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ON THE MAXIMAL OPERATORS OF
VILENKIN-FEJER MEANS ON HARDY SPACES

GEORGE TEPHNADZE

(Communicated by L. Pick)

Abstract. The main aim of this paper is to prove that when 0 < p < 1/2 the maximal operator
= [onf]
G’)f o z:g (n+l)1/”72

o, is n-th Fejér mean with respect to bounded Vilenkin system.

is bounded from the martingale Hardy space H), to the space L,, where

1. Introduction

In one-dimensional case the weak type inequality for maximal operator of Fejér
means for trigonometric system can be found in Zygmund [21], in Schipp [11] for
Walsh system and in P4l, Simon [10] for bounded Vilenkin system. Fujii [4] and Simon
[13] verified that ¢™" is bounded from H; to L, where ¢™" denotes the maximal
operator of Fejér means of Walsh-Fourier series. Weisz [18] generalized this result and
proved the boundedness of ™" from the martingale Hardy space H, to the space L,,
for 1/2 < p < 1. Simon [12] gave a counterexample, which shows that boundedness
of 6*" does not hold for 0 < p < 1/2. The counterexample for ¢*" when p = 1/2
is due to Goginava [7] (see also [3, 14]). In the endpoint case p = 1/2 two positive
results were showed. Weisz [20] proved that c*" is bounded from the Hardy space
Hy, to the space Ly 3 ... Goginava [6] proved that the maximal operator 6 *" defined
by

w
"V f :=sup ‘20-"7]0‘
neNlog” (n+1)
is bounded from the Hardy space Hj/, to the space L/, where o, is n-th Fejér
means of Walsh-Fourier series. He also proved, that for any nondecreasing function
@ :N — [1, o), satisfying the condition

——log?(n+1
lim M = oo,
n—oo (p n)
the maximal operator
|0, f]
sup
neN @ (n)
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is not bounded from the Hardy space Hj, to the space Ly ;.

For Walsh-Kaczmarz system analogical theorem was proved in [9] and for bounded
Vilenkin system in [15].

The main aim of this paper is to prove that when 0 < p < 1/2 the maximal operator

ok ‘G"f |
o,f i=sup————————
P eN(nt 1)/
is bounded from the Hardy space H) to the space L, (see Theorem 1), where o, is
Fejér means of bounded Vilenkin-Fourier series.
We also prove that for any nondecreasing function ¢ : N — [1, o), satisfying the
condition

ey

1/p—2
lim w = oo, (2)
== (n)

the maximal operator
lof

sup onf]

neN @ (n)
is not bounded from the Hardy space H), to the space L, .. when 0 < p < 1/2. Actually,
we prove a stronger result (see Theorem 2) than the unboundedness of the maximal
operator 51,* from the Hardy space H), to the spaces L, . In particular, we prove that
under condition (2) there exists a martingale f € H, (0 < p < 1/2) such that

onf
¢ (n)

sup

neN

Lp

2. Definitions and Notations

Let N denote the set of the positive integers, N := N, U{0}.
Let m:= (mg. ..., my,...) denote a sequence of the positive integers not less than 2.
Denote by

Zp, =10,1,..., m— 1}

the additive group of integers modulo m.

Define the group Gy, as the complete direct product of the group Z,,;, with the
product of the discrete topologies of Z,; *s.

The direct product u of the measures

we ({j}) == 1/my, (je ka)7

is the Haar measure on G,,, with u (G,,) = 1.

If sup,m, < e, then we call G,, a bounded Vilenkin group. If the generating
sequence m is not bounded, then G,, is said to be an unbounded Vilenkin group. In
this paper we discuss bounded Vilenkin groups only.

The elements of G,, represented by sequences

X 1= (X0, X150y Xy 0, (xkEka).
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It is easy to give a base, for the neighborhood of x € G,
Iy (x) := Gy,
Li(x):={y€Gul|yo=x0,--, Y1 =Xn—1}, (n €N).

