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NECESSARY AND SUFFICIENT CONDITIONS FOR
SYMMETRIC HOMOGENEOUS POLYNOMIAL
INEQUALITIES IN NONNEGATIVE REAL VARIABLES

VASILE CIRTOAJE

(Communicated by I. Peri¢)

Abstract. Let f,(x,y,z) be a symmetric homogeneous polynomial of degree n. In this paper, we
give the necessary and sufficient conditions to have f;(x,y,z) >0 for n < 6 and any nonnegative
real numbers x,y,z. In addition, we extend some results to n =7 and n = 8, and then apply the
proposed method to prove several elegant symmetric homogeneous polynomial inequalities of
degree n, 4 <n < 8.

1. Introduction

The fourth degree Schur’s inequality is a well-known symmetric homogeneous
polynomial inequality which states that

2x4+xy12x > 2xy(x2+y2) (1.1)

for any real numbers x,y,z, where Y, denotes throughout the paper a cyclic sum over
X, ¥, z. The following generalization of the fourth degree Schur’s inequality is proved
in [2] for any nonnegative real numbers x,y,z.

PROPOSITION 1.1. Let o and B be real numbers. The inequality

Sxt+aY Ay + (1—o+2B)xz Y x > (1+B) Xy +y%) (1.2)

holds for any nonnegative real numbers x,y,z if and only if

a){zli ifB <0

, 1.3
B242B,ifB >0 (-

with equality when x =y =z. For oo =20 and B <0, equality holds again when x =0

and y = z, while for oo = B> +2B and B > 0 - when %zy:z.
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On the other hand, it is known that if a, b, ¢ are the side-lengths of a non-degenerate
or degenerate triangle, then we can use the following substitutions a =y+z, b =z7+x
and ¢ = x+y, where x,y,z are nonnegative real numbers. Since

Y at+aY ab*+(1—a+2B)abey.a—(1+B) Y abla* +b*) =
= (a—2B) Y x* + (4 —a+2B) Xy —4(1— Blayz D x —2B D xy(x* +)?), (1.4)

from Proposition 1.1, we can deduce the following two corollaries.

COROLLARY 1.1. Let o and B be real numbers. The inequality
Yat+aY ab*+(1—a+2B)abcy.a> (1+B) Y ab(a*+b%)  (L.5)

holds for any side-lengths a,b,c of a non-degenerate or degenerate triangle if and only

if

2B, fB<0
a><{ BE+2B,if0<B <2, (1.6)

with equality when a =b = c. For oo =2 and B <0, equality also holds when a =0

and b=c, for o« = B>+2B and 0 < B < 2 - when %zb:c, and for o = 6 — 4

and B > 2 - when g:b:c.

COROLLARY 1.2. Let o and B be real numbers. The inequality
Za4 + O{Zazbz +(1—a+2B)abcY a< (14P) X‘ab(a2 +b?) (1.7)
holds for any side-lengths a,b,c of a non-degenerate or degenerate triangle if and only
if
o< { 6B —4.ifp

2B, B

with equality when a =b = c. For oo =6 —4 and B < 1, equality also holds when

g:b:c, while for o0 =2 and B > 1 - when a=0 and b = c.

<1
, (1.8)
>1

A symmetric and homogeneous polynomial of degree six has the general form

fo(x,3,2) = A1 28+ A2 Y xy(x* +3h) + 43D A (P +7)
+ALY XY+ Asxyz Y X+ Aexyz Y xy(x +y) + A’y 2, (1.9)

where Aq,...,A7 are real constants. Using the substitutions

p=x+y+z, q=xy+yz+zx, r=xyz, (1.10)
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and the identities

>x0=3r+6(p* —2pq)r+ p° — 6p*q+9p*q* — 24°,
Sxy(xt+3*) = =32+ (Tpg — p)r+ p*q — 4p°¢* + 24°,

Sy (2 +y?) = =32 = 2(p* = 2pq)r+ p*q* — 247,

(1.11)
Yy =3 =3pgr+q°,
St =dpript—4pPq+2q7, Txy(P+y?) = —pr+piq—24,
Y =3r+p’—3pq, Txy(x+y)=pq—3r,
we may express any polynomial fs(x,y,z) in terms of p,q,r as follows
fo(x,3,2) = Ar* +g1(p,q)r + g2(p.q), (1.12)
where
. 3 _ 6 4 2.2 3
g1(p.q) =Bp” +Cpq, g&(p,q)=Dp’+Ep°q+Fp°q”+Gq, (1.13)

A, B, C, D, E, F, G being real constants. Throughout the paper, we call the coeffi-
cient A of r? in the expansion (1.12) the highest coefficient of f(x,y,z).

Our method for proving any inequality fs(x,y,z) = 0 by means of the neces-
sary and sufficient conditions has as starting-point the form (1.12) of the polynomial
Jo(x,y,2). To bring a given sixth degree symmetric homogeneous polynomial to this
form, the following identities can be also useful

(x—y)*(y—z)? =Y (P ) 2 ) 0y = 2y Y X
+2xyszy (x+y) — 6x2y*2%, (1.14)
(x =) (y—2)%(z—x)* = =272 +2(9pq — 2p*)r + p*¢* — 44°. (1.15)

More general, for n € {6,7,8}, the expansion of a symmetric and homogeneous
polynomial f;,(x,y,z) of degree n in terms of p, ¢ and r has the form

fa(x,3,2) = ho(p,q)r* + hi(p,q)r +ha(p,q), (1.16)

where ho(p,q), hi(p,q) and hy(p,q) are polynomial functions. The highest polyno-
mial ho(p,q) has the form
A, if n==6
ho(p.q) = § Ap: if n="7, (1.17)
Ap*+Bq,if n=8
where A and B are real constants. In the following section we will show that the

proof of an inequality f;,(x,y,z) > 0 for n € {6,7,8} is much simpler in the case when
ho(p,q) <0 forall x,y,z>0.
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The proposed necessary and sufficient conditions to have f,(x,y,z) > 0 for any
nonnegative real variables x,y,z are presented in section 2 and proved in section 3.
In section 4, we apply the obtained results for proving some interesting symmetric
homogeneous polynomial inequalities of degree five, six, seven and eight. Notice that
almost all these inequalities were recently posted on the well-known website Art of
Problem Solving, and no solution was given to some of them (see [3]...[9]).

