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HARDY TYPE INEQUALITIES FOR FRACTIONAL
AND ¢g-FRACTIONAL INTEGRAL OPERATORS

FETHI BOUZAFFOUR

(Communicated by J. Pecaric)

Abstract. Hardy type inequality for different fractional integral operators with sharp constants
on finite intervals are given.

1. Introduction

The Hardy inequality is

~ _apja r(l/p/) P
[ f<x>|f’dx<{m} [irerar (.

L<p<e, I/p+1/p'=1,
where the Riemann-Liouville transform /% is defined by

oa—1

= [P

(a) f(t)dr.

Several generalization of this inequality for /* with sharp constants on finite and infi-
nite intervals are given in ([6],[7],...). This paper is devoted to give analogues of the
previous inequality for different fractional integral operators of Erdelyi-Kober operator
type, discrete transform and basic analogue of Erdelyi-Kober operator. The method
used is the same as in [6].

2. Hardy type inequality for Erdelyi-Kober fractional integral operator

The following lemma is used hereafter to establish Hardy type inequalities.
LEMMA 2.1. Let U, V be Hilbert spaces and assume A : U — V to be an infinite-

dimensional linear compact operator. If there exists an orthonormal basis {uy }nen of
Mathematics subject classification (2010): 26A33, 26D10.
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U, an orthonormal system (not necessary a basis) {vy}nen of V, a sequence of non-
increasing positive numbers s, such that

Au="Y sy (t,un)y v,

neN

forall ue U, where (., .), is inner product in U. Then sq is the norm of the operator
A.

The proof of this lemma can be found in [6].
We consider the Erdelyi-Kober operator [3]

xMAT (A4 u+1)
FA+DT (k)

Tt (x) = /OXtQL (x—0)* "' £ (1) dr,

where f is a locally integrable function and A > —1, u > 0.
The Jacobi polynomials are defined by [12]

(@p),  _ (0+1), —nn+a+f+1 1—x
P (x) = o 2F o1 )

and satisfy the orthogonality relations

/ ‘1 PP (1) By (o, B) () (1 — 1)%(1 +x)Pddx

2% P Tt a4+ DI(n+B+1)
C2nta+B+1 T(h+a+B+1)n!

S

where oo > —1 and 8 > —1.
It will be convenient to use the slightly different Jacobi polynomials J, (x; ¢, 3),
which are defined by

Ju(x;0,B) = 2Fy (—n7n+a+B+1_ )

o+1 o
THEOREM 2.1. Let o, B and U be a real numbers such that
min(a, o+ B+ 1, B—pu,u—1)>—1.
Then for all f € L? <(07 1), x*(1 —x)ﬁ> the following inequality

T(otu+1)T(B—p+1)
T(a+ )T (B+1)

A 1P ¥ Ty ()< [P o ax

is valid, with equality holds when f (x) = 1.
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Proof. Let

) = \/(2n+oc+ﬂ+l)r(n+a+ﬂ+1)r(n+a+1) 5 (0 B),

B n'T(o+1)2T (n+ B +1)

() = \/(M(XHH1)F(n+a+ﬂ+l)r("+a+““) (ot 1B — ),

B nT(o+u+1)2T(n+p—pu+1)

CT(a+u+1) [Th+oa+)T(n+p—p+1)
T T(aH+1) Fht+oa+u+HT(r+B+1)

Then {u, }wen and {v, }uen are orthonormal basis in the spaces L? <(07 1),x*(1 —x)ﬁ>

and L2 ((0, 1), X% (1 —x)ﬁ*“) .
From the following asymptotic expansions:

F(Z+a) a—b
~ ) OO, < )
T(z+b) Z as z— oo, larg(z)| <m
we obtain
Na+p+1)
Sp~ ————————n ", as n — oo,
Io+1)

On the other hand a simple calculation shows that

2
Sl 2n+oa+pB+1
— —1=- <0 (u>0).
( ) ( ( )

Sn n+oa+u+1)(n+p+1)

Hence, the sequence {s, },cn is positive decreasing and approaching 0.
The beta integral yields

Therefore, we have

Topdn (300 B) (x) = Jn (00 + 0, B — 1),

and
Tﬁ#un = $uVn.

