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APPLICATIONS OF HAUSDORFF MEASURE OF
NONCOMPACTNESS IN THE SPACES OF GENERALIZED MEANS

M. MURSALEEN AND ABDULLAH K. NOMAN

(Communicated by J. Pecaric)

Abstract. In this paper, we derive some identities for the Hausdorff measures of noncompactness
of certain matrix operators on the sequence spaces X(r,s) of generalized means. Further, we
apply the Hausdorff measure of noncompactness to obtain the necessary and sufficient conditions
for such operators to be compact.

1. Introduction and preliminaries

In this section, we give some definitions, notations and preliminary results which
form the back ground of the present work.

Let w denote the space of all sequences x = (x;),_, real or complex. Let /.., c and
co be the spaces of all bounded, convergent and null sequences, respectively. Further,
by ¢s and ¢, (1 < p < o), we denote the spaces of all sequences associated with
convergent and p-absolutely convergent series, respectively.

A sequence space X is called a BK space if it is a Banach space with continuous
coordinates p, : X — C (n € N), where C denotes the complex field and p,(x) = x,
for all x= (x;) € X and every n € N. A BK space X D ¢ is said to have AK if every
sequence x = (x;) € X has a unique representation x = Ef:oxke(k); where ¢ denotes
the set of all finite sequences that terminate in zeros, ¢ = (1,1,1,...) and e® is the
sequence whose only non-zero termis 1 in the k™ place foreach k € N:={0,1,2,...}.

The sequence spaces /.., ¢ and ¢y are BK spaces with the same sup-norm given
by ||x||,_ = supy |xx|, where the supremum is taken over all k € N. Further, the space
{p is a BK space with the usual ¢,-norm defined by [lx[|, = (¥, lx|?)/P, where
1 < p < eo. Moreover, the BK spaces ¢y and £, (1 < p <o) have AK (cf. [6, 17]).

Let Sy denote the unit sphere in a normed linear space X . If X D ¢ isa BK space
and a = (ax) € w, then we write

ally = sup | Y, ax (1.1)
xXeSx |k=0
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provided the expression on the right is defined and finite which is the case whenever
aexP , where

xB = {a=(a) ew: ax= (apxi) € cs forall x=(x;) €X}

is the 3 -dual of a subset X of w.

Let A = (@), y—o be an infinite matrix. We write A, for the sequence in the nth
row of A, thatis A, = (auk);_, for every n € N. In addition, if x = (x;) € w then we
define the A-transform of x as the sequence Ax = (A,(x)),_,, where

Ap(x) = i axr;  (neN) (1.2)
k=0

provided the series on the right converges for each n € N.

For arbitrary subsets X and ¥ of w, we write (X,Y) for the class of all infinite
matrices that map X into Y. Thus A € (X,Y) if and only if A, € X# forall n € N and
AxeY forall x e X.

For any subset X of w, the matrix domain of an infinite matrix A in X is defined
by

Xy = {xEW: AxEX}.

An infinite matrix T = (t,) is called a rriangle if 1,, # 0 and 1, = 0 forall k > n
(n € N). The study of matrix domains of triangles in sequence spaces has a special
importance due to the various properties which they have. For example, if X is a BK
space then X7 is also a BK space with the norm given by |[x||y,. = ||Tx[[x forall x € Xr
[17, Theorem 4.3.12].

The following results are very important in our study.

LEMMA 1.1. [6, Theorem 1.29] Let 1 < p < e and ¢ = p/(p—1). Then, we
have KE, =cP = cg =/, flf = /., and Kg = (4. Furthermore, let X denote any of the
spaces cg, ¢, fw, €1 or £,. Then, we have |ja||y = [|a||yp forall a € XP, where ||- | ys
is the natural norm on the dual space X B

LEMMA 1.2. [6, Theorem 1.23 (a)] Let X and Y be BK spaces. Then, we have
(X,Y) C B(X,Y), that is, every matrix A € (X,Y) defines an operator Ly € A(X,Y)
by La(x) = Ax for all x € X, where #(X,Y) denotes the set of all bounded (continu-
ous) linear operators L: X — Y.

