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THE FRACTIONAL INTEGRAL OPERATORS ON MORREY SPACES
WITH VARIABLE EXPONENT ON UNBOUNDED DOMAINS

Kwok-PUN HO

(Communicated by I. Peric)

Abstract. The boundedness of fractional integral operator on Morrey spaces with variable expo-
nent on unbounded domains is established.

1. Preliminaries and Definitions

The main results of this paper consist of the boundedness of the fractional integral
operator and the boundedness of the fractional maximal operator on Morrey spaces with
variable exponent on R”.

For any 0 < o < n, the fractional integral operator (Riesz potential) /, is defined

by
) = [ LV

n |x =yl

The corresponding fractional maximal operator is defined by

Maf)(2) = s0p i [ 175l

0>x ‘
where the supremum is taking over all cube containing x.

The boundedness of the fractional integral operator on Lebesgue spaces is also
called as the Hardy-Littlewood-Sobolev theorem. It is classic and well known. The
boundedness of I, on Morrey spaces is given in [1, 30, 33, 34]. For any 1 < p < oo,
denote the class of locally L? -integrable functions by L! . For any x € R"” and r >0,
write B(x,r) = {y € R" : [x—y| < r}. In addition, define B = {B(x,r) : x e R",r > 0}.

Recall that the classical Morrey space is given by

My (RY) ={f €Ly, Ifllm, , (rr) < o}

where 0 < A < n and

1 » 1/p
ny — - d .
g =0 (5 [ roas)

Peetre presented Spanne’s result on the boundedness of the fractional integral operator
on [34].
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THEOREM 1.1. If 0 <o <n, 1 <p<g<e, 0<A<u<n, —;7—,+a:—g
and % = % then Iy : M),  (R") — My (R") is bounded.

An improvement on the above result is given by Adams [1].

THEOREM 1.2. If0<o<n, 1 <p<g<o, 0<A <n, —§+n”_"‘l :—g,then

lo : M, 5 (R") — M, 5 (R") is bounded.

For the study of the fractional integral operators on Morrey spaces defined on
quasi-metric spaces, the reader is referred to [19, 23, 24, 36]. In [23], they consider
the boundedness of fractional integral operators on variable Morrey spaces defined on a
space of homogeneous type (X, 1) with p(X) < e and they extend the result to quasi-
metric space with non-doubling measure p satisfying ((X) < e in [24]. For the study
of the fractional integral operator on generalized Morrey spaces on bounded domains,
the reader is referred to [20].

The reader may also consult the survey [31] for the boundedness results of the
fractional integral operators on some other function spaces arising in analysis such as
Orlicz spaces, Herz spaces and Hardy spaces. For the boundedness result of the frac-
tional integral operator on Herz-Morrey spaces with variable exponent, the reader is
referred to [22].

In[2, 14,23, 24,27, 28], the boundedness of the maximal operator on theirs Mor-
rey space with variable exponent is established. More precisely, the results in [2] give
the boundedness of the Hardy-Littlewood maximal operator on the Morrey spaces with
variable exponent on bounded domains. This result is extended to R” in [14, 27, 28].

In [17, 18], the boundedness of vector-valued singular integral operator and the
Fefferman-Stein vector-valued maximal inequalities for .#),.) , are obtained (see Def-
inition 1.5). Furthermore, their applications on the study of variable Triebel-Lizorkin-
Morrey spaces are shown.

In this paper, we extend the Hardy-Littlewood-Sobolev theorem to Morrey spaces
with variable exponent on R". The technique used in [19, 23, 24, 36] to obtain the
boundedness of the fractional integral operator on Morrey spaces with variable expo-
nent is restricted to Morrey spaces defined on bounded domains only.

We present an alternative idea so that the boundedness of fractional integral oper-
ator on Morrey spaces defined on unbounded domains can be established. For brevity,
we only consider the Morrey spaces defined on R" and our result can be extended to
Morrey spaces defined on any unbounded domain. The drawback of our technique is
that we can only establish Spanne’s type result.

In order to introduce our Morrey spaces with variable exponent, we recall the
definition of Lebesgue space with variable exponent [25].