2. Main Results
Our results rely on the following lemma.

LEMMA 2.1. Let x <y < z be nonnegative real numbers such that x+y+z=p
and xy+yz+zx = q, where p and q are given nonnegative real numbers satisfying
p? =3¢ > 0. Then, the product r = xyz is maximal when x =y, and is minimal when
y =z or x = 0; more exactly,

re [Vmin(PafI)anux(%CI)]’ 2.1
where
~ (p—=VP*—39)*(p+2+/p*—3q)
rmax(p7CI) — 27 ; (22)
and
(p—2v/p*—3q P+VP'— P
_ - lf 3g< pt<dqg
Fmin (P, q) = (2.3)
0, if P> >4q

Using Lemma 2.1, we can prove the following theorems.

THEOREM 2.1. Let f,(x,y,2) be a symmetric homogeneous polynomial of degree
n < 5. The inequality

fu(x,3,2) 20

holds for all nonnegative real numbers x,y,z if and only if f,(x,1,1) >0 and f,(0,y,z) >
0 forall x,y,z > 0.

REMARK 2.1. Using Theorem 2.1, we can give short solutions for any fourth
degree symmetric homogeneous polynomial inequality in nonnegative real numbers.
For instant, with regard to Proposition 1.1, setting

faxy,2) =Y+ a Y Py + (1—a+2B)xyz Yy x— (14 B) Yy +y%), (2.4)

we have

fa(x,1,1) =(x— 1)2(x* = 2Bx+ a —2B)
(x=1)*[(x— B)* + o — B> — 23] 2.5)
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and
£40,3,2) =(y—2)*+ (3= B)yz(y —2)* + (a — 2B)y*2*
=(v—2)*+ (3= Byz(y—2)*+ B+ (a— B —2B)y°.  (2.6)

Using Theorem 2.1, it is easy to reach the required conclusion.

THEOREM 2.2. Let f¢(x,y,2) be a symmetric homogeneous polynomial of degree
six having the highest coefficient A < 0. The inequality

fﬁ(x7y7Z) > 0

holds for all nonnegative real numbers x,y,z if and only if fo(x,1,1) >0 and f5(0,y,z) >
0 forall x,y,z > 0.

With regard to the polynomial fg(x,y,z) written in the form

fo(x,y,2) = AP +g1(p.q)r +g2(p.q), 2.7)
let us denote
h(t) =2At +g1(t +2,2t + 1) (2.8)
and
d(p,q) = g}(p,q) — 4Ag2(p,q). (2.9)

In addition, assume that
2

d(p.q) >0 < % elul, (2.10)

where T is a union of intervals I; C [3,4), and J is a union of intervals J; C [4,c0], and
(;;:—212 €l;, 0<t<1 <= rekK,, (2.11)

(,2;1212 el 1<t <4 <= rel, (2.12)

(;jfiz eli,t>4 < reM,. (2.13)

THEOREM 2.3. Let f¢(x,y,2) be a symmetric homogeneous polynomial of degree
six having the highest coefficient A > 0. The inequality

fﬁ(xayaz) =0

holds for all nonnegative real numbers x,y,z if and only if the following three conditions
are fulfilled:

(@) fo(x,1,1) >0 and f5(0,y,z) =0 forall x,y,z > 0;

(b) for each interval I;, we have h(t) >0 for t € K; or h(r) <0 fort € Ly;

(¢) for each interval J;, we have gi(/w,1) =0 for w e J; or h(t) <0 for
t e M;.
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The following corollary is an immediate consequence of Theorem 2.3.

COROLLARY 2.1. Let fs(x,y,z) be a symmetric homogeneous polynomial of de-
gree six having the highest coefficient A > 0. The inequality

fﬁ(x7y7Z) > 0

holds for all x,y,z > 0 if the following three conditions are fulfilled:
(@) fo(x,1,1) >0 and f5(0,y,z) =0 forall x,y,z > 0;
(b) h(t) 20 forte (0,1 or h(t) <0 fort € [1,4);
(¢) g1(p,1) =0 for p=2orh(t) <0 fort>4.

In order to find similar results for the side-lengths of a non-degenerate or degener-
ate triangle, we need the following lemma.

LEMMA 2.2. Let a > b > c be the side-lengths of a non-degenerate or degenerate
triangle such that a+b—+c = p and ab+bc+ca= q, where p and q are given positive
real numbers satisfying p> > 3q > 0. The product r = abc is minimal when a = b, and
is maximal when b =c or a=b+c.

Using Lemma 2.2, we can prove the following theorems, which are useful to prove
symmetric homogeneous polynomial inequalities of the form g,(a,b,c) > 0, where
a,b,c are triangle side-lengths.

THEOREM 2.4. Let a,b,c be the side-lengths of a non-degenerate or degenerate
triangle, and let g,(a,b,c) be a symmetric homogeneous polynomial of degree n < 5.
The inequality

gnla,b,c) 20

holds for any triangle if and only if g,(x,1,1) >0 forall 0 < x < 2, and g,(y+z,v,2) =
0 forall y,z> 0.

THEOREM 2.5. Let a,b,c be the side-lengths of a non-degenerate or degener-
ate triangle, and let ge¢(a,b,c) be a symmetric homogeneous polynomial of degree six
whose highest coefficient is non-positive. The inequality

ge(a,b,c) 20

holds for any triangle if and only if g¢(x,1,1) >0 forall 0 < x <2, and g¢(y+z,v,2) =
0 forall y,z> 0.

We can extend Theorem 2.2 and Theorem 2.5 to symmetric homogeneous polyno-
mial inequalities of degree n =7 and n = 8.

THEOREM 2.6. Let f7(x,y,2) be a symmetric homogeneous polynomial of degree
seven whose highest polynomial is hy(p,q) = Ap, where A is a non-positive real con-
stant. The inequality

ki (x,y, Z) =0
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holds for all nonnegative real numbers x,y,z if and only if f7(x,1,1) >0 and f7(0,y,z) >
0 forall x,y,z > 0.

THEOREM 2.7. Let f3(x,y,z) be a symmetric homogeneous polynomial of degree
eight whose highest polynomial is ho(p,q) = Ap* + Bq, where A and B are real con-
stants satisfying A <0, 3A+ B < 0. The inequality

fS(xayaZ) =0

holds for all nonnegative real numbers x,y,z if and only if f3(x,1,1) >0 and f3(0,y,z) >
0 forall x,y,z > 0.