LEMMA 1.3. [6, Lemma 2.2] Let X D ¢ be a BK space and Y be any of the
spaces ¢g, ¢ or le. If A € (X,Y), then

IZall = 11All x ..y = sup |Anl[x < o=

Also, let .7 be the collection of all nonempty and finite subsets of N={0,1,2,...},
throughout. Then, we have the following result:
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LEMMA 1.4. [7, Proposition 3.3] Let X D ¢ be a BK space. If A € (X,{;), then
1Al x,0) < [1Lall < 4-[|All x4,y

where .

34,

neN

< oo,
X

|Allx ¢,y = sup
x.6) NeF

By ./ , we denote the collection of all bounded subsets of a metric space (X,d).
If Q € Yy, then the Hausdorff measure of noncompactness of the set Q, denoted by
x(0Q), is defined by

x(0Q):=inf{e >0:Q C UL B(xi,ri),xi € X,ri < e(i=1,2,...),n € No}.

The function ) : .#x — [0,0) is called the Hausdorff measure of noncompactness [15].
The basic properties of the Hausdorff measure of noncompactness can be found in
[6] and [15].
To compute the Hausdorff measure of noncompactness of a bounded subset of the
BK space £, (1 < p < o), we may use the following result [15, Theorem 2.8].

LEMMA 1.5. Let I < p <o and Q € ///gp. If B,:4,—{, (meN) is the
operator defined by P, (x) = (x0,X1,...,%,,0,0,...) forall x = (x;) € £, then we have

m-—oo

x(Q) = lim (Sgg II(I—Pm)(X)gp> :

where [ is the identity operator on £,.

The idea of compact operators between Banach spaces is closely related to the
Hausdorff measure of noncompactness, and it can be given as follows:

Let X and Y be Banach spaces. Then, a linear operator L : X — Y is said to be
compact if the domain of L is all of X and L(Q) is a totally bounded subset of ¥ for
every Q € .y . Equivalently, we say that L is compact if its domain is all of X and for
every bounded sequence (x,) in X, the sequence (L(x,)) has a convergent subsequence
in Y . An operator L € #(X,Y) is said to be of finite rank if dimR(L) < oo, where
R(L) denotes the range space of L. An operator of finite rank is clearly compact.

The most effective way in the characterization of compact operators between the
Banach spaces is by applying the Hausdorff measure of noncompactness. This can be
achieved as follows:

Let X and Y be Banach spaces and L € #(X;Y). Then, the Hausdor measure of
noncompactness of L, denoted by || L ||,,, can be given by

L [ = 2 (L(Sx)) (1.3)

and we have
L is compact if and only if || L ||,,= 0. (1.4)

Recent developments on this particular topic can be found in (cf. [1], [2], [4],

[8]-[14D).
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2. The sequence spaces of generalized means

Throughout this paper, let r € % and s € %, , where
U ={u=(ux) ew: up#0forallk} and %, = {u= (ux) €w: ug#0}.

For any sequence x = (x,) € w, we define the sequence x = (x,) of generalized

means of x by
_ R
Xp=— 2 Sn—kX;  (meN). 2.1
n k=0

Further, we define the infinite matrix A (r,s) of generalized means by

_ sn—k/rn; (ngén),
A(r, ) = (2.2)
0; (k> n)
for all n,k € N. Then, by using the notation of (1.2), it follows by (2.1) that x is the
A(r,s)-transform of x, that is ¥ = A(r,s)x for all x € w.
Moreover, it is obvious by (2.2) that A(r,s) is a triangle. Thus, it has a unique

inverse A(r,s)~! which is also a triangle. More precisely, we put D(()‘Y) =1/sp and

s1 s O O ---0
s st s O ---0

D(S)— 1 s3 sy s so -0

n+1 . . . . s (n: 1,2,3,...).
S0 : : : : :

Sn—1 Sp—2 Sn—3 Sn—4 *** 50
Sn Sn—1 Sp—2 Sp—-3 -+ 81

Then, the entries of A(r,s)~! are given by

[T 0<k<n),
AR = (2.3)
0; (k> n)

for all n,k € N, that is A(r,s)~! = A(s',r), where ' = (s/,) such that s, = (—1)"D}’
for all n € N. Therefore, we have by (2.1) that

