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AN APPROXIMATION PROPERTY OF POWER FUNCTIONS

SOON-MO JUNG, YANG-HI LEE AND K1 SO0 KIiM

(Communicated by J. Pecaric)

Abstract. We will solve the inhomogeneous linear first order differential equation of the form,
Xy (x) + Ay(x) = ¥pv_gam(x —c)™, and prove an approximation property of power functions.
More precisely, we prove the local Hyers-Ulam stability of linear first order differential equation,
xy'(x) + Ay(x) = 0, in a special class of analytic functions.

1. Introduction

Let Y and / be a normed space and an open subinterval of R, respectively. If for
any function f: 1 — Y satisfying the differential inequality

[ (0)y () + a1 0y () -+ @1 (x)y () + ao()y(x) +h(x) | < e

for all x € I and for some € > 0, there exists a solution fy: I — Y of the differential
equation

(X" (6) + a1 (0" () + - ar(x)y () + ao(x)y(x) + h(x) = 0

such that || f(x) — fo(x)|| < K(€) for any x € I, where K(€) depends on € only, then
we say that the above differential equation satisfies the Hyers-Ulam stability (or the
local Hyers-Ulam stability if the domain 7 is not the whole space R). We may apply
these terminologies for other differential equations. For more detailed definition of the
Hyers-Ulam stability, refer to [2, 4, 8].

Obloza seems to be the first author who investigated the Hyers-Ulam stability of
linear differential equations (see [1 1, 12]). Here, we introduce a result of Alsina and Ger
(see [1]): If a differentiable function f: I — R is a solution of the differential inequality
[V (x) — y(x)] < &, where [ is an open subinterval of R, then there exists a solution
fo: I — R of the differential equation y'(x) = y(x) such that |f(x) — fo(x)| < 3e for
any x € /.

This result of Alsina and Ger was generalized by Takahasi, Miura and Miyajima:
They proved in [14] that the Hyers-Ulam stability holds for the Banach space valued
differential equation y'(x) = Ay(x) (see also [10]). For a recent result on the Hyers-
Ulam stability for second-order linear differential equations, we refer to [3].
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Keywords and phrases: Linear first order differential equation, power series method, power function,
approximation, Hyers-Ulam stability, local Hyers-Ulam stability.
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Using the conventional power series method, the author investigated the general
solution of the inhomogeneous Hermite differential equation of the form

¥ (%) = 20y (x) + 24y (x) Z apx"

under some specific condition, where A is a real number and the convergence radius
of the power series is positive. This result was applied for proving that every analytic
function can be approximated in a neighborhood of 0 by a Hermite function with an
error bound expressed by Cx2e” (see [5, 6]).

In §2 of this paper, using an idea from [7], we will investigate the general solution
of the inhomogeneous linear differential equation of the first order,

x) + Ay(x) Eam x—c)" (1.1)

under the conditions that A is a complex number with n— 1 < |A| < n, the coefficients
ap of the power series are given such that the radius of convergence is at least p > 0,
and c is a real number satisfying |c| > max {p, 3(n+1)}. Moreover, we prove the
local Hyers-Ulam stability of linear first order differential equation in a class of special
analytic functions (see the class %k in §3).

2. General solution of Eq. (1.1)

The linear first order differential equation
xy' (x) + Ay(x) =0 (2.1)

is one of the most famous differential equations and frequently appears in applications.
As we know, every solution of Eq. (2.1) is called a power function and it has the
form y(x) = ax~* (for x #0). We note that x =0 is a regular singular point of the
differential equation (2.1).

THEOREM 2.1. Let ¢, n, and A be a real number, a positive integer, and a com-
plex number; respectively. Assume that |c| > L(n+1), n—1 < |A| <n, and that the
radius of convergence of power series Y, _oam(x—c)™ is at least p > 0. Let us define

(c—=p,c+p) (forc+p<0orc—p=0),
I=1< (2¢,0) (for c <0 and c+p >0),
(0,2¢) (for c >0 and c—p < 0).

Every solution y : I — C of the inhomogeneous differential equation (1.1) can be ex-
pressed by

oo

y(X) =ya(xX) + Y, bulx—c)", 2.2)

m=1
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where the coefficients b,,’s are defined by

m—i— l m—i—1
i ai [] (m—j+2) (2.3)
j=1

=g

m!cm i

Sor every m € N and yy,(x) is a solution of the corresponding homogeneous differential
equation (2.1).

Proof. Since each solution of Eq. (1.1) can be expressed as a power series in x—c,
we may define y,(x) = y(x) — yu(x) = X bu(x —¢)™ and prove that the function
yp(x) satisfies the inhomogeneous equation (1.1). Indeed, it follows from (2.3) that

2y (0) + Ayp(x) = (x =€)y, (x) + ey}, (x) + Ayp(x)

Il
Mg

[(m+ A) by + c(m+1)bpi1] (x— )"+ cby

3
L

Il
M

am(x—c)"

i
f=l

for all x € I, since the relations
cby =ag and (m+A)by+c(m+ )by = am

hold for all m € N. (It is not difficult to prove the last relations by using (2.3).) This
implies that y,(x) is a particular solution of the inhomogeneous equation (1.1). Since
every solution of Eq. (1.1) is a sum of a solution yj,(x) of the corresponding homoge-
neous equation and a particular solution y,(x) of the inhomogeneous equation, it can
be obtained by (2.2).

