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HARDY TYPE INEQUALITIES FOR FRACTIONAL

AND q–FRACTIONAL INTEGRAL OPERATORS

FETHI BOUZAFFOUR

(Communicated by J. Pečarić)

Abstract. Hardy type inequality for different fractional integral operators with sharp constants
on finite intervals are given.

1. Introduction

The Hardy inequality is

∫ ∞

0
x−α p |Iα f (x)|p dx �

{
Γ(1/p′)

Γ(α +1/p′)

}p ∫ ∞

0
| f (x)|p dx, (1.1)

1 < p < ∞, 1/p+1/p′ = 1,

where the Riemann-Liouville transform Iα is defined by

Iα f (x) =
∫ x

0

(x− t)α−1

Γ(α)
f (t)dt.

Several generalization of this inequality for Iα with sharp constants on finite and infi-
nite intervals are given in ([6], [7], ...) . This paper is devoted to give analogues of the
previous inequality for different fractional integral operators of Erdelyi-Kober operator
type, discrete transform and basic analogue of Erdelyi-Kober operator. The method
used is the same as in [6].

2. Hardy type inequality for Erdelyi-Kober fractional integral operator

The following lemma is used hereafter to establish Hardy type inequalities.

LEMMA 2.1. Let U, V be Hilbert spaces and assume A :U →V to be an infinite-
dimensional linear compact operator. If there exists an orthonormal basis {un}n∈N of
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U, an orthonormal system (not necessary a basis) {vn}n∈N of V, a sequence of non-
increasing positive numbers sn such that

Au = ∑
n∈N

sn (u,un)U vn,

for all u ∈U, where ( . , .)U is inner product in U. Then s0 is the norm of the operator
A.

The proof of this lemma can be found in [6].
We consider the Erdelyi-Kober operator [3]

Tλ ,μ f (x) =
x−λ−μΓ(λ + μ +1)

Γ(λ +1)Γ(μ)

∫ x

0
tλ (x− t)μ−1 f (t)dt,

where f is a locally integrable function and λ > −1, μ > 0.

The Jacobi polynomials are defined by [12]

P(α ,β )
n (x) =

(α +1)n

n! 2F1

(−n,n+ α + β +1
α +1

;
1− x

2

)
,

and satisfy the orthogonality relations

∫ 1

−1
P(α ,β )

m (x)Pn(α,β )(x)(1− x)α(1+ x)βdx

=
2α+β+1

2n+ α + β +1
Γ(n+ α +1)Γ(n+ β +1)

Γ(n+ α + β +1)n!
δmn,

where α > −1 and β > −1.

It will be convenient to use the slightly different Jacobi polynomials Jn (x;α,β ) ,
which are defined by

Jn (x;α,β ) = 2F1

(−n,n+ α + β +1
α +1

;x

)
.

THEOREM 2.1. Let α, β and μ be a real numbers such that

min(α, α + β +1, β − μ , μ −1) > −1.

Then for all f ∈ L2
(
(0,1) , xα (1− x)β

)
the following inequality

∫ 1

0
xα+μ (1−x)β−μ ∣∣Tα ,μ f (x)

∣∣2 dx � Γ(α+μ+1)Γ(β−μ+1)
Γ(α+1)Γ(β+1)

∫ 1

0
xα (1−x)β | f (x)|2 dx

is valid, with equality holds when f (x) = 1.
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Proof. Let

un(x) =

√
(2n+ α + β +1)Γ(n+ α + β +1)Γ(n+ α +1)

n!Γ(α +1)2Γ(n+ β +1)
Jn (x;α,β ) ,

vn(x) =

√
(2n+ α + β +1)Γ(n+ α + β +1)Γ(n+ α + μ +1)

n!Γ(α + μ +1)2Γ(n+ β − μ +1)
Jn (x;α + μ ,β − μ) ,

sn =
Γ(α + μ +1)

Γ(α +1)

√
Γ(n+ α +1)Γ(n+ β − μ +1)
Γ(n+ α + μ +1)Γ(n+ β +1)

.

Then {un}n∈N and {vn}n∈N are orthonormal basis in the spaces L2
(
(0,1) ,xα (1− x)β

)
and L2

(
(0,1) ,xα+μ (1− x)β−μ

)
.