Xy = 2 (_1)"*kD}(;)krkfk; (neN). 2.4)
k=0

REMARK 2.1. It is worth mentioning that the general forms of the well-known
matrices of Norlund, Cesaro, Euler and weighted means can be obtained as special
cases of the matrix A (r,s) of generalized means (see [11, Example 2.1]). Also, let a
and b be non-zero complex numbers. Then, by taking r = ¢ and s = (¢,0,0,0,...),
the matrix A(r,s) is reduced to the generalized difference matrix B(a,b) studied in
[2, 3, 4].
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For an arbitrary subset X of w, we define the set X (r,s) which is a special case of
X (r,s,¢) (cf. [11]) as the matrix domain of the triangle A(r,s) in X, that is

X(r,s):{x—(xk) ( Esn kxk> EX}.
n=0

It is obvious that X (r,s) is a sequence space whenever X is a sequence space, and
we call it the sequence space of generalized means. Further, if X is a BK space then
X =X (r,s) is also a BK space with the norm given by

Ixllg = I%llx: (xeX). (2.5)

REMARK 2.2. Let X bea BK space and X = X (r,s). Then, it is trivial that x € X
if and only if x € X. Moreover, we have by (2.5) that x € S; if and only if x € Sx. In

fact, the linear operator L : X — X defined by L(x) = x (x € X) is bijective and norm
preserving by (2.1), (2.4) and (2.5).

The B -duals of the spaces of generalized means have been determined and some
related matrix classes characterized. We refer the reader to [11] for relevant terminol-
ogy. B

Furthermore, by taking into account that the inverse of A(r,s) is given by (2.3),
we have the following lemma which is immediate by [1 1, Theorem 4.5].

LEMMA 2.3. Let X be a BK space with AK or X =lw. If a= (a;) € (X(r,5))B,
then a = (@y) € XP and we have

2 apxy = 2 ar Xy (2.6)
k= k=0
forall x = (x;) € X with x = A(r,s)x, where

a=Y (-1)"*DY naj;  (keN). 2.7)
ik

Now, we prove the following results which will be needed in the sequel.

LEMMA 2.4. Let X be a BK space with AK or X = (. and let X = X(r,s).
Then, we have

lallz = llallx

Sforall a= (a) € X , Where d = (ay.) is the sequence defined by (2.7).

Proof. Leta= () € X’ Then, it follows by Lemma 2.3 that @ = (d) € XB and
the equality (2.6) holds for all sequences x = (x;) € X and X = (x;) € X which are
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connected by the relation ¥ = A(r,s)x. Further, we have by Remark 2.2 that x € Sy if
and only if x € Sx. Therefore, we derive from (1.1) and (2.6) that

}: aXy }: dkfk
k=0

k=0
This concludes the proof. [

~ || %
= sup = llallx-

xeSy

lallg = sup
xeSg

REMARK 2.5. Let ¢ = co(r,5), Lo = Llea(rs), €1 =1(r,s) and £, = £,(r,5)
for 1 < p < eo. Then, by combining Lemmas 1.1 and 2.4, we have the following:

(@) If a € (¢0)P , then ||a||5, = X7 o lar| < ee.

() If a € (£)P , then [lall7 = Figlax| < o

)P then [lal5, = sup, [a| < co.

(£
(©Ifac (¢
(¢

(d)Ifac(£,)P, then HaHEF = (350 lax|?)"/9 < oo, where g = p/(p —1).

Throughout this paper, if A = (a,x) is an infinite matrix, we define the associated
matrix A = (dy) by

=Y, (17D nays  (nkeN) 2.8)
=k
provided the series on the right converge for all n,k € N which is the case whenever
A, € X(r, s)/3 for all n € N, where X is a BK space with AK or X = /., [11, Theorem
4.5]. Then, we have:

LEMMA 2.6. Let X be a BK space with AK or X = lw, X =X(1,s), Y a se-
quence space and A = (ay) an infinite matrix. If A € (X,Y), then A € (X,Y) such
that Ax = AX for all x € X with X = A(r,s)x, where A = (d,;) is the associated matrix
defined by (2.8).

Proof. Suppose that A € (X,Y) andlet x € X. Then A, € x° forall neN. Thus,
it follows by Lemma 2.3 that A, € X B for all n € N and the equality Ax = Ax holds
which yields that AX €Y, where ¥ is the sequence of generalized means of x, i.e.,
x = A(r,s)x. Further, it is obvious by (2.4) and Remark 2.2 that every x € X is the
sequence of generalized means of some x € X. Hence, we deduce that A € (X,Y).