THEOREM 2.8. Let a,b,c be the side-lengths of a non-degenerate or degenerate
triangle, and let g7(a,b,c) be a symmetric homogeneous polynomial of degree seven
whose highest polynomial is ho(p,q) = Ap, where A is a non-positive real constant.
The inequality

87 (Cl, b’ C) >0
holds for any triangle if and only if g7(x,1,1) >0 forall 0 < x <2, and g7(y+z,v,2) >
0 forall y,z> 0.

THEOREM 2.9. Let a,b,c be the side-lengths of a non-degenerate or degenerate
triangle, and let gg(a,b,c) be a symmetric homogeneous polynomial of degree eight
whose highest polynomial is ho(p,q) = Ap*> + Bq, where A and B are real constants
satisfying 3A+ B < 0 and 4A+ B < 0. The inequality

gs(a,b,c) =20

holds for any triangle if and only if gg(x,1,1) >0 forall 0 < x <2, and gs(y+z,v,2) >
0 forall y,z> 0.

3. Proof of lemmas and theorems

Proof of Lemma 2.1. Writing the inequality (x —y)(x —z) > 0 in the equivalent
form 3x? —2px+¢ > 0, we get

p—\/p*—3q

xgxmax: 3 )

with equality for x = y. Similarly, writing the inequality (y+z)?> > 4yz in the form
3x2 —2px+4q—p> <0, we get

p—2vVp*—3q
X 2 Xpmin = 3
0, if p?>4q

,if 3¢ < p? <4q

with equality for y = z if 3¢ < p? < 4q, and for x = 0 if p? > 4q.
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On the other hand, the function r(x) = x> — px* + gx is strictly increasing on
[Xpmins Xmax] since 7 (x) = 3x?> —2px+q = (x—y)(x—z) = 0. Thus, r(x) is maximal for
X = Xpax, When

_PoVPP=3q  pr2Vp?-3q
3 T 3 ’

xX=y

and is minimal for x = x,,,;,, when

Y V0 sl NG U V0 it
3 T 3

if 3¢ < p* < 4q, or
x=0

if p2>4q. O

Proof of Theorem 2.1. Let p =x+y+z, g =xy+yz+zx and r = xyz. Any
symmetric and homogeneous polynomial f,(x,y,z) of degree n < 5 can be written as

fu(x,3,2) = An(p,q)r + Bu(p,q),

where A,(p,q) and B,(p,q) are polynomial functions. For fixed p and g, the linear
function g,(r) = An(p,q)r + B,(p,q) is minimal when r is minimal or maximal; that
is, by Lemma 2.1, when two of x,y,z are equal or one of x,y,z is 0. Due to symmetry
and homogeneity, the conclusion follows. [l

Proof of Theorem 2.2. For fixed p =x+y+z and g = xy + yz+ zx, the inequality
Jo(x,v,2) = 0 is equivalent to g(r) > 0, where g(r) is a quadratic function having the
form (2.7). Since g(r) is concave for A < 0, g(r) is minimal when r is minimal or
maximal; that is, by Lemma 2.1, when two of x,y,z are equal or one of x,y,z is0. [

Proof of Theorem 2.3. If ¢ =0, then two of x,y,z are zero, and the desired in-
equality fs(x,y,z) = 0 holds according to the condition fs(0,y,z) > 0 in (a). On the
other hand, since d(p,q) is the discriminant of the quadratic function (defined for fixed
p and q)

g(r) =Ar +g1(p,q)r+&2(p,q), A>0,

the desired inequality g(r) > 0 holdsif d(p,q) < 0. Therefore, we will consider further

that ¢ > 0 and d(p,q) > 0. By Lemma 2.1, for fixed p and ¢, r attains its extreme

values 7, and ry,, when two of x,y,z are equal or one of them is 0. Then, the neces-

sary conditions g(7min) = 0 and g(rmay) = 0 are satisfied if the necessary conditions in

(a) are fulfilled. In addition, the inequality g(r) > 0 holds for all x,y,z > 0 if and only

-81(p,q) -81(p,q)
2A 2A

2Armin(p,q) +81(p,q) = 0, (3.1)

if rin(p,q) = or Imax(p,q) < ; that is, either
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or
2Armax(p,q) +81(p,q) < 0.

421

(3.2)

We need to approach separately the cases p?/q € I; C [3,4) and p?/q € J; C [4,0),

which generate the conditions in (b) and (c), respectively.

P2
Case 1. — €1; C[3,4).
q

Let
_p=2Vp*—3q ptVPP-3¢ a
a=P"NVP Ty PV @
3 3 b
From 3 < p?/q < 4, we get 0 <t < 1. We have

2 2

p* (t+2)

2b=p, 2ab+b*=q, —= :
a—+ p, 2ab+ q p 2l

and hence the condition p?/q € I; is equivalent to

(t+2)?

el;, 0<r<1.
2t+1 !

On the other hand, by Lemma 2.1, the condition (3.1) becomes
2Aab® + g1 (a+2b,2ab+b*) > 0,

which is equivalent to A(r) > 0.
Let now

p+2v/p*—3q p—VpP*—3q a
a=————— b="——"F""—"—>0, t=-.
3 3 b

From 3 < p?/q < 4, we get 1 <t < 4. We have

2 2

p* (t+2)

2b=p, 2ab+b*=q, —= :
a—+ p, 2ab+ q p 2l

and hence the condition p> /q € 1; is equivalent to

(t+2)?
2t+1

el;, 1<t<4.

On the other hand, by Lemma 2.1, the condition (3.2) becomes
2Aab” + g1 (a+2b,2ab +b*) <0,

which is equivalent to A(r) < 0.
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P
Case 2. ; €J; Cl4,00).

By Lemma 2.1, the condition (3.1) becomes g1(p,q) > 0. Setting w = p*/q € J;, this
condition can be written as g1 (y/w,1) > 0.
Let now

p+2vp*—3q pP—Vpr*—3q a
a=——— b="——"F—->0, t=-.
3 3 b

From pZ/CI >4, we gett>4. Itis easy to check that

2 2
p (t+2)

2b=p, 2ab+b*=q, ==
a+ P, ab + q, q 2t+17

and therefore the condition p?/q € J; is equivalent to

(t+2)?
2+1

eli, t>4.

