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WEIGHTED COMPOSITION OPERATOR FROM
BLOCH-TYPE SPACE TO H~ SPACE ON THE UNIT BALL

XIAOMIN TANG AND RUOJING ZHANG

(Communicated by I. Franjic)

Abstract. In this paper, we characterize those holomorphic symbols # on the unit ball B and
holomorphic self-mappings ¢ of B for which the weighted composition operator uCy, is bounded
or compact from Bloch-type space to H™ space.

1. Introduction

Let B be the open unit ball in C". When n = 1, the unit ball is just the unit

disc D. Let H(B) be the family of all holomorphic functions on B. We denote by H*

the space of holomorphic functions on B, with the norm || f]|< = sup|f(z)|. And let
z€B

S(B) be the set of all holomorphic self-mappings on B.
A positive continuous function @ on [0, 1) is called normal if there are two con-
stants b > a > 0 such that

o(r)
(1—r)

oo (L1)

as r— 17 . Given w, we extend it to B by setting ®(z) = o(|z|). A function f € H(B)
is said to belong to the Bloch-type space %, if

I/

#.0 =sup0(2)|Vf(z)| <o,
z€B

and it is said to belong to the little Bloch-type space %, if

lim w(z)|Vf(z)] =0.

|2]—1

Here Vf(z) = ( of ... 9f ) is the complex gradient of f. Itis easy to check that both

a_zla B a_Zn
By and AB, o are Banach spaces under the norm

1o = 1O+
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and that % is a closed subspace of B,. When o(r) =1—7r* and o(r) = (1 —
)= with « € (0,1), two typical normal weights, the induced spaces %, are the
Bloch space and the Lipschitz space, respectively. And also, the space 2| _,2) 1001 /(1-2)
is the logarithmic Bloch space which was studied in [1]. For f € H(B), let Rf(z) =

n
>z ;g—;(z) be the radial derivative of f. From [2], we know that f € %, if and only if
=

sup@(z)|Rf(z)| <eo,and f € By if and only if \l|im1 0(z)|Rf(z)| =0. Furthermore,
z€B =

the norm || f||¢ is equivalent to |f(0)| + sup @ (z)|Rf(z)].
z€eB

Given u € H(B) and ¢ € S(B), the weighted composition operator uCy, is defined
by
uCo(f)(2) =u()f(9(2)), [fecH(B), zeB.

It is interesting to provide a function theoretic characterization when u and ¢ induce a
bounded or compact operator on some holomorphic function spaces. For some classical
results, see, for example, [3, 4]. And very recently, the boundedness and compactness
of the weighted composition operator between the Bloch space and H* was studied on
the unit disc in [5]. The case of the unit polydisk was discussed in [6-8]. The same
problem in the setting of the unit ball was investigated in [9, 10]. For related results see
also [11-17] and the references therein.

The purpose of this work is to obtain the sufficient and necessary conditions on
u € H(B) and ¢ € S(B), such that the operator uC, is bounded or compact from the
Bloch-type space to H” space. Our work will generalize [5, 9, 10, 11].

In what follows, C will stand for positive constants whose value may change from
line to line but not depend on the functions in H(B). The expression A ~ B means
C'A<B<CA.

2. Auxiliary results

Given a normal weight @ and 8 € [0,1), denote kp = max (O, [log, ﬁ}) , T =

ol <2ik> and n; = [%rk} for k > ko, where [x] denotes the greatest integer not more

than x. In what follows, we set the function /4, as in [18], to be

h(z) =14 2k%, zeD.
k>ko

The following lemma comes from [18].

LEMMA 2.1. ([18]) Let ® be normal. Then there exists some function h €
H(D) such that |h(z)| < h(|z]), h(r) is increasing with r € [0,1), and

0< inf @(r)h(r) < sup o(r)h(r) =supw(z)|h(z)| < .
re0,1) ref0,1) z€D
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The following lemma are probably folklore but we will give a proof for the benefit
of the reader.