This completes the proof. [l
Finally, we conclude this section by the following results on operator norms.

THEOREM 2.7. Let X be a BK space with AK or X =lw, X =X(1,5), A= (ay)
an infinite matrix and A = (Gy) the associated matrix. If A is in any of the classes
(X,0ls), (X,c) or (X,cp), then

|Lall = HA”()HN) = supHANnH;} <o,
n
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Proof. This is immediate by combining Lemmas 1.3 and 2.4. [J

THEOREM 2.8. Let X be a BK space with AK or X = (.. and let X =X(rys). If
A€ (X,0y), then

1Al %6, < ILall <4 [All % 4,
where
*
1Al g 4,y = sup N Au|| <ee.
NEeZ ||neN X

Proof. This result follows from Lemmas 1.4 and 2.4. [J

REMARK 2.9. The special cases of Theorems 2.7 and 2.8 when X is any of the
spaces ¢g, Lo Or £, (1 < p <eo) can be obtained by means of Lemma 1.1.

THEOREM 2.10. Let {1 ={,(r,s) and 1 < p <oo. If A€ (£1,L,), then

i 1/p
numzAwmwzsg<;g@wﬁ <o
Proof. The proofis elementary and left to the reader (see [1 I, Corollary 5.10]). U

REMARK 2.11. The characterizations of matrix classes considered in this paper
can be found in [11, Corollaries 5.4; 5.7]. Thus, we shall omit these characterizations
and only deal with the operator norms and the Hausdorff measures of noncompactness
of some matrix operators which are given by infinite matrices in such classes.

3. Compact operators on the spaces of generalized means

In this section, we derive some identities for the Hausdorff measures of noncom-
pactness of certain matrix operators on the spaces of generalized means and apply our
results to obtain the necessary and sufficient (or only sufficient) conditions for such
operators to be compact.

We recall the following lemma [10, Theorem 3.7] which is very useful in estab-
lishing the results of this section.

LEMMA 3.1. Let X D ¢ be a BK space. Then, we have

(@) If A € (X,0s), then
0.< 1Lall, < limsup|lAuly.
(b)IfA € (X,cp), then
ILall,, = limsup||A,||y.
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(©) If X has AK or X =l and A € (X,c), then

1 . N . ”
S limsup |4, — @y < Lall, < limsup |4, — oy,

n—0o0 n—oo

where o = (0y) with oy = limy,_.cay for all k € N.

Now, let A = (a,;) be an infinite matrix and A = (d,;) the associated matrix
defined by (2.8). Then, by combining Lemmas 2.4, 2.6 and 3.1, we have the following
result:

THEOREM 3.2. Let X be a BK space with AK or X = (.. and X = X (r,s). Then,
we have

@ IfA € (X,l), then

0.< 1Lal, < timsup A5 o)
and
Ly is compact if lim ||A,|x = 0. (3.2)
(b)Y IfA € (X,co), then
ILall, = limsup||A,]|y (3.3)
and
Ly is compact if and only if lim ||A,|x = 0. (3.4)
() IfA € (X,c), then
1 . ~ ~ 1% . = ~ 1%
5 limsup 1An — &y < |[Lall, < lim sup [An — &lx 3.5)
and
Ly is compact if and only if lim ||A, — &|x =0, (3.6)
n—o0

where & = (04) with 0y = limy,_.c.dy for all k € N.

Proof. 1tis obvious that (3.2), (3.4) and (3.6) are respectively obtained from (3.1),
(3.3) and (3.5) by using (1.4). Thus, we have to prove (3.1), (3.3) and (3.5).

Since X is a BK space, we deduce by means of Lemma 2.4 that (3.1) and (3.3)
are immediate by parts (a) and (b) of Lemma 3.1, respectively.