Since [c| > $(n+1), it holds that

min—k—1_ 2 (  n-1\_ 2 ([ n-1)_,
le|[(m—k) ~n+1 m—k)  n+l 2 )

foreach k € {0,1,2,...,m—2}. Furthermore, since |1| < n, we have

m—i—1

i , m—14A| m—2424] |it14A] 1
wiiep L1 I =04 A = = T G5 fae D
e 11

P 1 Ml tn—k—1
e+ g lel(m—k)
<1

(2.4)

forany i € {0,1,2,...,m— 1}. Thus, we get

m—i—1

|| < 2| Q| —— wc‘ml H Im—j+A| < 2\a,| (2.5)
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for all m € N.
Finally, it follows from (2.5) and [9, Problem 8.8.1 (p)] that

1
limsup X/ |by| = limsup {/ — |by|
m—oeo m—soo m

1 m—1
< limsup {'/ — i
X m%mp m 2:,) |ail

< limsup Y/ |dm|.

n—00

By use of the Cauchy-Hadamard theorem (see [9, Theorem 8.8.2]), the radius of con-
vergence of the power series for y,(x) is at least p. Therefore, y(x) in Eq. (2.2) is well
definedon 7. [

3. Local Hyers-Ulam stability of Eq. (2.1)

In this section, let ¢ and A be a fixed nonzero real number and a nonzero complex
number, respectively. Assume that p, p;, and p, are given constants satisfying 0 <
p1 < p and p, = min{p;,1}. For a given K > 0, we denote by %% the set of all
functions f : I — C with the properties (a) and (b):

(a) f(x) is expressible by a power series Y, by (x —¢)™ whose radius of conver-
gence is at least p;

d) Yoo lampl’| < K| Zpm_gamp!"|, where ay, = (m+A)by + c(m+1)by,1y for any
me{0,1,2,...}.

Now we investigate an approximation property of power functions. More pre-
cisely, we prove the local Hyers-Ulam stability of the linear first order differential
equation (2.1) for the functions in éx .

THEOREM 3.1. Given a positive integer n, let ¢ and A be a real number and a
complex number with |c| > max {p,(n+ 1)} and n—1 < |A| < n, respectively. Let
us define [ = (¢c—p,c+p) and I = (c — pa,c+ p2). If a function y € 6k satisfies the
differential inequality

o/ (x) + Ay(x)| <€ 3.1)

Sfor all x € I and for some € > 0, then there exists a unique solution yy, : I — C of the
differential equation (2.1) such that

palx —c|

— g[(gi
|y(x) = ya ()| o

forany x € L. In particular, it holds that yj, € €x.
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Proof. Since y belongs to %, it follows from (a) and (b) that

Xy (x) + Ay(x) = (x—)y'(x) + ¢y’ (x) + Ay(x)

= i [(m+A)bm + c(m+ )by ] (x—c)" (3.2)
m=0

= i am(x—c)"
m=0

for all x € 1. By considering (3.1) and (3.2), we have

Y am(x—c)"
m=0

for any x € I. If we substitute ¢ 4 p; for x in the last inequality, then we obtain

This inequality, together with (b), yields that

Z |anp"| <K |, ampy"

m=0 m=0

< Ke. (3.3)

Obviously, it follows from (3.3) that

1
m—1 m—1 1 K{':T (for P1 < 1)7

Y lal= 3 lapll— < P G4
i=0 i=0 Pi

Ke (for p; > 1).

Now, it follows from Theorem 2.1, (2.4), (3.2), and (3.4) that there exists a solution
v : I — C of the differential equation (2.1) such that

mm71 (_l)iJrli! m—i—1

NORICIE DNV Y meuony § RERFETY
m=1 i=0 M j=1
o m—1
< Sy faf
m=1 i=0

forall x € L.
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Since there exists a complex number o with y, (x) = ox~*

series of y,(x) with center at c:

, we can find the Taylor

with (=D)"o0AA+1)(A+2)---(A4+m—1)

b = m!lcA+m

foreach m € {0,1,2,...}. Then, we can estimate

= lim ————~ =|c| >

m

lim

m-—oo

)

bm-H

which implies that the radius of convergence of the Taylor series of yj(x) is at least p .
Moreover, we have
am=m+A)by+c(m+1)by1 =0

for any m € {0,1,2,...}, i.e., (b) is true for the sequence {a,}. Consequently, we
conclude that y;, € 6k .

It only remains to prove the uniqueness of y,. Assume that y;,y; : I — C are
solutions of the homogeneous differential equation (2.1) satisfying

palx—c| .
x) —vilx)| < ke P22 ieq1,2
) )] < Ke L (ie (1.2}
forall x € I,. Then, for each i € {1,2}, there exists a complex number o; with y;(x) =
Oc,-x”L . Hence, we obtain
palx—c|
p2—x—c]

A

oux * — a2x7’1| = [y1(x) —y2(x)| < 2Ke

forany x € . If we put x = ¢ in the last inequality, then we get

loy — o
e S R
|c|* ’

i.e., o = 0, and hence we conclude that y; =y,. U

In Theorem 3.1, |c| should be large when |A] is large . It is an open problem
whether |c| can be chosen as small as we wish, even if || is large.

COROLLARY 3.2. Givenan n €N, let ¢, A, and p be a real number, a complex
number; and a positive constant with |c| > £(n+1), n—1< |A|<n, and p < §(n+1),
respectively. If a function y € €k satisfies the differential inequality (3.1) forall x € 1
and for some € > 0, where I = (c —p,c+p), then there exists a unique complex
number o such that

[y(x) — chil| =0(]x—c)

as x — C.
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