From the following asymptotic expansions:

Γ(z+a)
Γ(z+b)

∼ za−b, as z → ∞, |arg(z)| < π ,

we obtain

sn ∼ Γ(α + μ +1)
Γ(α +1)

n−μ , as n → ∞.

On the other hand a simple calculation shows that

(
sn+1

sn

)2

−1 = −μ
2n+ α + β +1

(n+ α + μ +1)(n+ β +1)
< 0 (μ > 0).

Hence, the sequence {sn}n∈N is positive decreasing and approaching 0.
The beta integral yields

Tα ,μxn =
(α)n

(α + μ +1)n
xn.

Therefore, we have

Tα ,μJn ( . ;α,β ) (x) = Jn (x;α + μ ,β − μ) ,

and
Tβ ,μun = snvn.

So the result is a consequence of Lemma 2.1. �

An equivalent inequality can be obtained for the fractional integral operators Sλ ,μ ,
which are defined by[3]

Sλ ,μ f (x) =
x−λ−μΓ(λ + μ +1)

Γ(λ +1)Γ(μ)

∫ 1

x
(1− t)λ (x− t)μ−1 f (1− t)dt,
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where f is a locally integrable function and λ > −1, μ > 0.
Put

un(x) =

√
(2n+ α + β +1)Γ(n+ α + β +1)Γ(n+ α +1)

n!Γ(α +1)2Γ(n+ β +1)
Jn (x;α,β ) ,

vn(x) =

√
(2n+α+β+1)Γ(n+α+β+1)Γ(n+α−μ+1)

n!Γ(α−μ+1)2Γ(n+β−μ+1)
Jn (1−x;α+μ ,β−μ) ,

sn =
Γ(α − μ +1)

Γ(α +1)

√
Γ(n+ α +1)Γ(n+ β + μ +1)
Γ(n+ α − μ +1)Γ(n+ β +1)

,

and using the beta integral formula to obtain

Sα ,μun = snvn.

Therefore, from the Lemma 2.1, we get under the following condition

min(α, α + β +1, β − μ , μ −1) > −1,

the inequality for Sα ,μ

∫ 1

0
xβ+μ (1−x)α−μ ∣∣Sβ ,μ f (x)

∣∣2 dx � Γ(α−μ+1)Γ(β+μ+1)
Γ(α+1)Γ(β+1)

∫ 1

0
xα (1−x)β | f (x)|2 dx.

Note that the equality holds when f (x) = 1.

3. Hardy type inequality for discrete transform

We consider the polynomials

φN (x) =
N

∑
k=0

αkx
k,with αk �= 0, N = 0,1, ... ,

and we define a transform SN on finite sequences { f (n) , n = 0, ...,N} by

SN [ f ;φN ,x] =
N

∑
n=0

(−1)n

n!
φ (n)

N (x) f (n) .

Then from the Taylor series it is easy to see

SN [
(

n
j

)
,φN ,x] = (−1) j α jx

j, j = 0, ...,N.

The transform SN [ . ;φN ,x] (3.1) with φN (x) = (1− x)N , has the property

SN [Qj (x,α,β ,N) ,(1− x)N ,x] = Jj (x;β ,α) , j = 0,1, ...,N
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where Qj (x,α,β ,N) are the Hahn polynomials [12] given by

Qj (x,α,β ,N) = 3F2

(− j, j + α + β +1,−x
α +1,−N

;1

)
,

and satisfying for α > −1 and β > −1, the orthogonality relations

N

∑
x=0

(
α + x

x

)(
β +N−α

N− x

)
Qm (x,α,β ,N)Qn (x,α,β ,N)

=
(−1)n(n+ α + β +1)N+1(β +1)nn!
(2n+ α + β +1)(α +1)n(−N)nN!

δmn.

Let

u j (x) =

√√√√ N!(2 j + α + β +1)(−N) j (α +1) j

(−1) j j!(β +1) j ( j + α + β +1)N+1

Qj (x,α,β ,N)

v j (x) =

√
(2 j + α + β +1)Γ( j + α + β +1)(β +1) j

j!Γ(β +1)Γ( j + α +1)
Jj (x,β ,α)

s j =

√√√√ N!(−N) j (α +1) j Γ(β +1)Γ( j + α +1)

(−1) j (β +1)2j ( j + α + β +1)N+1 Γ( j + α + β +1)
.