To prove (3.5), we have A € (X,c) and hence A € (X, ¢) by Lemma 2.6. Therefore,
it follows by part (c) of Lemma 3.1 that

| PO . PO
3 limsup||A, — &y < [|IL;l,, < limsup||A, — é&lly, (3.7)
n—o0 n—oo

where & = () and 0y = lim,,_.. d,y forall k € N.
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Now, let us write S = Sy and S = S5, for short. Then, we obtain by (1.3) and
Lemma 1.2 that

ILall, = x(La(S)) = x(AS) (3.8)
and
ILill, = x(Li(S)) = x(AS). (3.9)

Further, we have by Remark 2.2 that x € S if and only if x € §, and since Ax = Ax
by Lemma 2.6, we deduce that AS = AS. This leads us with (3.8) and (3.9) to the
consequence that ||Ly IL;]l,, - Hence, we get (3.5) from (3.7). This completes the
proof. [

I = Ll -

It is worth mentioning that the condition in (3.2) is only a sufficient condition for
the operator L, to be compact, where A € (X,/..) and X is a BK space with AK or
X = l.. More precisely, the following example will show that it is possible for Ly to
be compact while lim, ... ||A,||y # 0. Hence, in general, we have just ‘if” in (3.2) of
Theorem 3.2 (a).

EXAMPLE 3.3. Let X denote any of the spaces ¢q, £ or £, (1 < p <o) and let
X = X(r,5). Also, let us define the matrix A = (a,x) by an0 = so/ro and a,; = 0 for
k>1 (n€N). Then, we have for every x = (x;) € X that Ax = (soxo/r)e and hence
A€ ()? ,l) . Further, it is obvious that L, is of finite rank and so L, is compact. On the
other hand, by using (2.8), it can easily be seen that A, = ¢(©) for all n € N. Thus, we
obtain by Lemma 1.1 that ||A,||y = 1 forall n € N which implies that lim, ... |4, =
1.

Moreover, as an immediate consequence of Theorem 3.2, we have the following
corollary in which we write £ = lo(7;5).

COROLLARY 3.4. If either A € (Lw,c) or A € (Lw,c), then the operator Ly is
compact.

Proof. Let A € ({w,cp). Then, we have by Lemma 2.6 that A € (fw,co) which
implies that lim,—..(¥5_( |@w|) = 0 [16], that is, lim,—.. [|A,[[;. =0 by Lemma 1.1.
This leads us with Theorem 3.2 (b) to the consequence that L, is compact. Similarly,
if A€ (Le,c) then A € (£u,c) and hence lim, (Y5 |du — &%|) = O which can be
written as lim, . |4, — &||;_ =0, where & = (¢) and & = lim, .. dyy forall k € N.
Therefore, we deduce from Theorem 3.2 (c¢) that L4 is compact. [

Throughout, let .%,, (m € N) be the subcollection of .% consisting of all nonempty
and finite subsets of N with elements that are greater than m, that is

In={N€F:n>mforallneN}; (meN).

Then, we have the following [10, Theorem 3.11]:
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LEMMA 3.5. Let X D ¢ be a BK space. If A € (X,{1), then

*

3 A

neN

3 A

neN

*
lim | sup .
m=e \ Ne.Z, x

THEOREM 3.6. Let X be a BK space with AK and X = X (r,s). If A € (X,{1),
then

) < |Lall,, <4'Wlli§}w< sup

x NeZy,

: (m) T (m)
and
L4 is compact if and only if lim HAHE;;)[ )= 0, (3.11)
Mm—soo R4
where

; (meN).
X

3 A,

A = sup
(Xl neN

NeFy,

Proof. 1t is obvious that (3.10) is obtained by combining Lemmas 2.4 and 3.5.
Also, by using (1.4), we get (3.11) from (3.10). O

Now, we may note that Theorems 3.2 and 3.6 have several consequences when X
is any of the spaces co or £, (1 < p < oe). For instance, by using Lemma 1.1, we have
the following corollaries:

COROLLARY 3.7. Let co=co(r,s). Then, we have
(@) IfA € (co,l), then

0 < [|Zal[,, < limsup (2 |dnk|>

n—oo k=0

and
Ly is compact if lim (Z |dnk|> =0.
n—oo k:()
(b) If A € (Co,c0), then
[Lall, = limsup (2 &nk>
n—eo \ k=0

and
Ly is compact if and only if lim (2 |dnk|> =0.
" \k=0
(©)If A € (co,c), then

e \ k=0 e \k=0

I . < |~ ~ . < |~ ~
3 -limsup (2 |G — ak|> <|[Lall,, < limsup (Z |Gk — ak>
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and
Ly is compact if and only if lim (Z |k — &k|> =0,
Nn—oco
k=0

where 0y = 1im,_.dpy forall k € N.