LEMMA 2.2. ([2]) Let @ be normal. The point evaluation functional A, on
By, defined by

A(f) = f2) for [€ B,

is bounded with the norm estimate

1A 1+/IZ‘ L
T o)

Proof. By the definition of %, and f(z) = £(0) + [y (Vf(1z),Z)dt, we have

|2]
@l < O+ [ 19 ldar < {1+ [ b il
|2]
A, <C<1+/0 ﬁdt). 2.1)

On the other hand, given w € B, set

(zw)
7)=1 +/ h(t)dt
0

Then by Lemma 2.1, || fiy||o < C. For w € B with |w| > § > 0, by (1.1) and Lemma
2.1,

That is

v ity < CHPY( = b
0 <R (o) < €=

VNI ()
<Ch(|w[)(1—|w]) o(|w|)

<C2°n(|w|?)(1 - |w)).

Similar to the above proof, for w € B with |w| > & > 0, we get

w|?
/ h(t)de > Ch(Jw?)(1 — w]).

w4

So, we obtain
[wl?

h(e)dt < Ch(|w )(1—|w|)<c/| h(r)dt

w]*

wl
w2
for w e B with |w| > 6 > 0. Hence,

w|? w| w|?
/ h(t)dr < h(t)dr < C/ h(t)dt.
0 0

0
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This implies

(W) = 1+/OIW|2h(t)dt> 1+c/0'W' ﬁd@c{ufow $dr}.

This and (2.1) yield the conclusion of the lemma. The proof is completed. [J

LEMMA 2.3. ([2]) Let w be normal and fl dt) co. If {f;} is a bounded
sequence in %y satisfying f; — O uniformly on any compact subset of B, then
lim sup|f;(z)| =0
7% zeB

LEMMA 2.4. Let ® be normal, and let ¢ € S(B), u € H(B). Suppose X
is Bo(or Byp) and Y is H”, and suppose that uCy : X — Y is bounded. Then
uCy : X — Y is compact if and only if for any bounded sequence {f;} in X which
converges to 0 uniformly on any compact subset of B, we have Jlgl;lo |uCo filly =0

Proof. 1t can be proved by Montel theorem and Lemma 2.2. The details are omit-
ted here. [J

3. Main results

In this section, we are going to characterize the boundedness and compactness of
the operator uC, from the Bloch-type space to H™ space with the function theoretic
properties on u and ¢@.

THEOREM 3.1. Let @ be normal, and let ¢ € S(B), u € H(B). Then the
following statements are equivalent.
(1) uCy : By — H" is bounded.
(2) uCy : By — H™ is bounded.

(3) suplu(2) {1+ " gl } < o=
€B
Furthermore, the operator norm |[uCy|| satisfies

Jucol = suplata) {1+ [ —arf. 6.

Proof. The implication (1) = (2) is trivial.
(2) = (3). Suppose uCy : By — H* is bounded. Take g(z) =1 € HBuo,
then
s0p )| = [y < CluCo] < = (32)
zZ€

Fixed w € B, set the test function f,, to be

(z.p(w)
Ful2) = /O " nyar. (3.3)
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Then by Lemma 2.1,
o(2)|Rfw(2)] = [{z,oW) |0 (2) [A((z, p(w)))| < C < oo

and fi, € By from the fact that f,, is holomorphic on B. Similar to the proof of
Lemma 2.2, we have

lp(w)l ) lo(w)?
e M0 < CHllpOIPY 1~ lo(D < C [ heyar

o) o)
Then
o) o) o)
/ h(1)dt < / h(1)dt < C / h(t)dt. (3.4)
0 0 0
Hence,
o) o)
Wl [ od =] [T s = [a(w)|1f(p()
< sup [u(2)|[fw(@(2)] = [[uCp fi |-
z€eB
< ClluCy| < .
By Lemma 2.1,
|/ dt<C||qu,|| <o, (3.5)
Combine (3.2) and (3.5) to yield
sup [u(w {1+/ } < ClluCy| < oo. (3.6)
weB

This gives the implication (2) = (3).
(3) = (1). Suppose the statement (3) is valid. By Lemma 2.2,

[uCopflee = sup u(@)1f ((2)]

<Clsllospl@l {1+ [ sar)

for each f € % . Therefore, uCy : %, — H™ is bounded. Furthermore,

JuColl < Csupluz) {1+/ } (3.7)
The estimate (3.1) comes from (3.6) and (3.7). The proof is completed. O

THEOREM 3.2. Let @ be normal with fl dt
H(B). Then the following statements are equivalent.
(1) uCy : By — H™ is compact.
(2) uCy : By — H™ is compact.

(3) ue H”.