Let & denote the set of Lebesgue measurable functions p : R* — [1, ) satisfying

p— =essinf{p(x) :x€eR"} >1 and py =esssup{p(x):x €R"} < oo.

DEFINITION 1.1. Let p € & be a Lebesgue measurable function. The variable
Lebesgue space with variable exponent L (')(R") consists of all Lebesgue measurable
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functions f : R” — C such that

p(x)

[
A

”fHLf’(')(R”) :1nf{7L >0: - dx < l} < oo,

We call p(x) the exponent function of LP()(R").

THEOREM 1.3. If 1 < p(x) < oo, then the associate space of L") (R") is LP'()(R")
! : 1 1
where p' satisfies i) + e 1.
The function p’(x) is called the conjugate function of p(x).

Let % denote the set of all p(-) belonging to &7 such that the Hardy-Littlewood
maximal operator M is bounded on LP(") (R™). For the study of the boundedness of the
maximal operator on L? ) (R™), the reader is referred to [6, 9, 14, 32].

We recall the following characterization of 4 given by Diening in [9].

THEOREM 1.4. Let p(-) € &. Then the following conditions are equivalent:

1. p(-) e A.

2. p'(-) € B.

w

. p(-)/q € B forsome 1 <q<p-_.

N

. (p()/q) € B for some 1 < q<p-_.

We recall some notations introduced in [17] for Banach function spaces.

DEFINITION 1.2. Forany p(-) € %4, let k., denote the supremum of those ¢ > 1
such that p(-)/q € #. Let e, be the conjugate of K .).

We call e, the index of p(-). Theorem 1.4 ensures that k., is well-defined and
satisfies 1 < k() < p—. Moreover, py > e,.). We present some basic properties
satisfied by LP()(R") when p(-) € 4.

PROPOSITION 1.5. Let p(-) € B, then we have a constant C > 0 so that for any
BeB,

1B1 < 125t gy | 281y gy < CIBI (L.1)

The preceding result is a direct consequence of the one-weight inequality in L(") (R™)
spaces by taking constant weight in the Muckenhoupt-type weight condition in [7, 10].

The above inequalities can be considered as a generalization of the result for
rearrangement-invariant Banach function spaces given in [3, Chapter 2, Theorem 5.2]
to Lebesgue spaces with variable exponent. The above inequality was also obtained in
[17, 18] and [21, Lemma 2].
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DEFINITION 1.3. Let p € L. For any B € B, define py by

1 1 1
— = [ —=dx
s |Bl /B p(x)

Proposition 1.5 and [8, Lemma 3.4] generates the subsequent estimate of || xz||, »() (R -

PROPOSITION 1.6. Let p€ B and 1 < p_ < py < eo. There exist C;,Cy >0 so
that for any B € B,

1 1
CilB|PE < [|x8llp) ey < C2l B|PE . (1.2)

For the classical Morrey spaces, the weight function is given by |B| P ,BeB,
with 0 < g < p < eo. On the other hand, we learn from [15, 30] that our result is
also valid for Morrey spaces associated with weight functions defined in the following
definition.

DEFINITION 1.4. Let p € L* and 1 < p(x) < eo. A Lebesgue measurable func-
tion u(x,r) : R" x (0,00) — (0,0) is said to be a Morrey weight function for LP*) (R™)
if there exists a constant C > 0 such that for any x € R" and r > 0, u fulfills

hnd HXB(XJ) ‘LI’(')(R”)

: u(x, 2" r) < Culx,r). (1.3)
j=0 ||%B(x,2/“r) ||LI’(')(]R")

We denote the class of Morrey weight functions by W .

Condition (1.3) is also used in [16] for the study of the Fefferman-Stein vector-
valued inequalities in weighted Morrey spaces and the atomic decompositions of weigh-
ted Hardy-Morrey spaces.

