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INEQUALITIES FOR CONVEX FUNCTIONS
AND DOUBLY STOCHASTIC MATRICES
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Abstract. We generalize some results on convex functions presented in papers L. Bougoffa, New
inequalities about convex functions, J. Inequal. Pure Appl. Math., 7 (4), (2006) Art. 148, and
L.-C. Wang, X.-F. Ma and L.-H. Liu, A note on some new refinements of Jensen’s inequality
for convex functions, J. Inequal. Pure Appl. Math., 10 (2), (2009) Art. 48. To this end, we use
majorization of vectors, doubly stochastic matrices and circular matrices.

1. Motivation

In [1], L. Bougoffa established the following results.

THEOREM A. [l, Theorem 1.2] If f isa convex function and x,x3,...,x, lie in
its domain, then

2 X1 +x2+...+x,
;If(xi)—f<—n )
n—1 X1 +x2 Xp—1+Xn Xn + X1
> " [f(—z )+...+f<72 >+f< ! )} W

THEOREM B. [I, Theorem 1.4] If f is a convex function and ay,ao,...,a, liein
its domain, then

(n=D[f(br) + ...+ f(ba)] <n[f(ar) + ...+ f(an) — f(a)] 2)
where a = 4F0Etb qpg p; = M0 G = 1.2 n.

In [7], Wang et. al. gave some refinements of Theorems A and B (see [7, Theo-
rems 2.1 and 2.2]).

The purpose of the present paper is to show further generalizations of Theorems A
and B by applying Majorization Theorem, doubly stochastic matrices and circular ma-
trices, and to extend the above-mentioned refinements to a more general framework.
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2. Making use of doubly stochastic matrices

We denote by z1) = zp) = ... > 7| the entries of a vector z = (21,22, -,20)T €R"
arranged in decreasing order.
We say that a vector y = (y1,y2,...,yx)] € R" is majorized by a vector x =

1 1
(x1,%2,...,%,)" € R" (in symbols, y <, x) if ¥ yjg < ¥ xp forall i =1,2,...,n
k=1 k=1

with equality for i = n (see [0, p. 8]).
A real function F : A — R on aset A C R” is called Schur-convex on A if

y <mX implies F(y) < F(x) forall x,yc€A

(see [6, p. 80]).
Majorization Theorem asserts that if f:/ — R is a convex function and x,y € I”
then

y <m X implies Ef(yi) < Ef(xi) )
i=1 i=1

(see [6, p. 92]). In other words, if f:I — R is a convex function then the induced

function
n

F(x)=Y f(x;) forx=(xi,x2,...,.0,)7 €1I"
i=1
is Schur-convex on I".
A real n x n matrix S = (s;;) is called doubly stochastic (in short, d. s.) if

(i) si;=0fori,j=1,2,....n,
(ll) z Sij = 1 fori= 1727...,}’1,
Jj=1

n
(i) Y s;=1"for j=1,2,...,n.
=1

=

It is known that if S is doubly stochastic then
Sx <, x forall x € R" 4)

(see [6, p. 33]).
In the sequel, we use the notation

_ Atttz
7=——"———— forz;,2,...,2: € R.
n

The following result holds.

THEOREM 2.1. Let f be a convex function on an interval I C R and S = (s;;) be

a doubly stochastic n X n matrix.
n
If x1,x3,..., x, €1, and (yl,yz,...,y,,)T = S(xl,xz,...,x,,)T, Le, yi= le,-jxj
j:
fori=1,2,....n, then for any a,b € R with a+b=1,
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)
N f(xi) =ay f(yi)+bnf(y) fora>0,b>0,
i=1 i=1
(i)
S fi) <a, fx) +bnf(R) fora>0,b<0,
i=1 =1
(iii)
> flxi) = a) fyi)+bnf(y) fora<0, b>0,
i=1 i=1
@iv)

n n

> fi)=a) f(xi)+bnf(X) fora<0, b>0.
i=1 i=1

Proof. (Based on the proof of [1, Theorem 1.2].)

Since a+b =1, it is easy to check that for any z;,z5,...,2, € R",

n

S 1) =a X ) +n Y1)

i=1

Next, by Jensen’s inequality, we have

Hence we get
n

bnf(z) <bny %f(zi) for b >0,
i=1

bnf(z) > bnY L f(a) for b <0.
i=1

Now, by combining (9) with (11)—(12), we establish

n n

S f(@) = aY f(z)+bnf(z) for b>0,

i=1 i=1

n n

Zf(Zi) <a2f(2i)—|—bnf(2) for b < 0.

i=1 i=1

=

On the other hand, by (4) we have y <, X, and hence Y, y; = 3 x; an
i=1 1

Therefore, by (3), we obtain

223

(&)

(6)

(7

®)

€))

(10)

(1)

12)

13)

(14)

dy=x.