On the other hand, according to Lemma 2.1, the condition (3.2) becomes
2Aab® + gy (a+2b,2ab +b*) < 0.

which is equivalent to A () <O0.
Combining all results in the cases 1 and 2, the conclusion follows. [J

Proof of Lemma 2.2. We use the substitutions a =y+z, b=z+x, c=x+y,
where x,y,z > 0. If a+ b+ c and ab + bc + ca are fixed, then from

a+b+c=2(x+y+z)

and
ab+bc+ca= (x+y+2)*+xy+yz+zx,

it follows that x+y+z and xy + yz+ zx are fixed, and from
abe = (x+y+2)(xy +yz +2x) —xyz,

it follows that the product abc is minimal/maximal when the product xyz is maxi-
mal/minimal. So, by Lemma 2.1, the product abc is minimal when x =y < z, that
is a=b > ¢, and is maximal when y =z > x or x =0, thatis a/2 < b=c<a or
a=b+c. U

Proof of Theorem 2.4. Let p=a-+b+c, gq=ab+bc+ca, r =abc. Any sym-
metric and homogeneous polynomial g,(a,b,c) of degree n < 5 can be written as

g"(a7b7c) :An(nyI)r‘FBn(Pa‘I)a
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where A,(p,q) and B,(p,q) are polynomial functions. For fixed p and ¢, the linear
function g(r) =A,(p,q)r +Bu(p,q) is minimal when r is minimal or maximal; that is,
by Lemma 2.2, when two of a,b,c are equal or one of a,b,c is the sum of the others.
Due to symmetry and homogeneity, the conclusion follows. [J

Proof of Theorem 2.5. Let p=a-+b+c, g=ab+bc+ca, r = abc. For fixed p
and g, the inequality ge(a,b,c) > 0 is equivalentto g(r) > 0, where g(r) is a quadratic
function having the form (2.7). Since g(r) is concave for A <0, g(r) is minimal when
r is minimal or maximal; that is, by Lemma 2.2, when two of a,b,c are equal or one
of a,b,c is the sum of the others. Thus, the proof is completed. [

Proof of Theorem 2.6. Since A < 0, the highest polynomial ¢ (p,q) =Ap is non-
positive for all x,y,z > 0. Further, the proof is similar to the one of Theorem 2.2. [

Proof of Theorem 2.7. Since A <0, 3A+B <0 and p2 —3g >0, we have
ho(p,q) = Ap®+Bg = A(p* —3q) + (3A+B)q <0,
for all x,y,z > 0. Further, the proof is similar to the one of Theorem 2.2. [J

Proof of Theorem 2.8. Since A < 0, the highest polynomial i (p,q) =Ap is non-
positive. Further, the proof is similar to the one of Theorem 2.5. [

Proof of Theorem 2.9. Since 3A+B <0, 4A+B <0, p>—3¢ >0 and
4g—p* =23 ab—Ya* =Y a* =Y (b—c)*=(a+b—c)(a—b+c)>0,
we have
ho(p,q) = Ap® + Bq = (4A+B)(p* —3q) + (3A+ B) (4 — p?) <0.

Further, the proof is similar to the one of Theorem 2.5. [

4. Applications

We will prove several inequalities of degree five, six, seven and eight, in nonnega-
tive real variable and in triangle side-lengths. Notice that the coefficient of the product

(x—y)’(y—2)*(z—x)°

in Propositions 4.5 ... 4.9 has the best possible values.

PROPOSITION 4.1. Let x,y,z be nonnegative real numbers. If k < 2, then

Y x(x—y)(x—2z)(x—ky)(x—kz) >0

with equality for x =y =z, for x =0 and y = z (or any cyclic permutation), and for
x/k =y =z (or any cyclic permutation) if k >0 ([3]).
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Proof. Let fs(x,y,z) be the left side of the inequality. By Theorem 2.1, it suffices
to prove that fs5(x,1,1) >0 and f5(0,y,z) > 0 for all x,y,z > 0. Indeed, we have

Ss(x, 1, 1) =x(x— 1)2()c—k)2 >0,

£500,9,2) = (-2 (y+2) 0P+ —kyg) >0. O

PROPOSITION 4.2. If x,y,z are nonnegative real numbers, then
D x(x—2y)(x — 22) (x — 5y)(x —52) > 0,
with equality for x =0 and y* + 7> — 4yz = 0 (or any cyclic permutation) ([3]).

Proof. By Theorem 2.1, we need to show that f5(x,1,1) > 0 and f5(0,y,z) >0
for all x,y,z > 0, where f5(x,y,z) is the left side of the inequality. We have

fs(x,1,1) = 2 (x — 7)% 4+ 206 — 60x% + 44x 4 8 > 20x> — 60x> + 44x + 8 > 0,

since
20x° — 60x% + 44x + 8 > 20x*(x —3) > 0

for x > 3, and
20x3 — 60x% +44x +8=5(2x—3)>+8—x=8—x >0
for x < 8. Also,

f6(0,3,2) = (y+2) 0  +22 —4yz)* =>0. O

PROPOSITION 4.3. Let x,y,z be nonnegative real numbers. If k € R, then

D+ —y)(x—2)(x—ky)(x—kz) = 0

with equality for x =y =z, for y =2z =0 (or any cyclic permutation), and for x/k =
y =z (or any cyclic permutation) if k > 0.

Proof. Let

fs(x3,2) =X (v +2)(x—y) (x—2) (x — ky) (x — kz).

By Theorem 2.1, it suffices to prove that fs(x,1,1) > 0 and f5(0,y,z) > 0 for all
x,y,z > 0. Indeed,
f5(x,1,1) =2(x—1)*(x—k)> >0,

f5(0,3,2) =K (y+2)y* 2 +yzy+2)(y—2)*=0. O
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PROPOSITION 4.4. Let x,y,z be nonnegative real numbers, no two of which are
zero. If k > =2, then

Zx(y+z)+(k— Dyz _ 3(k+1)
V4kyz+z2 7 k+2

with equality for x =y = z, and for x =0 and y = z (or any cyclic permutation) ([1],
pp- 311).

Proof. Write the inequality as f4(x,y,z) = 0, where
fo(x,y,2) =(k+2) Z[x(y +2) + (k= 1)yz] (¥ + kxy +y*) (6% + kxz + 2%)
—3(k+ 1) [TO* +kvz+2%).

Let p=x+y+2z,q=xy+yz+zx, r =xyz. From

fo(x,y.2) =(k+2) Y lq+ (k—2)y2) (p* = 2q + kxy = 2) (P = 2q + kaz —y?)

=3(k+ D) ](p* =29+ kyz— x%),
it follows that f¢(x,y,z) has the same highest coefficient as
fOey2) = (k+2)(k—2) Y ya(kny — 2°) (kxz —y?) = 3(k+ 1) [T (kyz — %)
=3(—k> — 42+ k+ 1)r? + k(K + 3k +8)r Y. — (2K + 3k +4) Yy’

Therefore,

A=3(—k>— 4>+ k+1)+3k(k®+3k+8) — 3(2k> + 3k +4) = —9(k— 1)°.