Denote I, :=1,(0), for n € N and I_n =G \ L.
Let
e :=(0,...,0,x, = 1,0,...) € Gp, (neN).

Denote

IN(0,...,0,x; # 0,0, ...,0,x7 Z 0,X151 500y XN—1 5---),

. wherex; €Z,,,i>1+1, fork <l <N,
IN(0,...,0,x; #0,0,....,,xy—1 =0, xn,...),
wherex; € Z,,, i > N, forl =N

and

kol B

IN = IN(O,...,07xk =0,0,....0,x; = [37xl+17m,xN,1 )7 k<I<N s
where x; €Z,,, i >1+1.

It is evident
mkf lml 71

n'=U un’ 3)

o=1 =1

(U)o

k=01=k+1

and

If we define the so-called generalized number system, based on m in the following
way :
My =1, My :=mMy , (kEN)

then every n € N can be uniquely expressed as n = Z niM;, where nj € Zy, . (jeN)

and only a finite number of n;°s differ from zero. Let \n| =max {j€N, n;#0}.
It is easy to show that

ZMA <CM1. (5)

Denote by L; (G,,) the usual (one dimensional) Lebesque space.
Next, we introduce on G,, an ortonormal system which is called the Vilenkin
system.
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At first define the complex valued function ry (x) : G,, — C, the generalized Ra-
demacher functions as

i (x) == exp (2mix /my) (# =—1,x€ Gy, keN).

Now define the Vilenkin system y := (y, : n € N) on G, as:
Y (x) := kl:[OrZ" (x), (neN).
Specifically, we call this system the Walsh one if m =2.
The Vilenkin system is ortonormal and complete in L, (G,,) [, 16].
Now we introduce analogues of the usual definitions in Fourier-analysis.
If f €L (Gy) we can establish the the Fourier coefficients, the partial sums of

the Fourier series, the Fejér means, the Dirichlet and Fejér kernels with respect to the
Vilenkin system Y in the usual manner:

:/G Jv,du, (neN),
n—1 __
Sif = S 70w, (neN,, Sof ==0),
k=0

onf :

lnfl
_Eskfv (n6N+)7
=0

Dn:ZZWk7 (HEN+),

ln 1
K, = —ZDk, (neNy).
Recall that
| My, if xely,
DMn (x> - { O, if x ¢In~ (6)
It is well-known that
sup/ x)|du (x) < ¢ < oo, (7)
and
|n|
n|K(x)] < ¢ Y, Ma |Kn, ()] (®)
A=0

The norm (or quasinorm) of the space L,(G,,) is defined by

1A, = ( I If(x)”du(x)> " <p<e).
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The space Ly . (G,,) consists of all measurable functions f, for which
£z, o (G) 7= SUPAP L (f > A) < oo
A>0

The o—algebra generated by the intervals {I, (x) : x € G, } will be denoted by
[ n (neN). Denote by f = (f("),n € N) a martingale with respect to f, (n € N)
(for details see e.g. [17]). The maximal function of a martingale f is defend by

£

f*=sup
neN

In case f € Ly, the maximal functions are also be given by

. 1
f*(x) =sup ——
neN

AT )f(u)#(u)

In(x

For 0 < p < oo the Hardy martingale spaces H, (G,) consist of all martingales
for which

11k, == 1771, <o

If f €L, then itis easy to show that the sequence (Sy;, (f) : n € N) is a martin-
gale. If f= < f" ne N) is a martingale, then the Vilenkin-Fourier coefficients must
be defined in a slightly different manner:

o~

Fli)=1im [ f% ()W (x)du (x).

k—e JG,,

The Vilenkin-Fourier coefficients of f € L; (G,,) are the same as martingale (Sy, (f) :n €1
obtained from f.
For the martingale f we consider maximal operators

o*f :=sup|o.f],
neN
~ 0.f]
o'f i =sup—5——,
nen log? (n+1)
ko |an‘
C,f :=sup

neN (n+1)/P=2
A bounded measurable function a is p-atom, if there exist interval 7, such that

a) /adu =0,
1

b) llall. <p(m)~7,
¢) supp(a) C 1.
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3. Formulation of main results
THEOREM 1. Let 0 < p < 1/2. Then the maximal operator 5; is bounded from
the Hardy martingale space Hy, (Gy,) to the space L, (Gp,).