< oo, and let ¢ € S(B), u €
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Proof. The implications (1) = (2) and (2) = (3) are trivial. Now we prove
(3) = (1). Suppose u € H”. By fol %dt < oo, we have

sup |u(z) {1 +/ —dt}
z€B

By Theorem 3.1, uCy : % — H" is bounded. Suppose {f;} is a bounded sequence
in A, and f;(z) — 0 uniformly on any compact subset of B. Apply Lemma 2.3 to
obtain

[uCo fjlleo = sup [u(2)|] fj(@(2))] < |[ul|sup|fj(@(z))] — O
z€B z€B

as j—oo. By Lemma 2.4, uCy : %4, — H® is compact. The proof is completed. [

THEOREM 3.3. Let @ be normal with |, % =oo, and let ¢ € S(B), u €

H(B). Then the following statements are equivalent.
(1) uCy : By — H" is compact.
(2) uCy : By — H™ is compact.

(3) ue H” and

) lo()l 1
\w(li)rlnﬂ u(z)] {H—/O Mdt} =0. (3.8)

Proof. (1) = (2) is obvious.
(2) = (3). Suppose uCy : #o — H” is compact. Then taking f(z) = 1€
Bepo,we obtain u € H. Let {¢(z/)} be a sequence in B such that lim |@(z/)| =

J—oo
Define

.2) 1 /(zxp(zj))h( \d : B
()=——F—— ndr)| , zeB.
N =0 s \ o ‘

1 dt

It is easy to check that {f;} is a bounded sequence in %0 and, by [y =7 =

[

fj(z) — 0 uniformly on any compact subset of B as j — co. So, by Lemma 2 4 we get

tim [y =0. (3.9)

On the other hand, Lemma 2.1 and (3.4) imply

[uCofill- = Suplu(Z)Ilfj(¢(Z))l > [u(@)If; (@)l
(/)] (/)]
zf|/"’ (6)dt > Clu m/‘D d(i)'
This and (3.9) imply

o)l
lim |u(z’)\/0q) %:o. (3.10)

j—>o<)
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. ) i . lp(/)]
)] < Clutah)] [ %mu(zm I’ %

when |@(z/)| > 5. Thus, lim |u(z/)| = 0. From this and (3.10), we obtain (3.8).
J—roo

Notice that

(3) = (1). Suppose that statement (3) holds. Then for any € > 0, there exists

some E(:71) Su :h that
<€

whenever r < |@(z)| < 1. Let {f;} be a bounded sequence in #A, and f;(z) — 0
uniformly on any compact subsets of B. Then for the above £ > 0, there is a positive
integer J such that

[filp(2)| <& (3.12)
whenever j > J and |@(z)| < r. From the fact that u € H*, (3.11) and (3.12),

[uCo fill- = sup u(2)[1fi(e(2)]
< sup [u(@)||fi(@@)[+ sup |u(2)||fi(e())]

lo(z)|<r lo@)[>r

<lullovesc s e {1+ [ Sarb il
lp(2)[>r

= [[ull~-e+Clfillo-€

< (lulle+C sup | fjllw)-€
j=12,

whenever j > J. Then, hm Hqu,fjH.x, =0. Hence uCy : B, — H™ is compact by
Lemma 2.4. The proof i is completed |

Summarizing all above, we have the following corollary.

COROLLARY 3.1. Let @ be normal with fl A ; <o, andlet ¢ € S(B), uc
H(B). Then the following statements are equivalent.
(1) uCy : By — H® is bounded.
(2) uC(p By — H” is bounded.
(3) uC, ,@w — H* is compact.
4) qu, 0,0 — H” is compact.
(5) ue H”.

For the normal weight p, the weithted-type space H,; is defined by

- {f & H(B): iy = supu@) ) < oo}.

We find that all these above results can be easily rewritten for the case when H®
is replaced by the space H;’. Here, we only exhibit these theorems, and omit the proof.
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THEOREM 3.4. Let ® and U be both normal, and let ¢ € S(B), u € H(B).
Then the following statements are equivalent.
(1) uCy : B — Hy is bounded.
(2) uCq : Boo — Hy is bounded.