Since A < 0, it suffices to show that the desired inequality holds for y =z =1 and for
x =0 (Theorem 2.2). In these cases, the original inequality is equivalent to

(k+2)x(x—1)2>0

and
(=2 [(k+2) (" +2%) + (K +k+ 1)yz] >0,

respectively, which are clearly true for k > —-2. [

PROPOSITION 4.5. If x,y,z are nonnegative real numbers, and
4(k—2), if2<k<6
Ok =19 (k+2)?

L ifk>6

then
2

oy (x—y)*(y—2)*(z—x)
Sx )2 k) ko) BRI
with equality for x =y =z, for x =0 and y = z (or any cyclic permutation), for
x/k =y =z (or any cyclic permutation), and for x =0 and y/z+z/y = (k—2)/2 (or
any cyclic permutation) if k > 6 ([0]).
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Proof. Write the inequality as f4(x,y,z) = 0, where

fo(x,3,2) = (x+y+2) Px(x—y)(x—2)(x—ky) (x — ka) + ou(x — y)*(y — 2)* (2 — ).

According to (1.15), the highest coefficient of f4(x,y,z) is A = —2704. Since A <0
for k > 2, it suffices to show that fs(x,1,1) > 0 and f4(0,y,z) > 0 for all x,y,z >0
(Theorem 2.2). These conditions are true since

Jo(x, 1,1) =x(x+2)(x— 1)2(x—k)27

(y—2)*(y—2)*+ (6 —k)yZ]

- . if2<k<6
yrz
0,y,2) = U
ROSDZN oo ppo—ape -t
4(y+z) ’

PROPOSITION 4.6. If x,y,z are nonnegative real numbers, then

Sy 2 —y) -2 - 2) (x —20) > (r— )y~ 2~ )

with equality for x =y =z, for x =0 and y = z (or any cyclic permutation), for
y=2z=_0 (or any cyclic permutation), and for x/2 =y = z (or any cyclic permutation)

(191).
Proof. Write the inequality as f4(x,y,z) = 0, where

fo@3,2) = 2 x(y+2) (x—y) (x—2) (x—2y) (x—22) — (x—y)*(y —2)* (= —x)*.
Since

fo(x,3,2) = 2(q—y2) (F +2y2— q) (x* + 6y2— 29) — (x —y)*(y —2)*(z — x)?,
where g = xy+ yz+ zx, it follows that fg has the same highest coefficient as

fleyz)=— Z yz(x% + 2y2) (3% + 6yz) 4+ 27x*y%2?
=123y —xyz Y 0 + 3%

that is, A= —36—3+3 = —36. Since A < 0, it suffices to show that fs(x,1,1) >0
and f5(0,y,z) > 0 for all x,y,z > 0 (Theorem 2.2). We have

Sfo(x, 1,1) = 2x(x +2) (x — 1)2()6—2)2 >0,

f6(0,y,2) = yz(y —2)* > 0. O

PROPOSITION 4.7. Let x,y,z be nonnegative real numbers. If k > 0, then

D va(x—y)(x—2)(x — ky)(x — kz) > 0,

with equality for x =y =z, for y =z =0 (or any cyclic permutation), and for x/k =
y =z (or any cyclic permutation) ([9]).
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Proof. For k=1, the inequality has the obvious form

Eyz(x —y)}(x—2)?>0.

We consider further that k& # 1, denote the left side of the inequality by f5(x,y,z) and
apply Theorem 2.3. Let p =x+y+z, g = xy+yz+zx, r = xyz. From

fo(x,y,2) = K 2x3y3 + er3 — (k2 +k+ 1)r2xy(x+y) +3(k+ 1)2r2,
using (1.11), we can write fg(x,y,z) in the form (2.7), where
A=9(K +k+1)>0,

g1(p,q) =p’ — (4> +k+4)pq, g (p.q)=kKq .

We have
h(t) = 18(K* +k+ 1)t + (t+2)° — (k> +k+4) (1 +2) (2t +1)
= 1[t? — 2(4k> + k+ 1)t — 2k> + 13k 4 10],
g1(v/w, 1) = Vw(w—4k* —k—4)
and
d(p.q) = g1 —4Ag = (p* — w1q)(p* — w2q) (p* — w3q),
where

wi =4k +k+1),
Wy =202 —k+2+42(k— VR +k+ 1,
wy =2k —k+2—2(k— 1)VI2+k+ 1.
For t > 0, h(t) has the same sign as
ho(t) = 12 — 2(4K* 4k + 1)t — 2k + 13k + 10,

whose derivative is
Ry(1) =2(r —4k> —k—1).

The condition (a) in Theorem 2.3 is fulfilled since
for1,1) = (x= 1) (x=k)> 2 0, f5(0,y,2) = y’2 > 0.
We need to consider further the following three cases.

8 .
Casel. k> ?.Smce wip >wy >4 >3 >ws, we have

I =[3,4), Ji=[4w), J»=(wi,).
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With regard to I, since /(1) <0 for # € (0,4), ho(t) is decreasing. If ho(1) >0,
then h(¢) > 0 for 7 € (0,1], and hence for 7 € K;. If hp(1) <0, then ho(r) < 0 for
t € [1,4), and hence for r € ;.

With regard to J; , we will show that %o(¢) < 0 for 7 € M . Since

wy <2K2 —k+242(k—1)(k+1)=4k> — k < 4k,

we have

t>4 — 4<
2+ 1 < Wz 2r+1

= A<t <202k~ 1+kVAKE—3) = 4 <1 <8k
Then, it suffices to show that hy(r) < 0 for 4 <7 < 8k2. Indeed,
ho(t) < ho(t) + (t — 4)(8K% —1) = —2(k — 1)t — 34k% + 13k + 10
< —34k* + 13k +10< 0.

With regard to J,, we will show that g;(y/w,1) > 0 for w € J,. This is true if
wi > 4k> +k+4, which is trivial.

teM; < 4< <4k >4

8
Case?2. 1 <k< a.Sincewl >4 >wy >3 >ws, we have

I =[3,w2), Ji=(wi,c0).

With regard to I, we will show that A(¢) > 0 for ¢ € (0, 1], and hence for 7 € K .
Since K (t) < 0 for ¢ € (0,1], ho(t) is decreasing, and hence ho(t) > ho(1) = —10k* +
11k+9>0.