In particular, when p(x) = p, 1 < p < oo, is a constant function, we find that
condition (1.3) can be rewritten as an integral condition. More precisely, assume that u
satisfies

r<t <2r=C lu(x,r) <u(x,r) < Cu(x,r), VYxeR"

for some C > 0. Note that this is a well-known condition imposed on u, see [20, (3.2)]
and [30, (1.1)]. We find that

=3

Xx,r i - 72j+1
H%B( Al u(x,2/+1r) _ 2 u(x 2 nr)
j=0 HXB(x72j+lr)||U j=0 2(j+ )F

and

i/zj“’ u(x,t) dt i u(x,2'r) 5
n — T <
j=0 2ir tr t j=0 (2Jr)17+1

Thus, condition (1.3) is equivalent to

= ulx1)
/r tt

=

dt < Cu(x7 r)

n
14 rp

, r>0 VxeR"

<=
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Let 0 < o < n. Recall that the condition imposed on the Morrey weight functions

in [30] is
oo P 4
/ ur(6) b0 L e R (1.4)

m—ap+17 ST n—ap

for some C > 0. Note that we rewrite the condition stated in [30] to match with our
Morrey space with variable exponent in Definition 1.5.
For any u satisfying (1.4), Holder’s inequality assures that

1
/°° u(x,r) dt P /°° uP (x,t) dt\ » /°° 1 dr\ 7
r [% t = r tniap t r laplt
where p’ is the conjugate of p.
Condition (1.4) yields

“u(x,t)dt _u(x,r) _,  u(xr)
— < < .
[ B =

Thus, condition (1.3) is weaker than (1.4) for constant exponent. Hence, our re-
sults also extend the boundedness of fractional integral operator on classical weighted
Morrey spaces [30].

Furthermore, when 0 < o < n, p(x) = p, 1 < p < oo, is a constant function and

% — é = & recall that the condition satisfied by the weight functions considered in [20]
is given by
= t)dt
/ uot) dt uxr) G e R (1.5)
r ta 14 rd

for some C > 0. We obtain the preceding condition by inserting ®; (x,7) = u(x7t)t_% ,
o (x,1) = u(x,t)tfg and o(x) = % - g in [20, (5.3)] (see Definition [20, Definition 3.1]
for their definition of Morrey spaces with variable exponent). Moreover, we modify the
condition given in [20, (5.3)] into our setting on unbounded domains by replacing [
with oo on the upper limit of the above integral. For any « fulfilling (1.5), we have

/ u(x’:t)ﬁ< nln/ u(xJ)ﬂgcu(x’:r).
r tp t re 4qaJr

t 3 1 rpr
That is, (1.3) is in some sense weaker than (1.5) for constant p and (1.5) is equivalent
with the condition u € W) when g(x) =g.

The definition for the Morrey weight functions (1.3) involves a summation includ-

1280011 o) oy

ing the terms . Some properties satisfied by the Lebesgue spaces with

HXB(Xﬁszrl,) HLP(‘)(]R”)
variable exponent LP()(R") can provide a pointwise estimate on these quotients.

PROPOSITION 1.7. Let p € #. Forany 1 <q < K,y and 1 <s < Ky, there
exist constants Cy,Cy > 0 such that for any xo € R" and r > 0, we have
H%B(xog.fr) ||Lp(-)(Rn)

szj"(l—%) <
128 (xo,) | £0) ey

<C27, VYjeN. (1.6)
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Proof. For any B = B(xo,r) € B and j € N, we have a constant C > 0 such that
C27" < M(xp) (x)

when x € B(xo,2/r), j € N. Thus, for any g < k., there exists a ¢ < g so that
p(-)/G € #. Subsequently,

27 g 270 ot < CIIM(B) | orsa < Cllxsll pocysa-

Since, forany B€B and ¢ >0, || x5l|,»()/s = HXBHZP(,) , we obtain the second inequality
of (1.6).
According to Theorem 1.4, p/(-) € #. Thus, for any s < Kp/(.)» We also have

||XBx.2‘r H /() (R in
Co2N IO o2 WieN,

HXB(XQJ) ||Lp,() (R")
Therefore, Proposition 1.5 yields the first inequality in (1.6). [

A similar result is obtained in [21, Lemma 1]. The above result is a special case
of the general result in [17] for Banach function spaces.

The notion of Boyd’s indices gives us an estimate of the operator norm of the
dilation operator D, f(x) = f(tx), ¢t > 0, on rearrangement-invariant Banach function
spaces [3, p.148-149]. Although the Boyd indices is not necessarily well defined on
L) (R™), the preceding result provides some pivotal estimate of the action of the dila-
tion operators on the characteristic function of B(x,r).