(3) supu(@)lu(a)| {1+ | Gl f <=

Furthermore, the operator norm |uCy|| satisfies

Hqu)HNsup;,L {l—i—/ }

THEOREM 3.5. Let @ and W be both normal with f y <o and let ¢ €
S(B), u € H(B). Then the following statements are equivalent.
(1) uCy : Bw — Hy is compact.
(2) uCy : Bewo — Hy is compact.

(3) ue Hy.

THEOREM 3.6. Let @ and W be both normal with fol % =oo, and let ¢ €
S(B), u € H(B). Then the following statements are equivalent.
(1) uCy : Bw — Hy is compact.
(2) uCy : Bwo — Hy is compact.

(3) ue Hy and

lim 1+/ }:O.
lp(2)[— ” {

4. The cases of two special normal weights

Case 1. For 0 < o0 < oo, take @(r) = (1 —r)%. Then the Bloch-type space is just
the a-Bloch space. By direct calculation we see

fo<a<l,

X dt T .
——~{ In—, ifoo=1, (4.1)
0o (1—r)® I=x .
(1—x)t-% ifa>1,

as x — 17

From Theorem 3.1-3.3 and (4.1), we obtain the main results Theorem 1-6 in [9].
On the other hand, for the case of uCy : H” — Ay, notice that if we replace o-
Bloch space with the Bloch-type space, then the normal weight of image space does
not almost affect the characterization of the weighted composition operator. Therefore,
with the same approach in [9], we can obtain some necessary and sufficient conditions.
Here, we only exhibit one of them as follows. And the proof will be omitted.
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THEOREM 4.1. Let @ be normal, and let ¢ € S(B), u € H(B). If u € By

0 (2)]u(z)|
R 1-|p()P

then uCy : H” — % is bounded.

and
[Do(2)] <o,

Conversely, if uCy : H* — By is bounded, then u € B and

o(2)|u(z)| T— T
sup ———=1D(z)" ¢(2)T] < oo.
T g PP R
Here,
9951(1) 331(2) ~N
21 Zn i a(pl (Z)
20u(2) ... dpulc) k,zzzl 9z
azl Iz

and D@(z)7 is the transpose of the matrix D¢(z) (see [19]).

In one variable case, Ohno obtained the sufficient and necessary condition on u
and ¢ for which uCy : H* — 2% (or %) is bounded or compact in [5]. And Zhang
characterized the boundedness of uCy from H™ to o-Bloch space on the unit disc in
[11]. Itis easy to check that those results of [5] and [11] still hold for uCy from H™ to
B (or Byo). We have a set of theorems parallel to the Theorem 2-4 of [5]. And the
proof will be omitted.

THEOREM 4.2. Let @ be normal, and let ¢ € S(D), u € H(D). Then uC :
H” — By, is bounded if and only if u € By and

o(z) ,
P T o A @) <o

THEOREM 4.3. Let @ be normal, and let ¢ € S(D), u € H(D). Then uC :

H” — B, is compact if and only if the following statements are all satisfied:
(1) ueBy;
Supw( )|u(2) @' (2)] < oo

(2) (
(3) hm o(z)[u'(z)] =0
<> <

\—>l
2 u(z)¢' (z)] = 0.

4
i eGP

THEOREM 4.4. Let @ be normal, and let ¢ € S(D), u € H{D). Then the
following statements are equivalent.
(1) uCyp : H® — Py is bounded.
(2) uCy : H* — Py is compact.
(3) ue ABypo and

; o(z) .
i T e M9 @] =0.
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From this point of view, the property of uC, between H” and %y, (or Sy ) is
completely discussed. Our work will generalize those in [5, 11].

Case 2. For 0 < ¢ < and 0 < B < oo, set

o(r)=(1-r%(1n

1—r

Then the Bloch-type space is called the logarithmic Bloch-type space (see [10]). When
o = 3 =1 it s just the logarithmic Bloch space. Our work will extend those theorems
in [10]. By using the L’Hopital rule, as well as some simple estimates, we have

1, if0o<a<lora=1,>1,
ifo=1and =1,

[=

e

Inln

—|

—X

* dt g\ 1-B
/0 s B (lnf—_ﬁ> , ifa=1and B €(0,1)
(1—r)e <lnf—"r)

B\ B
(1—x)'-@ (lnf—fx> ,ifoe>1and B >0,

as x — 17 . This, together with Theorem 3.1-3.3, characterize the boundedness and
compactness of uCy, from logarithmic Bloch-type space to H* space.
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