With regard to J;, we will show that g;(y/w,1) > 0 for w € J;. This is true if
wi > 4k> + k44, which is clearly true.

Case 3. 0 < k< 1. Since w; >4 > w3 >3 > w,, we have
Hl = [37W3)7 Jl = (W17°°)'

The proof is the same as the one of the case 2. [

PROPOSITION 4.8. Let x,y,7 be nonnegative real numbers. If k < 4, then
D= y)(x—z)(x—ky)(x —kz) > (5 = 3k) (x = y)* (v — 2)* (2 —x)?,

with equality for x =y =z, for x =0 and y = z (or any cyclic permutation), and for
x/k =y =z (or any cyclic permutation) if k >0 ([4]).

Proof. Denote the left-hand side of the inequality by f(x,y,z) and write the de-
sired inequality as fs(x,y,z) > 0. Using (1.11), we have

f(x,y,2) 2x—k+12xyx +y* +k2xy x—|—y
+(k+1) xysz — k(k+ 1)xyz > xy( (x+y) + 3k%x%y* 7
=9(k* 4 k+ 1)r* + [(K* + k + 8)p> — 2(2k* 4 5k + 11) pq|r + p°
— (k+7)p*q+ (5k+13)p’q> —4(k+ 1)q°
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Using then (1.15), we can write fs(x,y,z) in the form (2.7), where
A =9k +k+1)427(5—3k) =9(4— k)2,
g1(p.q) = (4—k)(T—k)p(p*—4q), g(p.q) = (P> —49)*[p* — (k—1)q].
We have
h(t) = 2At + g1 (t+2,2t + 1) = (4 — k)t [(7 — k)1> — 2(7 — k)t +2(8 — 5k)]

and
d(p,q) = g1 —4Ag: = (k—1)(k—4)*(p* — 49)*[36¢ — (13 — k)p’].
We see that A(z) has for 7 > 0 the same sign as
ho(t) = (7 —k)t*> —2(7 — k)t +2(8 — 5k).

For k = 1, the desired inequality fs(x,y,z) > 0 is true since A >0 and d(p,q) =0.
Also, for k =4, the inequality is true because

fo(x,y,2) = (p* —3q)(p* —49)* > 0.

Thus, it remains to consider the cases 1 <k <4 and k< 1.
The condition (a) in Theorem 2.3 is fulfilled since

fole, 1,1) =2 (x— 1)2(x— k)2 >0
and

f6(0,y,2) = (y—2)*[y? + 224+ (3 —k)yz] > 0.

Case 1. 1 <k <4.From d(p,q) >0, we get

36
]I] = |:37 13——k> .

We will show that o (¢) < 0 for ¢ € L. Therefore, we need to prove that
k—1 k—1
1-— —— <t <1 _—
Wz SIS

(t+2)? 36 2k+10+6,/3(k—1)
—. 1<t <4 <= 1<t .
2+l B3k < < 13—k

for

tel; < 3<

The left inequality is clearly true for ¢+ > 1. To prove the right inequality, it suffices to

show that
2k+10+6+,/3(k—1) k—1
13—k stdyva—p
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which holds if and only if

\1/% > Vk—1+2V3.
Since
VEET+2/3= — ok
2V3—vVk—1
we need to show that
VE—1+V7—k<2V3.

Indeed,

VE—14+vVT—k<?2 W:N}

Case 2. k < 1. Since the condition d(p,q) > 0 holds for p? > 3¢, we have
I =03,4), Ji=[4,0).
With regard to I}, we have
ho(t) = (T—k)(r—1)>+9(1—k) >0

for any ¢ > 0, and hence for 7 € K; .
With regard to J;, we have

gi(vw, 1) = (4—k)(7—k)vw(w—4) >0
forwelJ];. U

PROPOSITION 4.9. Let x,y,z be nonnegative real numbers, no two of which are
zero. If k > 0, then

(k+3)(x—y)*(y—2)*(z—x)*
Xy +yz+zx

D=y —2)(x—ky)(x —kz) >
with equality for x =y = z, for x/k =y = z (or any cyclic permutation), and for x =0
and y/z+z/y = k+2 (or any cyclic permutation) ([7]).

Proof. Write the inequality as fg(x,y,z) > 0, where
folxy2) =(w+yz+2x) Y (x = y) (x = 2) (x — ky) (x — kz)
—(k+3) (=9 =2 (z =),
and then apply Theorem 2.3. We have
D= y)(x=z) (x — ky) (x — kz) =
= Ex“ —(k+1) ny(x2 +3%) — (K — 1xyz Y x+ (K +2k) 2x2y2
=32 —k—k)pr+p* — (k+5)p*q+ (k+2)*¢".
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Using (1.15), we can write fs(x,y,z) in the form (2.7), where
A=27(k+3),

g1(p,q) =4(k+3)p’ —3(K+Tk+16)pq, g:(p,q) =4q(p* — (k+4)q)*.
We have

(t) = 54(k+3)t +4(k+3)(t+2)° = 3(K* + Tk +16)(+2) (2t + 1)
= t[4(k+3)1* — 6(k> + 3k +4)t — 3(5K* + k — 22)],

g1(vw, 1) = Vwld(k+3)w—3(k*+ 7k + 16)]

and
d(p,q) = g1 —4Ag2 = (p* — w1q)(p* — w2q) (p* — w3q),
where
12 . _ 3(k+3) . _ 3(k+4)?
My T T M T Gy

For ¢ > 0, the sign of A(r) is the same with the sign of
ho(t) = 4(k+3)t* — 6(k* + 3k +4)t — 3(5k* + k — 22).
The condition (a) in Theorem 2.3 is fulfilled since
fole, 1) = 2x+1)(x—1)*(x—k)> >0

and
f6(0,y,2) = yzly* + 2 — (k+2)yz* > 0.

We need to consider the following four cases.

7
Casel. k> g.Since w; <3 <4< wy <ws, we have

I =[3,4), Ji=[4w2), J»=(w3,0).