THEOREM 2. Let @ : N — [1, o) be a nondecreasing function, satisfying the
condition

. 1 1/p—2
lim u = oo, 9)
== (n)
Then there exists a martingale f € H,, such that
o
sup nf = oo,
nen || @ (n) Lpeo

4. Auxiliary propositions

LEMMA 1. [19] Suppose that an operator T is sublinear and for some 0 < p < 1

/|Ta|pd,u <cp < oo,
1

for every p-atom a, where I denote the support of the atom. If 7" is bounded from L.,
to Lo, then

”TfHL,,(G,,,) S Hf“H,,(Gm)'

LEMMA 2. [2,8] Let 2<AeNL, k<s<A and gs =Mop+Mopa—2+...+M>r+

My. Then
Mo Mo

4 )

qa-1 |K’1A—l('x)’ 2
for

x € by (0,...,x04 #0,0,...,0,x25 # 0,X2541,..-X241) ,
k=0 1, A—3.  s—k+2 k+3,... A—1.

LEMMA 3. [5] Let A>t, t,AeN, z€ L\ L. Then

07 ifZ_Ztet ¢IA,
Ky, (z) = { M if7—ze €14
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LEMMA 4. Letxely' |, k=0,.,N—1,l=k+1,...N. Then

CMI

, when n > My.

/|K x—1)|dp (1) <

Proof. Let x € I]]f,’a’ P Then applying Lemma 3 we have
Ky, (x) =0, when A > 1.
Let k <A <. Then we get

Mk < mkMk

K; = < .
K O =71 < 2r e

Let xe Iy, for 0Sk<I<N—1andt€ly. Since x—t€ Iy and n
combining (3), (5), (8) and (10) we obtain

[

n|K, (x)| < ¢ Y, MaMy < MM,
A=0
and MM
C k [
J Ve nlap ) < S

Let x € IZI\C;N , then applying (8) we have

K0l 1) zMA/N Kty (1) dpe (1)

Let

X = (0,...,0,xk 7&0,0,...O,xN,xN+1,xq,...,x‘n|_1,...),
t= (O,...,07xN7...xq,1,tq #xmtﬁl,...,t‘n‘,l,...) ,q=N,...|n|— L

Using Lemma 3 in (12) it is easy to show that

CMqu cM;y
Ky (x—1)|d My | Myd < &k
/ | ) du (1 Z A/ (1 e S My

Let
{ X = (0,...,O,xm 7é 0,0,...,O,xN,xN+1,xq,...,x‘n|_1,...) y

t= (0,0,...,xN,...,x

PR
If we apply Lemma 3 in (12) we obtain

CMk

Ky (x—1) M M .
e 0ldu ) zA i 1) < S

Combining (11), (13) and (14) we complete the proof of Lemma4. [J

307

(10)

= My,

(1)

12)

(13)

(14)
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5. Proofs of the Theorems

Proof of Theorem 1. By Lemma 1, the proof of Theorem 1 will be complete, if we

show that
jowal \"
sup————— | du <c < oo,
7/ <neN(n+l)l/p 2)
N

for every p-atom a, where I denotes the support of the atom. The boundedness of
SUp,e |Onl / (n+ 1772 from L., to L. follows from (7).

Let a be an arbitrary p-atom, with support 7 and u (1) = M,;l. We may assume
that 7 = Iy. Itis easy to see that 0, (a) = 0, when n < My . Therefore, we can suppose
that n > My .