15)
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Now, by using (15) and (13) for z =y, we derive

if(xi) > aif(yi)—i—bnf(y) for b >0,

i=1 i=1
and from (15) and (14) for z = x, we find that

if(yi) < aif(xi) +bnf(x) forb<0,
i-1 i=1

completing the proof of (5), (6) and (7).
To see (8), observe that for a < 0 and b > 0 we have

Zf)’l = S (i +b2fyz = 2 fi) +bnf(y)

M: T M:

f(xi) +bnf (),

WV
Q
T

the first and second inequalities being consequences of Jensen’s inequality and of (3),
respectively. [l

REMARK 2.2. Observe that (13)—(14) are reformulations of Jensen inequality (10).
For b = 0 inequalities in (13)—(14) are trivial.

REMARK 2.3. A detailed version of Theorem 2.1 can be presented as follows.
By denoting

n

A=Y f(x) and B=Y f(n)
i=1 =1

C=a) f(x)+bnf(X) and D=a f(y)+bnf(3),
i=1 i=1
(X
and by writing inequalities o > ¥ and 8 < 6 in the arrow forms o — ¥ (or Y) and
B

T
B < & (or §), respectively, we have

A— C
l l fora>0and b >0,
B— D

A—C
l l fora>0and b <0,
B+—D

A—C
l T for a <0 and b > 0.
B— D

(Since a+b =1, the case a < 0 and b < 0 is impossible.)
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fa+b=1then 1+ — 1 for a0 and 1+ 5% =1 for b #0. For this
reason we are allowed to replace (a,b) by (1, =2) or (},7%) in Theorem 2.1.

COROLLARY 2.4. Let f be a convex function on an interval I C R and S = (s;;)
be a doubly stochastic n X n matrix.

Ifx1,%2,..., xo €1, and (y1,y2,...,y0)F =S(x1,%2,...,%0)" , then for any a,b € R
with a+b=1 and a #0,

(1)
Ef(yi) < éZf(xi)-f' (%) nf(x) fora>0and b>0,
=1 i=1

(ii)
Ef(xi) Z éZf()’i)‘F (%) nf(y) fora>0and b <0,
=1 i=1

(iif)
Zf(xi)ZéZf(yi)‘f'(%b) f(¥) fora<0andb>0
i=1 i=1

(iv)
> fi) = éZf(xl) ( b)nf( ) fora<0and b>0
i=1 i=1

By using Theorem 2.1 and Corollary 2.4 for x =y and S =1 (the n x n identity
matrix), we obtain the following.

COROLLARY 2.5. Let f be a convex function on an interval I CR and x1,x, ...,
X, €1.
Then for any a,b € R with a+b=1,

(1) if a>0, b> 0 then

n

S 200+ () s> 3050 > a3 o)+ o0 ),
i=1

a; i—1 i=1

(i) ifa>0, b <0 then

n n

ay flx)+bnf(x) =Y fx) >

i=1 i=1 i

)+ (5 ns @),

M=

Q| =

1

(i) if a <0, b >0 then

if(x,-)}max{aif(x, +bnf(x) Efx, (%)nf()_c)}

i=1 i=1
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REMARK 2.6. Itisreadily seen that Theorem A is a specialization of Theorem 2.1,

part (ii), for numbers a = -5 and b = —ﬁ and for vectors x = (x1,xp,. .. ,xn)T and
T
X1+x2 X2+x3 Xn X1
= Sx = 16
y X ( 2 b 2 ) b 2 ) b) ( )
where S is n X n matrix given by
%%0 ...... 00
1

0550..00
S=:iioor | a7

000..0 11

foo 01

500... ... 5

Likewise, in order to obtain Theorem A, one can apply Theorem 2.1, part (i), for
a="1and b =1 with (16)-(17).
Observe that (17) is a circular matrix.

3. Application of circular matrices

Remind that the circular matrix (circulant) induced by a real sequence (c1,c¢2,...,cy)
is the n X n matrix whose first row is (c¢y,cs,...,c,) and the other rows are obtained by
succesive cyclic permutations of the first row, i.e.,

Cl C) C3 ...Ch—1 Cp
Cp C1 C2 ... Ch—2 Cp—1

Cpne1 Cp €1 "+ Cp—3 Cp—

S = n—1 Cn C1 n—3 tn-2 (18)
C3 C4 C5 ... (] (&)
C) C3C4 ... Cp C1

In the forthcoming corollary we apply Theorem 2.1 to the circular matrix (18) with
nonnegative entries summing to one in each row and column (doubly stochastic circular
matrix; see [0, pp. 62-64]).