With regard to I;, we will show that /1 (¢) <0 for # € [1,4), and hence for 7 € L; .
Since ho(t) is convex, it suffices to show that hy(1) < 0 and hp(4) < 0. Indeed,

ho(1) = —21k* — 17k +54 < 0, ho(4) = —39k* — 11k + 162 < 0.
With regard to J; , we will show that ho(r) < 0 for z € M. We have

2)? 3k+14+3Vk*+2k—3
(t+2) <wy, t>24 = 4<1< it + .

teM 4 <
€M = 2%+ 1 4

Since
3k+1+3\/k2+2k—3<3k+1+3(k+1)_3k+2
4 4 2
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3k+2
it suffices to show that %y(r) <0 for 4 <t < i

3k+2
to show that sp(4) < 0 and hg <T+) < 0. Indeed,

. Since ho(z) is convex, it suffices

3k+2
ho(4) = —39k* — 11k+162 < 0, hy ( ;’ ) = —9k* — 17k +54 < 0.
With regard to J,, we will show that g;(y/w,1) > 0 for w € J,. This is true if
4(k+3)w3 — 3(k* + Tk + 16) > 0, which is true for any k > 0.

—17 45193
—22 <k< § Since w; <3 <wy <4 < ws, we have

Hl = [37W2)7 Jl = (W37°°)'

Case 2.

With regard to I; , we will show that %y(r) <0 for 7 € ;. We have

(t+2)?
2t+1
= 42 203k+1)—3k+7<0, 1<t <4 < 1< <1,

tel; <= 3<

<wy, 1<t <4

where
3k+1+3Vk?+2k—3
) .

Since ho(t) is convex, it suffices to show that (1) < 0 and ho(r;) < 0. Since k >
(—=17+5+/193)/42, we have

ho(1) = —21k* — 17k + 54 < 0.

1=

From 47 = 2(3k+ 1)t; + 3k — 7, we have

ho(t1) = (k+3)[2(3k+ 1)1; 4 3k — 7] — 6(k> + 3k +4)1; — 3(5k> + k — 22)
=2(k—9)t; — 12k* — k+45.

Then, we need to show that 2(k —9)7; — 12k —k+45 < 0. Since

L3k (Bk-1) 3k
1 4 _27

we have
2(k—9)ty — 12k> —k+45 < 3k(k—9) — 12k> — k +45 = —9k> — 28k +45 < 0.
With regard to J;, we will show that g;(y/w,1) > 0 for w € J;. This is true if
4(k+3)w3 — 3(k* + Tk + 16) > 0, which is true for any k > 0.
—17+5V193

Case3. 1 <k< T.Since wi; <3 <wy <4 <ws, we have

I =[3,w2), Ji=(w3,c0).
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With regard to I, we will show that 4o(¢) > 0 for ¢ € (0, 1], and hence for r € K; .
Indeed,

ho(t) —4(k+3)(t — 1)> = —2k(3k+5)t — 15k* — Tk + 54
—2k(3k+5) — 15k* — Tk + 54 = —21k* — 17k + 54> 0.

ho(t) >
=

With regard to J;, we will show that g;(y/w,1) > 0 for w € J;. This is true if
4(k+3)w3 — 3(k*> + Tk + 16) > 0, which is true for any k > 0.

Case 4. 0 <k <1.Since wy, <3 <w; <4< wsz, wehave
I =[3,w1), Ji=[w3,),

and the proof is the same as the one of the case 3. [

PROPOSITION 4.10. Let a,b,c be the side-lengths of a triangle. If a+b+c=3,

then 1 1 1 41
+ 3 >3(a* +b* 4 ),

a b c
with equality for a degenerate triangle having a =3/2, b=1, ¢ = 1/2 (or any per-
mutation) ([8]).

Proof. Write the desired inequality in the form
1 121
—+6> ———.
abc + 6(ab + bc+ ca)

By Lemma 2.2, it suffices to prove this inequality for a/2 < b=c <a andfor a=b—+c.

Casel. a/2<b=c<a.Froma+b+c=3,wehave b=c=(3-a)/2,a€[1,3/2].
The desired inequality is equivalent to

(3—a)(27a* — 1354° +-2024° — 102a + 18) > 0,
which is true since

27a* —135a° +2024> — 102a+ 18 =
3 163 3 57

3.4 2
—27(a— )4 27a(a— 22+ 22 (a—1)(2 —a) —2a+ 2L > 0.
(a 2)+ ala 2) + 3 (a )(2 a) a+16>0

Case2. a=b+c.From a+b+c=3,wehave a=3/2 and b+ c=3/2. The desired
inequality reduces to (2bc —1)>>0. O

PROPOSITION 4.11. If a,b,c are the side-lengths of a triangle, then

a? n b2 n c? - 1
462 +5bc  4b2+5ca A2 +5bc T 3’

with equality for an equilateral triangle, and for a degenerate triangle having a/2 =
b = c (or any cyclic permutation).
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Proof. Write the inequality as ge(a,b,c) > 0, where

ge(a,b,c) =3 21612(4192 +5ca)(4c* + 5ab) — l_I(4a2 + 5bc)
= —45a’b*c* —25abc Y @’ +40Y a’b°.

Thus, ge(a,b,c) has the highest coefficient A = —45 — 75+ 120 = 0. By Theorem
2.5, it suffices to prove the original inequality for b=c =1 and 0 < a < 2, and for
a=b+c.

For b = ¢ = 1, the desired inequality is equivalent to the obvious inequality (2 —
a)(a—1)>>0.

For a = b + ¢, using the Cauchy-Schwarz inequality,

b? N 2 - (b+c)?
4b2+5ca  4ct+5ab ” 4(b2+c2)+5a(b+c)’
it suffices to show that
2 2
a (b+c) - 1

4a2+5bc = 4(b2+c?)+5a(b+c)” 3’

This is equivalent to the obvious inequality

(b—c)*(30* +3c* —4bc) >0. O

PROPOSITION 4.12. Let a,b,c be the side-lengths of a triangle. If k > —2, then

Za(b+c)+(k+1)bc . 3(k+3)
b2 +kbc+c* T k+2 ]

with equality for an equilateral triangle, and for a degenerate triangle with a/2 =b=c
(or any cyclic permutation) ([5]).

Proof. Write the inequality as g¢(a,b,c) > 0, where
go(a,b,c) =3(k+3)[](* + ¢* + kbc)
— (k+2)Y]a(b+c) + (k+ 1)bc](a*+ c* + kac) (a* + b + kab).
Let p=a+b+c and g = ab+ bc+ ca. From
ge(a,b,c) =3(k+3) l_I(p2 —2q— a+ kbc)
—(k+2)Y(q+ kbe)(p* —2q — b* + kac) (p* — 2q — ¢* + kab),
it follows that g has the same highest coefficient as
g(a,b,c) =3(k+3)[[(—a*+kbc) — k(k+2) Y. be(—b* + kac)(—c* + kab)
=3(k+3)[(k* — 1)a*b’* — Kabc Y a + kY. a’b’]
— k(k+2)(3K%a*b** — 2kabe ¥ a® + Y a’b?).
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Therefore,
A=3(k+3)(,k> —1—3k*+3k) — k(k+2)(3k* — 6k +3) = —9(k — 1)%.