Since ||al|,, < cM;/p we can write

(nfnlgil)l—z : (n+111/p—2/1 @ (@)] 1Kn (=) dp (1)

aOQ

n+”11/p s ) Kool )
1

CMN/p

(n+1) (n+ /P2

| el e,

Let x € If;l, 0 <k <I<N. From Lemma 4 we get

o (@] _ eMy” MM
(n+1)/P72 7 Pt My

:CMle. (15)

Combining (4) and (15) we obtain

[Io*a)au )
Iy
N—2 N—1 mj_y

=33 3 [l +z/mloa ()1 du (2

k=01=k-+1x;=0,j€{I+1,..,N—1}

N-2 N1 mppq...my—1 NoLg
<c ———— (M\M)" + ¢ Y, — (MyMy)?
s M i—oMn
N—2 N—1 (MM —
1My
< =I+1I.
c M, Z +

k=01=k+1
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Then

N—-2 N—1 Mle)P

CZ 2 1- 2p M2p
l

k=01=k+1M,
N-2N-1

<0221—2p

k=0i=k+1M,
N-2 N—1

e} X 211 2p)

k=01=k+1
N-2 1
gckzzom<6'<°°

It is evident B
My

Which complete the proof of Theorem 1. [l

Proof of Theorem 2. Let 0 < p < 1/2 and {A; k€ N4} be an increasing se-
quence of the positive integers, such that

Al/p72
lim =% = co.

k—eo @ (A4)

It is evident that for every Ay, there exists a positive integers m;, such that g , <A, <
Vﬂk

cq,; - Since ¢ (n) is nondecreasing function, we have

1/p—2 1/p—2
,—M2r/nl‘]j — 4 [”
lim ——— > clim
) (qm,’{> g (qm"k>
. Akl/l?—2
> ¢ lim = oo, (16)

Let {n;; ke N.} C {m}{; ke N+} such that

1/p—2
. 2n
lim k _ —oo
k—ee @ (q”k)
and
oy (%) = DMan+l (x) _DMan (%), ng = 3.

It is evident )
1, ifi :Mznkv"'vM2nk+l -1,

S (8) = { 0, otherwise.
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Then we can write
D, (.X) - DMan ()C) ) ifi= Mz,,k ) '~-aM2nk+1 - 17
Sifg () =Q o, (%), if i = Moy 11,
0, otherwise.

From (6) we get

Hf"kHH,, = ||sup S, (fu.)
neN

Ly

= HDMan+l - DM

2ny

< Ml—l/p.
2ny

Ly

1/p
p
/I Mg'zk dou“ (‘x) +[ <M2nk+l _Man> dIJ, (x)>

an\Ian+l 2np+1

{ p 1/p
m2nk - lMp + (man - ) Mp

Moy 2 M,, +1 g

By (17) we can write:

ou, fuc0))
= Sifn (x
¢ () © (gn,) G Zb i ()
! a1
= S n .x
o @) an ,}2 iy (%)
g
! G~ 1

@ (qn) an |57

1 an7171

— m ZE) <Dj+M2nk (x)—DMznk (x)) ,

Since
1

)

D, () =Dum,, (¥) =W, Djy  j=12,..M,, ~
we obtain
‘% o () ‘ L e

0 (@) 9 (dn)dn Ez) D; ()

L qn—1 ‘ ’
= K X)|.
o) (an) an nj—1 ( )

7)
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Let x € 2% Using Lemma 2 we obtain
Nk

‘ank o (X)’ - cMo My,
¢ (an) M2nk o (an)

Hence we can write:

0, £, @)
U XE G, "Iy ¢
¢ <q"k> M2nk ¢ (q"k>
[, (%)
S dxept: i €
©oe(e) M, 0(0)
g 2ny, g
>u (B4 >c>0. (18)
From (18) we have
1/p
, o LTt ) .
¢ u X E m . = 4
M2nk (P(an ) (p(q"k ) M2nk q)(an )
Hf"k (X)HH,,
c
2 1-1/p
M, o (q, )M,
Ml/p72
—e— ko, when k — oo.

*(s)

Theorem 2 is proved. [
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