Using Proposition 1.7, we find that for any 0 < A < % whenever a weight func-

tion u : R" x (0,00) — (0,00) satisfies

u(x,2r)
u(x,r)

for all x € R" and r > 0, it belongs to W (). More precisely, for any A < #, there
(.

exists a s < Ky such that A<l1l— % <1l- ﬁ() = # Moreover, Proposition 1.7 is
148 p(

< 2n7t,

valid for any 1 < < Ky(.). By using the first inequality in (1.6), we have

= X8 ‘Lp(-)(]Rn) u(x,27%1r)

<CY 2ini=hpinh < ¢
j=0 HXB(x,z.f“r)”LP(-)(Rn) u(x,r) ZE)

1
p()

isa

For instance, the weight function u(x,r) = r*) where 0 < A(x) < A4 <
member of W .

DEFINITION 1.5. Let p(x) € # and u(x,r) € W,.,. The Morrey space with
variable exponent ., is the collection of all Lebesgue measurable functions f
satisfying

1
Ifll.z,,, = sup  ———lxper)fll 0@ <o
p(-)u zeR”,R>0u(ZaR) B(z,R)J |l Lp() (Rn)
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We state a result concerning the boundedness of the fractional integral operator on
Lebesgue spaces with variable exponent given in [4, 6].

PROPOSITION 1.8. Let o0 >0 and p(x),q(x) € & satisfy py < & and
LI
) q(x)

If there exists qo, 75 < qo < °°, such that q() € A, then

||Iaf||Lq(-)(Rn) < C”fHLI’(')(R") (L.7)

ENES]

, aeon R

and
||Mocf||Lq(-)(Rn) < C”fHLp(-)(Rn)
for some C > 0.

2. Main Result

The following is the Hardy-Littlewood-Sobolev theorem for Morrey spaces with
variable exponent .7, ,

THEOREM 2.1. Let o0 > 0, p(x),q(x) € # . Suppose that p(x), q(x) and «
satisfy py < ¢ and

1 1 o
—————=—, aeon R

px) qx) n’

If u € Wy and there exists a qo < e satisfying
then

< go < o and q( € B,

n— (X

and
”MOCfH/ZqOJ, < C”fH//p(,) u

for some C > 0.

Proof. We only consider the fractional integral operator as the proof for the frac-
tional maximal operator follows from the boundedness of 1, and the fact that My f <
I, f for non-negative f.

Let f € M., Forany z € R" and r >0, write f(x) = fo(x) + X7 f;(x),

where fo = Xp(2r) f and fi = Xpz2it1)\B(z2ir S+ 1 € N\{0}. Proposition 1.8 shows
that ||, fol[;40) )(RM) <CHfOHL,, ) (gn) - Thus, weﬁndthat

1 1
W) 1%8(2r) Lo fo) | ) ey < Cm 1%8(2r)f 20 ()

1
< C sup WHXB(yJ)f||LP(')(R”)

yeR?
>0
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because inequality (1.3) and Proposition 1.7 imply that u(z,2r) < Cu(z,r) for some

constant C > 0 independent of z € R” and r > 0.
Furthermore, there is a constant C > 0 such that, for any j > 1

Kot W f W] < 2 ) [ 1 )lay

The generalized Holder inequality given in [25, Theorem 2.1] ensures that
/B(z,z.fﬂr) If)ldy < C}|%B(Z,2j+lr)fHLp(-)(Rn) 1% 2410 | L) ()

for some C > 0.

Subsequently, applying the norm || - || 140y ON both sides of (2.2), we have

2.y Teefi) | ot geny <C27 Ny (9t (®7)
|| 2820010 || o oy | X8z 2541l ) oy -
Applying Proposition 1.5 with B = B(z,2/*!r), we have

2(j+1)nyn

1252701 )y S € :
B(z,27H 1) L' () () HxB(z,Zf“r)”LP(')(R")

Using the above inequality on (2.3), we obtain

128 (.r) Terf 7) || L) (e

o 123 Ol a0 @y | X210 F 1| o0

< Co-in-a)n

2(j+)nn

H?CB(z,zlﬂr) I 2p0) (RM)

X8l 2a0) ()

jo .o .
< C2%r ||XB(Z 2_,‘+lr)||L,,(_)(Rn) }’XB(Z,2J+lr)fHLp(-)(Rn).