Since A < 0, by Theorem 2.5, it suffices to prove the original inequality for b =c =1
and 0<a<2,andfora=b+c.

For b = ¢ = 1, the desired inequality is equivalent to the obvious inequality (2 —
a)(a—1)>>0.

For a = b+ c, the inequality becomes

3be bc —c? N be —b? .3
b2+ c2+kbc b2+ (k+2)(c2+bc) 2+ (k+2)(b2+bc) " k+2’

and is true since
3bc 3

<
b2+ c2+kbc " k+2

and
bc — c? be — b?
+ <0,
b2+ (k+2)(c2+bc) 2+ (k+2)(b*+bc)

the last inequality being equivalent to (b —¢)?(b> +bc+¢?) >0. O

PROPOSITION 4.13. Let a,b,c be the side-lengths of a triangle. If k > —2, then

22a2+(4k+9)bc _ 3(k+11)
b2 +kbc+c? T k+2

with equality for an equilateral triangle, and for a degenerate triangle with a/2 =b=c
(or any cyclic permutation) ([5]).

Proof. Write the inequality as g¢(a,b,c) > 0, where
go(a,b,c) =3(4k+11) [J(&* + >+ kbc)
—(k+2) Y [2a* + (4k+9)bc](a® + ¢* + kac) (a* + b* + kab).
Let p=a+b+c and g =ab+ bc+ ca. From
go(a,b,c) =3(4k+11) H(p2 —2q—d*+ kbc)
—(k+2) Y [2a® + (4k+9)bc](p* — 2q — b* + kac) (p* — 2q — ¢* + kab),
it follows that g has the same highest coefficient as

g(a,b,c) =3(4k+11) [[(—a*+kbc)—(k+2) Y [2a>+(4k-+9)bc](—b*+kac) (—c*+kab)
=3(4k+ 11)[(k} — 1)a®b** — KPabc Y a® + kY. a’ b’
— (k+2)[3(4k> +9&* +2)a’b*c* — 6k(k+3)abc Y. a* + 9 a’b?).
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Therefore,

A =3(4k+ 11) (k> — 1 = 3k> 4 3k) — (k+2)[3(4k> + k> +2) — 18k(k + 3) + 27
= —9(4k+11)(k—1)%

Since A < 0, by Theorem 2.5, it suffices to prove the original inequality for b =c¢ =1
and 0<a<2,andfora=b+c.

For b = ¢ = 1, the desired inequality is equivalent to the obvious inequality (2 —
a)(a—1)>>0.

For a = b+ ¢, the inequality becomes

(2k + 13)be (2k+5)(b+c)c (2k+5)(b+c)b _ 3(2k+7)
b2+ c2+kbe b2+ (k+2)(c2+bc) 2+ (k+2)(b2+bc) = k+2

Setting x =b/c+c¢/b, x > 2, we can write this inequality as follows

2k+13 (2k+5)(x+2)(x+2k+3) < 3(2k+7)
x+k o (k+2)x2+ (k+2)(k+3)x+2k2+6k+5 = k+2 '

(x —2)[4(k+2) (k+4)x*> +2(k+2)Ax+ B] > 0,

where
A=2k>+13k+22, B=8k +51k*+98k+65,

This is true since

A=2k+2)>+5k+2)+4>0, B=8(k+2)*+2+(k+1)>>0. O

PROPOSITION 4.14. Let x,y,z be positive real numbers. If k > /2 — 1, then

(y+72) y*(x+x) Z(x+y) _2x+y+2)
24y +22 k2 +2 42 k2 4ai4yr k42

with equality for x =y = z. If k = /2 — 1, then equality also holds for x/\/z =y=z
(or any cyclic permutation).

Proof. Write the inequality as f7(x,y,z) > 0, where
fixy,2) =2 +y+2) [J(e? +y* +27)
—(k+2) sz(y +2) (ky? + 22 4 %) (k2* + X% + 7).
Let p=x+y+2z,q=xy+yz+zx, r =xyz. From

fr(xy2) =2p[Ip* —2q + (k— 1)+
— (k+2) Y X (p—x)[p* —2q+ (k— 1)Y2][p* —2q + (k— 1),
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it follows that the highest polynomial of f7(x,y,z) is
ho(p,q) =2(k—1)°p — (k+2)(k—1)2Y (p—x) = —6(k — 1)*p

By Theorem 2.6, since hy(p,q) < 0, it suffices to show that the desired inequality holds
for y=z=1 and for x =0. For y =z = 1, the original inequality is equivalent to

(x— 12 (x+ D[k +2(k— 1)x+2k] > 0
which is true since

1, K+2k—1
ko 4 2(k — 1)x+2k:k(x—l+z)2++T

> 0.
For x = 0, the original inequality becomes

2kt* — (k+2)t+k* —5k+4>0
where 1 =y/z+z/y > 2. This is also true since

2kt? — (k4 2)t + k> — Sk+4 = 2k(t —2)* + (Tk—2)(t = 2) + k(k+1) >0. O

PROPOSITION 4.15. If x,y,z are nonnegative real numbers, no two of which are
zero, then

1 1 1 1 2
+ + > + :
22 +yz 22 4zx 2224xy xy4yzd+azx a2y 422

with equality for x =y = z, and for x =0 and y = z (or any cyclic permutation).

Proof. Let p=x+y+z, g =xy+yz+zx, r = xyz. Write the inequality as
fs(x,v,2) =0, where

fg(x7y7z)=q(p2—2q)2(2y +ZX)(2Z +xy) — 2H 2x° +yz2).

Clearly, f3(x,y,z) has the same highest polynomial as
feyz) = —p [ +yz) = —p*(9°y* 2 + 209z 3 +4 3 y’2)

that is, ho(p,q) = —(9+ 6 + 12)p> = —27p?. By Theorem 2.7, since ho(p,q) <0, it
suffices to show that the desired inequality holds for y =z =1 and for x = 0. In these
cases, the original inequality reduces to the obvious forms

x(x =122 4+x4+1)>0

and
O’ =) >0,

respectively. [
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