COROLLARY 3.8. Let | <p <o, g=p/(p—1) and {, = Ly(rs). If A€
(£p,01), then

Jm A1, < Eall, <4 Jm 12,

and

La is compact if and only if lim HA||(rf') =0,
m—oo (ep%l)

g\ /4
) ; (meN).

where

Z Ank

NeFp k=0 |[neN

- -
All= =
| H([Ml) sup (Z

Now, we prove the following result:

THEOREM 3.9. Let {1 = {(r,;s) and 1 < p <oco. If A€ (£1,£,), then

oo 1/p
1Zall, = lim (sip<2 dnk”> ) (3.12)

and

Ly is compact if and only if lim (sup ( Z d,,kp)> =0. (3.13)
m—oo &

n=m
Proof. Let us remark that the limit in (3.12) exists by Theorem 2.10.

Now, we write S = Si,l . Then, we have by Lemma 1.2 that LA(§) =AS € //gp.
Thus, it follows from (1.3) and Lemma 1.5 that

ILall, = 2(48) = lim <sup<1—Pm><Ax>e,,> , (3.14)

xe§

where P, : £, — £, (m € N) is the operator defined by B, (x) = (x0,X1,...,X,,0,0,...)
forall x = (x) € £, and I is the identity operator on /,,.

On the other hand, let x € ¢; be given. Then ¥ € ¢; and since A € (Zl,ﬁp), we
obtain from Lemma 2.6 that A € (¢;,,) and Ax = Ax. Thus, we have for every m € N
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that

(I = Bu)(Ax)ll,, = II(I = Pu) (AX) ],
i ) 1/p
o /

@Oanmi")l ”

oo

( > \ﬁnkfk\p>l/p

n=m+1

(
(2,
=

oo

_ . 1/p
<<l <Sip( > laul”) ")
n=m+1

=3

=l (s (2 ).

n=m+1

This yields that

oo

supl| (1~ )0, < swp (3 laul?) s (mem).

xes k n=m+1

Therefore, we deduce from (3.14) that

IZall, < lim (slzp( > |dnk|P)1/”). (3.15)

n=m+1

To prove the converse inequality, let bX) € £ be such that A(r,s)b®) = ¥ (k €
N), that is, e®) is the sequence of generalized means of b® for each k € N (see [11,
Corollary 3.5]). Then, we have by Lemma 2.6 that Ab®) = Ae®) = (G,1)_, for every
keN.

Now, let B={b¥) : k€ N}. Then B C § and hence AB C AS which implies that
2(AB) < 1(AS) = |ILll, -

Further, it follows by applying Lemma 1.5 that

oo

X(AB) = lim (Sup< 2 |An(b(k))}p>l/p>

e k n=m+1
> 1/p
= lim (sup( D |dnk|p> )
e k n=m+1
Thus, we obtain that

. - 1/p
lim (sup< Y law ) )gHLAHX. (3.16)
m—ee k n=m+1

Hence, we get (3.12) by combining (3.15) and (3.16). This completes the proof,
since (3.13) is immediate by (1.4) and (3.12). [
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Finally, we end this section with the following example which shows that the limit
in (3.12) may not be zero, that is, there exist matrix operators in the class Z(¢1,¢,)
which are not compact, where 1 < p < oo.

EXAMPLE 3.10. Let A = (a,x) be the infinite matrix defined by (2.2), that is
A=A(r,s). Since £; is the matrix domain of A in /|, we have A € (£1,¢;) and hence
A€ (£41,6,) for 1 < p < oo. Further, it is trivial to see that the associated matrix A is
the identity matrix, that is d,, = 1 and @, = 0 for k #n (n € N). Now, let m € N be

given. Then, we have for every k € N that

Ly (k=m),
‘dnk|p:
m).

m 5

DM
=
A

n

This implies that
< 1/p
sp (X lawl”) " =1: (meN)
k n=m

which leads us with (3.12) of Theorem 3.9 to the consequence that [|L4[[,, =1 and
hence L4 is not compact.

REMARK 3.11. Many applications and special cases of Theorems 3.2, 3.6 and 3.9
can be found in [4, 5, 7, 8, 9, 12, 13, 14] for some particular sequences  and s.
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