For j = 0,1, ...,N, we have

s j+1

s j
=

√
N− j

N + α + β +2+ j
α + j +1
β + j +1

�
√

N
N + α + β +2

(
1+

α −β
β + j +1

)
.

Then, for β � α > −1, we see that the sequence {s j} j=0,...,N is decreasing and from
Lemma 2.1, we obtain∫ 1

0
xβ (1− x)α

∣∣∣SN [ f ,(1− x)N ,x]
∣∣∣2 dx � N!Γ(β +1)Γ(α +1)

(α + β +1)N+1 Γ(α + β +1)

×
N

∑
n=0

(
α +n

n

)(
N + β −α

N−n

)
| f (n)|2 .

4. Hardy type inequality for q -fractional integral operator

Basic analogue of the Erdelyi-Kober fractional integral operator, defined by Al-
Salam and Ismail (19.4.1, [8]) as

Iα ,η f (x) =
Γq (α + η)

Γq (α)Γq (η)

∫ 1

0
tα−1 (qt;q)∞

(tqη ;q)∞
f (xt)dqt, η > 0, α > 0,



606 FETHI BOUZAFFOUR

where the q -integral of Jackson is defined by [4]∫ a

0
f (x)dqx := (1−q)a

∞

∑
k=0

f (aqk)qk.

For complex a and 0 < q < 1, the q -shift factorial are defined by [4]

(a;q)0 := 1, (a;q)n := ∏n−1
k=0(1−aqk), n = 1,2, ... ,

(a;q)∞ := lim
n→∞

(a;q)n.

The q -gamma function is defined by

Γq(z) :=
(q;q)∞

(qz;q)∞
(1−q)1−z.

The basic hypergeometric series are defined by [4]

rϕs

(
a1,a2, ...,ar

b1,b2, ...,bs

∣∣∣∣q,z

)
:=

+∞

∑
k=0

(a1,a2, ...,ar ;q)k

(b1,b2, ...,bs ;q)k (q; q)k

(
(−1)kq(k

2)
)1+s−r

zk,

where
(a1, ...,ar ;q)n = (a1; q)n . . .(ar; q)n .

The little q -Jacobi polynomials are defined by

pn(x;qα ,qβ ;q) := 2φ1

(
q−n, qα+β+n+1

qα+1

∣∣∣∣q,x

)
,

which satisfy the orthogonality relations

(qα+1,qβ+1;q)∞

(qα+β+2,q;q)∞

∞

∑
k=0

pm(qk;qα ,qβ ;q)pn(qk;qα ,qβ ;q)qk(α+1) (qk+1;q)∞

(qβ+k+1)∞

=
qn(α+1)(1−qα+β+1)(qβ+1,q;q)n

(1−qα+β+2n+1)(qα+1,qα+β+1;q)n
δm,n,

where α > −1 and β > −1, see[12].

THEOREM 4.1. Let α, β and η be real numbers such that

min(α, β −η , η −1) > −1.

Then for all f ∈ L2

(
(0,1) ,xα (qx;q)∞(

xqβ ;q
)

∞
dqx

)
, the inequality

∫ 1

0
xα+η (qx;q)∞(

xqβ−η ;q
)

∞

∣∣Iα+1,η f (x)
∣∣2 dqx

�
(
qα+1,qβ+1;q

)
∞(

qα+η+1,qβ−η+1;q
)

∞

∫ 1

0
xα (qx;q)∞(

xqβ ;q
)

∞
| f (x)|2 dqx

is valid, with equality holds when f (x) = 1.
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Proof. When f (x) = 1 we have Iα+1,η f (x) = 1 and the equality is easily verified.
Let

un (x) =

√ (
qα+1,qβ+1;q

)
∞

(1−q)
(
q,qα+β+2;q

)
∞

1−qα+β+2n+1(
1−qα+β+1

)
qn(α+1)

(
qα+1,qα+β+1;q

)
n(

q,qβ+1;q
)
n

× pn

(
x;qα ,qβ ;q

)

vn (x) =

√(
qα+η+1,qβ−η+1;q

)
∞

(1−q)
(
q,qα+β+2;q

)
∞

1−qα+β+2n+1(
1−qα+β+1

)
qn(α+η+1)

(
qα+η+1,qα+β+1;q

)
n(

q,qβ−η+1;q
)
n

× pn

(
x;qα+η ,qβ−η ;q

)

sn =

√ (
qα+1,qβ+1;q

)
∞ qnη(

qα+η+1,qβ−η+1;q
)

∞

(
qα+1,qβ−η+1;q

)
n(

qβ+1,qα+η+1;q
)
n

.