COROLLARY 3.1. Let f be a convex function on an interval I CR and x1,x,. ..,
xp €1, and let S be an n x n circular matrix defined by (18) with Y, ¢c; =1 and ¢; >0
i=1

fori=1,2,...,n. -
Then for any a,b € R with a+b=1 and b > 0, we have

> f(xi)—bnf

" <x1+x2+...—|—xn
=1

) 2 alf(erox) + ez )+ ot S X))

(19)
where (-,-) is the standard inner product in R", riT denotes the ith row of S and
X = (xl,xz,...,xn)T.

n
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Given two real numbers o and 3, we now focus on the circular matrix

1 Ba.... o B ...B

Ska—k(0,B) = koo+(n—k)B | = '

(20)

with the first row (o,...,a, B,....B ).
——

k times n—k times

COROLLARY 3.2. If f is a convex function on an interval I C R and x1,x>,...,
Xn €1, then for any a,b € R with a+b=1 and b > 0, we have

n 3 b xl+x2+...+xn)
3 1tx) nf(—

n

2a[}C(a(xl—l—xz—l—..k.o—:—jk()n—k_[ig)gﬂ+...+xn))
+f(Oc(xz+x3+...+xk+1)—|—[3(xk+2+...—|—xn+x1)>
koo+ (n—k)B
+m+f<oc(x1—|—...+xkk;—:—x(,;l);|—]géxk+...—|—xn_1))].
For oo =1 and § =0, (20) becomes
1 1 0...... 0

Sin—k(1,0) = —

with the first row (1,...,1, 0,...,0 ), and then Corollary 3.2 reduces to
S—— Y—
k times n—k times

COROLLARY 3.3. If f is a convex function on an interval I C R and x1,x,...,
Xp € 1, then for any a,b € R with a+b=1 and b > 0, we have

ifx bf<x1—|—x2+...+x,,)

i=1 n
x—l—x—I— X X2+x34...4+x X1+ ... X1 +x
AT TR +f A2TA3IT - AL ot f e I B el SN N
k k
For oo =0 and 8 = 1, it follows from (20) that
0...0 1 ...... 1
1 10...01...1
Sk,n—k(ovl):n_k C Lo
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with the first row (0,...,0, 1,...;1 ), and then Corollary 3.2 implies the following.
S—— Y—
k times n—k times

COROLLARY 3.4. If f is a convex function on an interval I C R and x1,x>,...,
Xn €1, then for any a,b € R with a+b=1 and b > 0, we have

Zf(xi)—bnf<x—l+x2+"'+x">
i=1 n
>alf Xkl X2+ Xy ny X1+ X2+ Xy
n—k n—k
+m+f<xk+xk+1+...+xn1)].
n—k
For instance, for k =1,
01 1 ...... 1
1 101 1
S1a-1(0,1) = —— .
11 1...10
and (21) can be rewritten as
S £(xi) —bnf (M) Q1)
i=1 n
>alf X2+x3+ ... +x, Lf X1+x3+ ... +x, S X1+xX+ ... 4Xx1 .
n—1 n—1 n—1

By putting a = ”n;l and b= % into (21), we get

1 X1 +x2+...+x,
;f(@—f(—n )

> n—1 [f<x2—|—x3—|—...+xn)+f<x1—|—x3—|—...+xn)

n n—1 n—1
X1 +x2+ ...+ X1
+...+ .
f( n—1
i
x_,-—x,- _
Denote a; = x; and b; = ST r':x’*1+ T Since b; = -’:;_1 = i it is readily

seen that (22) reduces to inequality (2) in Theorem B.
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4. Refinements of Jensen’s inequality

Throughout this section < stands for the majorization ordering on R?. The vector
of ones in R? is denoted by 1. By (+,-) we denote the standard inner product of R?,

ie.,

(p.q) = ac+bd forany p=(a,b)" and q = (¢,d)” in R>. (22)

(a,b)" € R? is said to be
>0and b >0,

A vector p=
(i) positive if a >

(i) increasing (decreasing)if a < b (resp. a > D),

(iii) probabilisticif a>0,b>0anda+b=1.

