F(t1,t2,u) < f(t1,0)u?, ¥(t1,1) € D, u € C(D,R{), (3.30)

for a fixed positive real numbers p and g with p > g, we could have a similar esti-
mate for the solution u of the initial value problem (3.28)—(3.29), using our result form
Theorem 3.10.

EXAMPLE 3.18. If T :=R, T, =R, a=1 and w = 1, then by applying Theo-
rem 3.2 we obtain

51 15
u(tl,tz) <1—|—/ / eXp((Il—Sl)(tz—SQ))dSstl
tltg)kH

SEGEHD kT
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On the other hand, if we use the estimate from Theorem 1.1, we have

=

1112
u(ty, ) <exp(tity) = z

It is clear that the difference between the two estimates increases exponentially and the
ratio of the estimates tends to 0 as x tends to . In order to obtain also a numeri-
cal comparison between the two estimates we calculated numerically the values of the
difference hy(1,12) — hi(t1,72) on a grid with node points

0=l‘170 <t <...<fp-1<tip =3.5,

0= ho<nh1<..<bu-1<bh,;= 3.5,
where At; = A, = 0.5 and

1] 1
hi(t,12) := 1+/0 /0 exp ((t1 —s1)(t2 — 52)) dsadsy,

hy(t1,12) == exp(ti2).

(o 0]05] 1 [ 15[ 2 [ 25 | 3 | 35 |
0 0 0 0 0 0 0 0 0

0.5 0| 0.01 | 0.07 0.19 0.40 0.70 1.16 1.80

1 0 0.07 | 040 1.16 2.70 5.60 10.82 20.02
1.5 00.19 | 1.16 3.93 10.82 26.90 63.16 143.4

2 0040 | 270 | 10.82 | 3593 | 109.41 | 318.81 906.65
2.5 0070 | 560 | 2690 | 109.41 | 414.74 | 1520.2 5476.4

3 0| 1.16 | 10.82 | 63.16 | 318.81 | 1520.2 | 7067 32434
3.5 0 | 1.80 | 20.02 | 143.4 | 906.65 | 5476.4 | 32434 | 1.9021e+05

These numerical results show that the estimation from Theorem 3.2 are much
sharper than the estimation from Theorem 1.1.

EXAMPLE 3.19. If T, :=7%, T =7 and a =1, w = 1, then for the solution of
the inequality

m—1n—1

l—I—ZZMSZ

s=0 1=
we obtain (by applying Theorem 3.2) the estimation

u(mn) <1+m-n""1,
For the same functions from Theorem 1.1 we deduce
u(m,n) < (14+n)".

Due to the binomial theorem the first estimation is much sharper than the second one.
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