Using now the formula (19.4.24, [8])

Iα+1,η
(

pn

(
. ;qα ,qβ ;q

))
(x) = pn

(
x;qα+η ,qβ−η ;q

)
,

we get
Iα+1,ηun (x) = snvn (x) .

For n = 0,1,2, ... , we have

sn+1

sn
=

√
qη (1−qα+n+1)(1−qβ−η+n+1)

(1−qβ+n+1)(1−qα+η+n+1)
,

and
lim
n→∞

sn = 0.

Then, the condition
min(α, β −η , η −1) > −1,

shows that the sequence {sn} is positive, decreasing and tending to 0.

Hence, from the Lemma 2.1, we have

√
(qα+1,qβ+1;q)∞

(qα+η+1,qβ−η+1;q)∞
is the norm of the

operator Iα+1,η . �

Consider the family of operators, see ([8], 19.5.1 )

Sr( f )(cosθ )=
(q,r2;q)∞

2π

∫ π

0

(e2iφ ,e−2iφ ;q)∞ f (cosφ)
(rei(φ+θ),re−i(φ+θ),rei(φ−θ),re−i(φ+θ);q)∞

dφ , r∈ (0,1) .

The operators Sr satisfy the semigroup property [8]

Sr ◦ St = Srt for r,t,rt ∈ (0,1) .
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Let

un (x) =

√
(q,t1t2;q)∞ (t1t2;q)n

2π (q;q)n t2n
1

pn (x;t1,t2 | q)
(t1eiθ ,t1e−iθ ;q)∞

, x = cosθ

vn (x) =

√
(q,t1t2;q)∞ (t1t2;q)n

2π (q;q)n (rt1)
2n

pn (x;rt1,t2/r | q)
(rt1eiθ ,rt1e−iθ ;q)∞

sn = rn,

where pn (x; t1, t2 | q) is the Al-Salam-Chihara polynomials defined by

pn(x;t1,t2;q) := 3φ2

(
q−n, t1eiθ , t2e−iθ

t1t2, 0

∣∣∣∣q,q

)
.

If max(|t1|, |t2|) < 1, then we have the orthogonality relations [12]

1
2π

∫ 1

−1

w(x; t1, t2|q)√
1− x2

pm (x;t1,t2 | q) pn (x;t1,t2 | q)dx =
t2n
1

(t1t2;q)n(qn+1,t1t2;q)∞
δmn,

where

w(x; t1,t2|q) :=

(
e2iθ ,e−2iθ ;q

)
∞

(t1eiθ ,t1e−iθ ,t2eiθ ,t2e−iθ ;q)∞
, x = cosθ .

Using Theorem 19.5.1, [8], we obtain

Sr

(
pn (x;t1,t2 | q)

(t1eiθ ,t1e−iθ ;q)∞

)
=

pn (x;rt1,t2/r | q)
(rt1eiθ ,rt1e−iθ ;q)∞

,

and
Sr (un) (x) = snvn (x) .

Let
0 < r < 1, and max(|t1|, |t2|) < 1.

By Lemma 2.1, we get

∫ π

0

(
e2iθ ,e−2iθ ,t1reiθ ,t1re−iθ ;q

)
∞

(t2/reiθ ,t2/re−iθ ;q)∞
|Sr ( f ) (cosθ )|2 dθ

�
∫ π

0

(
e2iθ ,e−2iθ ,t1eiθ ,t1e−iθ ;q

)
∞

(t2eiθ ,t2e−iθ ;q)∞
| f (cosθ )|2 dθ .

Note that, the equality holds when

f (x) =
1

(t1eiθ ,t1e−iθ ;q)∞
.
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