We are now in a position to give some refinements of Jensen’s inequality (cf. [2,
3,5D.
(sif)

THEOREM 4.1. Let f be a convex function on an interval I C R and S =

be a doubly stochastic n x n matrix. Let x1,X3,..., x, €I, and (y1,y2,...,y2)7 =
S(xp,x,. . ,x) "
Let a;,b;,cj,d; €R for i=1,2,....k,j=1,2,...,m, be such that
1
1261126122...2&1{—12&1{257 (23)
bi=1—a; fori=1,2,...,k, 24)
1
E)CmZCm71>~~>C2>C1>Oa (25)
di=1—c; for j=1.2,...,m. (26)
Then
n n n n
N i) = Y fi) Z a1 Y, fi) +binf(5) = a2y, f(yi) + banf ()
i=1 =1 i=1 i=1
n n
>z a2 fi) Hbianf(3) = ar Y, f(vi) + binf(9)
i=1 i=1
= Cm Zf(yl) +dnnf(¥) = cm-1 Zf(yt) +dpn-1nf(y)
i=1 i=1
> ..z fO)+danf) = e Y, fyi) +dinf(3)
i=1 i=1
> nf(y) =nf(x). 27)
In consequence,
foz —nf(¥) Zf yi) —nf(y)
i=1
> (ai—cj) 3 f(vi)+ (bi—dj)nf () (28)
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fori=12,....k, j=12,....m.

Proof. We set

n n

A:Zf(xi)v B:z,f(yi)7 C:nf(f) and D:nf(y)v (29)

i=1 i=1

where X = xl+x2jl’~-~+xn and y — Yityat...4yn

Since y < x, we have A > B ancf C = D by Majorization Theorem (see (3)).

Fori=1,2,....k and j=1,2,....,m, we define vectors p; = (a;,b;)" and q; =
(Cj,dj)T in Rz.

By virtue of (23)—(26) we have

P~ P2 > Pr—1 > Pk~ Prr1, (30)

Q=@ = Qn-1 = Q> Qmt 1 €1V
with pri1 = @i = (1/2,1/2)".
Denote v = (B,D)”. Since B > D by Jensen’s inequality, it follows by an easy
calculation that the functional
p— (p,v) for peR?
is Schur-convex on the set of decreasing vectors. Likewise, the functional

q—(q,v) forqe R?

is Schur-concave on the set of increasing vectors.
Therefore from (30)-(31) we get

p1,v) = (p2,V) = ... = (Pe—1,V) = (Pr, V) = (Prt1,V)
2 (Qnt1,V) 2 (Qm, V) Z (Qu-1,V) = ... 2 (q2,V) > (q1,V). (32)

Because B > D we find that
v<B1l and D1<v,
where < denotes the standard componentwise ordering on R2. Furthermore, the func-
tionals z — (py,z) and z — (q,,z) are <-increasing, since p; and q, are positive. In
addition, p; and q; are probabilistic. For this reason, we conclude that
B:<p1,Bl>><p1,V> and <q1,V>><q1,D1>:D. (33)
So, by combining (32) and (33) we obtain (27) via (22) and (29).

Finally, inequality (28) is an easy consequence of (27). This completes the proof.
O
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We now use Theorem 4.1 for the following decreasing vectors p; = (a;, bi)T and
increasing vectors q; = (cj,d;)T, where

n+k—1—i
= d b= fori=1,2,...,k, 34
@ n+k—i an " on+k—i ort B (34
1 m+2—j
Cj:m and dj_T fOI' 27...,m. (35)

It follows that (23)—(26) hold for a;, b;, c¢; and d; defined by (34) and (35).
Therefore we obtain the following extension of [7, Theorems 2.1 and 2.2].

COROLLARY 4.2. Let f be a convex function on an interval I C R and S = (s;;)
be a doubly stochastic n x n matrix. Let x1,x2,..., X, € I and (y1,y2,...,y,)7 =
S(x1,x2,...,x,)7 .

Then

éf(xz) >

i
+
=

|

T
+
=

Y

M
=
_|_

WV
WV

WV

Il
—_

WV

W = N =
M=
=
< |
_|_
3
i:

1=
\
5
_|_
:
,*Q

WV
T

\Y%
\Y%

3

+

™=
~
<

2z nf(y) =nf (). (36)

In consequence,
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In order to see (36), it is sufficient to apply Theorem 4.1 with (34)—(35).
In addition, (37) follows easily from (36).

REMARK 4.3. In [4] there is another extension of [7, Theorems 2.1]. In addition,
a similar method to that used above is applied in [4, Example 3].
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