So the result is a consequence of Lemma 2.1. [

An equivalent inequality can be obtained for the fractional integral operators S, .,
which are defined by[3]

xMEAT (A pt1) ! -
T(A+1)T(u) /v (=0 (=) f (1 =nydr,

Shuf (x) =
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where f is a locally integrable functionand A > —1, u > 0.
Put

‘In (X;avﬁ)v

() \/(2n+a+[5+1)F(n+a+B+l)F(n+a+1)

n!T(a+1)2T(n+B+1)

Jn (1=x; 0041, B—11)

(x) = 2n+o+B+1)T (n+a+p+1)T (n+o—p+1)
Yl = AT (a—pu+1)2T (n+f—p+1)

_Ta—p+1) [Tn+o+1)T(n+B+u+1)
T TTa+1) \(Thta—p+)In+p+1)

and using the beta integral formula to obtain
Soultn = SpVn.
Therefore, from the Lemma 2.1, we get under the following condition
min(e, o+ B+1, f—p, u—1)>—1,
the inequality for S¢

T(oa—p+1)T(B+u+1
T(oa+1)T(B+1)

/OIX‘”“ (1) [Sp uf (x)| dx < : /0 (1=0)P £ (x) " dx.

Note that the equality holds when f (x) = 1.

3. Hardy type inequality for discrete transform

We consider the polynomials

N
o (x) = D oy with oy £0, N =0, 1,....,
k=0

and we define a transform Sy on finite sequences {f (n), n=0,...,N} by

s (D" o
Svlfion.xl =3 on () f ().
Then from the Taylor series it is easy to see
n P
SN[( ) 7¢N7x] = (_1), (ijj, .] = O» 7N
J

The transform Sy/[.: ¢n,x] (3.1) with ¢y (x) = (1 —x)", has the property

Sn[Q;) (x,00, B,N), (1 =)V 2] = J; (:B,), j=0,1,...N
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where Q;j (x,a,3,N) are the Hahn polynomials [12] given by

. o _jaj+a+ﬁ+1a_x.
QJ(.X,(X,[},N)— 3F2< OC+1,—N 71 )

and satisfying for o« > —1 and 8 > —1, the orthogonality relations
N
o+x\(B+N—-a
7a7 7N 7a7 7N
() (P onwapmon ey

_(=D)"n+o+ B+ 1y (B+1)un!
T @nt ot B l)(ot1),(—N)N!

5m n-

Let

) — N!(2j+o+B+1)(—=N);(a+1); o
/)= (=1 j1(B+1);(j+a+B+1)y, Qi P

() = Qj+o+B+1)T(j+a+B+1)(B+1);
Y= JTB+DT(+a+1)

Jj(x7ﬁ7a)

NU(=N);(a+1),T(B+ )T (j+a+1)

(—l)j(ﬁJr1)3(j+a+[3+1)N+11"(j+a+[3+1)

SjZ

For j=0,1,...,N, we have

Sj+1 _ N—j ot j+1
sj N+o+p+2+jB+j+1

N o—p
S \/N+a+[3+2 <1+ﬂ+j+1>'

Then, for B > o > —1, we see that the sequence {s j} j=0,...n is decreasing and from
Lemma 2.1, we obtain

/leﬁ (1—x)*

NIT(B+1)T(a+1)
(@a+B+1)y, T(o+B+1)

3 (Y (e

n=0

Snif, (1 —x)N,x}‘zdx <

4. Hardy type inequality for ¢-fractional integral operator

Basic analogue of the Erdelyi-Kober fractional integral operator, defined by Al-
Salam and Ismail (19.4.1, [8]) as

on _ Iy (a+mn) ! a1 (qt:q).,
1% f (x) 71—‘(1(05)1—‘(1(7])/0 t 7(tq";q)wf(m)dqt’ n >0, a>0,
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where the g-integral of Jackson is defined by [4]

=3

| g i= (1=q)a’¥, flag )

k=0
For complex a and 0 < g < 1, the g-shift factorial are defined by [4]
(@:q)o:=1, (a;q)n =TI} (1 —ag®), n=1,2,...,
(@:¢) = lim (a;¢)-

The g-gamma function is defined by

M) = (0= (1),

The basic hypergeometric series are defined by [4]

too . _
a,as,...,dy (ai,az,...,ar ;q); < L (k)>l+s "y
) = § _1 2 )
r@s ( b1,by,...,bs 9 Z) ) (b1,b2,...,bs 59), (g3 q) =1V :
where

(a,..ar3q), = (@15 q), - - -(ar; q),-
The little g-Jacobi polynomials are defined by
q7x> b