In view of the fact that for any B € B,

— | ——=dx—— | —=dx=——— ,
|B| /B p(x) |B| /B q(x) Ps s

1 1 1 1 1 1 o
n

Proposition 1.6 assures that

”XB”LP(-) (Rm)

Co|B|T < <C|B|%, VBeB

18l 40 ()

for some constants C; > C, > 0 independent of B € B.
Hence, using (2.4) with B = B(z,2/r), we have
2jop0 1

(&) < .
X820 @y [1XBG2i+1n | a0 @y

2.2)

(2.3)

(2.4)
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Therefore,

H?CB (x,r) ||Lq )(R)

128 Tafi)ll Lt )(Rn) <C HszZJ“ fHLp ) (R

HXB (x,27+ 17 ”Lq

Thus,

HXB(z,r)(Iafj)||Lq(-)(Rn)
X80 gt @y u(z,271r)
X825+l pa) oy (2,274 7)

[128er) | ) (e

||XB 121+1 fHLp Rn)

. 1
u(2, 2771 r) sup —— | 28,0 f | o0 (-
||XB(X,2f+1r)“L‘1(‘)(R") ylgg(r)z u(y,R) B(y,R)J |l Lr (R™)

Asuce Wq(,) we obtain

) HXB (z,r) (Iocf)”Lq ) (Rm) < z HXB(z,r)(IOij)HL‘/(‘)(R")

1
u(z,r)

CSUP 1 xB0R) Il Lot (e
oo (y) ORI O ®e)

(Zr

where the constant C > 0 is independent of r and z. Taking supremum over z € R”
and r > 0 gives (2.1). U

We have the following generalization of the above result. We find that an inte-
gral condition on the Schwartz kernel of a linear operator is sufficient to assure the
boundedness of the linear operator on Morrey spaces with variable exponent.

THEOREM 2.2. Let o, p(x),q(x) and u(x,r) satisfy the conditions in Theorem
2.1and T : LPV)(R") — L4O)(R"). If the Schwartz kernel of T, K(x,y), satisfies

1
1 €
S — K(x,y)|Edy) <cu®™”
(IB(z,u)l/B(z,m el y) s

Jor some e,y < €, then T can be extended to be a bounded linear operator from

Q/%p(,)m to /ﬂq()u
Proof. We have the following modification of inequality (2.2)

2 (T £7)(x)]

1
<c “a)" ([ K(xy)[fdy )
Xb(er) (X /Bzzm )l y) (B(z,,2f“r)| (x,3)] y)

1

< Czj(a—é—l/) o1 / e’d ¢
e ([, VLD
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where € is the conjugate of €. The identity H|f|8l||L,,(_)/8/(Rn) = ||in;(l)(Rn

) and the
generalized Holder inequality assert that

e , e ,
/B o) LFODIE dy < Cl|xpie2i1n 1 | oervet oy 1 X210 | otrery
< CH%B(z,Z/“r)f”ip(-)(Rn) “XB(2,2/+1r) HL(P(-)/S’)’(Rn)~

As e,y < &, we have e < Kp(.y. That is, there exists a g <qg< Kp(.) such that
% € %. Jensen’s inequality guarantees that % € %B. Theorem 1.4 assures that
Proposition 1.5 is applicable to L(()/€)(R"). Subsequently, we have

2520010 1 00 eny

[ ey <camy S,
B(Z,21+1I’) ||XB(Z,2j+lr)||Lp(-)(Rn)

Therefore, we obtain

||XB(Z,2./'+1r)f||Lp(-)(Rn)

(e (T £7) (x)] < C27%r% . ) (x) :
HxB(z72/+1r) HLP(‘) (R™)

and the rest of the proof is the same as the proof of Theorem 2.1. For brevity, we leave
the detail to the reader. [
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