(q 1q)- 4% qP; k. o B. N k(a+1) (45 q)=
m;‘apm :q":9)n(q39%,4" 1 q)q W

—n qa+ﬁ+n+1

pn(x;q“ﬂﬁ;q) = 20 ( g ’qa-»,-l

which satisfy the orthogonality relations

o+1 +1.
.q°

B qn(a+1)(1 _qa+ﬁ+1)(61ﬁ+176];q)n
T (1= gt (qut L gart BT g)

where oo > —1 and B > —1, see[l12].
THEOREM 4.1. Let o, B and 1 be real numbers such that
min(o, B—1n, n—1)>—1.
Then for all f € L* ((0, 1) ,x“% qx> , the inequality
xqr;
/lxa+n (qu |Ia+111f )|2dx
0 ()cq/3 m; K

q)..
(qa+1 qﬁﬂ,q) /1
0

= (q‘””“,qﬁ nH?‘I)m

17 dy

is valid, with equality holds when f (x) =
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Proof. When f (x) =1 we have I%*17 £ (x) = 1 and the equality is easily verified.
Let

(‘1a+17‘1[3+1;q)m l—qo‘+/3+2"+1 (qO‘Jrl,anrﬁH;q)n
uy (x) = (1=9) (4:4% P 2q) (1—q* BT @@ 0 (g,¢PHTq)

X P (x;q"‘,qﬁ;q>
B (qoc+n+l qﬁ n+1 )
Vn (X) - \/(1 (q qa+ﬁ+2 )
X ( atn g, )

(qa+l,6]ﬁ+l;6])mq"r’ (anrl’qﬁfnJrl;q)n
Sn = (q"“r"*l,qﬁ*"“;q)m (qﬁ+17qa+n+1;q)n.

. l_qa+[3+2n+1 (qa+n+l ,qa+ﬁ+1;q)
_ (1—qotB+1) gnletn+1) (q’qﬁfnﬂ;q)n

n

Using now the formula (19.4.24, [8])

Jo+Ln (pn <.;q“,qﬁ;q>> (x) = pn (x;qa+n,qﬁ—n;q> )

we get
1%y, (x) = s,v, (x).

For n=0,1,2,..., we have

Sl \/qn (1 — gotntly(1 — gB-ntnt1)

Sn (1_q/3+n+1)(1 _qa+n+n+1)’
and
lim s, = 0.
n—oo

Then, the condition
min(e, B—7n, n—1)>—1,
shows that the sequence {s,} is positive, decreasing and tending to 0.

(q*1.qP 1)
(q¢>r+11+l7q[37n+1;q)oo

Hence, from the Lemma 2.1, we have \/ is the norm of the
operator /%11 [J

Consider the family of operators, see ([8], 19.5.1)

Sr(f)(COSO) — (q7r2;q)°° ( 2i¢ 6721 )oof(COSQ))

2n A (rei(¢+9),re (¢+9),rel(¢ 9)7re (¢+9);q)wd¢7re(0’l)'

The operators S, satisfy the semigroup property [8]

S,08, =S, forrt,rt€(0,1).
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Let

ty (x) = (g,1112;q).. (t1t23q),, Pn(x3t1,12 ] q)
" 27t(q;q)nt12" (1169 11719 q).,

tt;q). (tit; rt Lt
vn(x):\/(q,lz Q) (111259),, _Pn(X:111,12/1 | q)

21 (qiq), ()™ (rtie® rme=%:q).,

, x=cosf

sp=1r",

where p, (x;t1,1 | ) is the Al-Salam-Chihara polynomials defined by

51751>~

If max(|#1],|r2]) < 1, then we have the orthogonality relations [12]

q—n’ tleie,tze‘ie

1, 0

pu(5t1,059) = 3¢2 (

2n
1

mns

1 /1 w(x; 11,12|q)
— —_— X;t1,0 X1, dx =
2 /) m pm( 1 ‘ 6]) pn( 1 ‘ 6]) (IIIZ;(])n(anrl,tltZ;(I)oo

where ] ]
(6216 , e—ZzG;q)w

. — . ] , X =cos0.
(1€, n1e79,12ei% e~ q),,

w(x; t1,52|q) ==
Using Theorem 19.5.1, [8], we obtain
g ( pastitalq) \  palxrtn/rlq)
f =
( - (

1€/ t1e719;q) rt1ef rtje=19;q)..’

and
Sy () (x) = s,v (%) .

Let
0<r<1, and max(|t|,|2]) < 1.

By Lemma 2.1, we get

= 1S, (f) (cos 8) d6

/n (20,6729 1176 11re19:q)
0 (ta/rei® 1y /re=19:q),,
_ /,t (€20, 720 1670 116710 )
0 (121,179 q).,

= | f(cos0)]>d6.

Note that, the equality holds when

1
(lleie,lle_ie;él)m

fx) =
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