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COMPOSITION IDENTITIES FOR THE CAPUTO FRACTIONAL
DERIVATIVES AND APPLICATIONS TO OPIAL-TYPE INEQUALITIES

M. ANDRIC, J. PECARIC AND 1. PERIC

(Communicated by N. Elezovic)

Abstract. This paper gives improvements of a composition rule for the left-sided and the right-
sided Caputo fractional derivatives. As application, improvements of Opial-type inequalities
involving the Caputo fractional derivatives are also given.

1. Introduction and preliminaries

This paper is motivated by the book of Anastassiou [2] and papers [3] and [4]
and presents improvements of a composition rule for the Caputo fractional derivatives
(compare Theorem 1.4 and Theorem 2.1).

First we follow [7] and survey some facts about fractional derivatives needed in
this paper.

By C"[a,b] we denote the space of all functions on [a,b] which have continuous
derivatives up to order m, and AC[a,b] is the space of all absolutely continuous func-
tions on [a,b]. By AC™[a,b] we denote the space of all functions g € C"~![a, b] with
g™V € ACla, b].

By L?[a,b], 1 < p < e, we denote the space of all Lebesgue measurable functions
f for which |f|? is Lebesgue integrable on [a,b], and by L™|[a, b] the set of all functions
measurable and essentially bounded on [a,b]. Clearly, L”[a,b] C LP[a,b] forall p>1.

Let f € L'[a,b], v >0, n=[v]+1 (][] is the integral part) and T is the gamma
function T'(v) = [; e 'tV"!dt. The Riemann-Liouville fractional integrals J,
(left-sided) and Jy_f (right-sided) of order v are defined by

T ) = ﬁ/ax(x—t)"*lf(t)dt, xe (ab], (L1)

\4 1 b v—1
Jb_f(x)zm/x (t—x)"" f()dr, x€lab). (1.2)
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LEMMA 1.1. [7, Lemma 2.3] Let 1 < p < oo, f € LP[a,b] and o, > 0. Then
the equations

JEI ) =8P r,  adP p ) =P p () (1.3)

are satisfied at almost every point x € [a,b|. If o+ > 1, then the relations in (1.3)
hold at any point of [a,b)].

For v>0,n=[v]+1, f € AC"a,b], where m=n if v¢ Ny and m=n—1 if
v € Ny, the Caputo fractional derivatives of order v D}, f (left-sided) and D}_f
(right-sided) are defined by

Dz‘1/+ (x) = (DL [f— Tn1(fsa ]) (x)
Dy_f(x) = (Dy_[f =T (f:b)]) (%),
where T,,1(f;a)(1) = X L (4 — @), Tt (£:B)(0) = 37 LA (b —1)* and
DY T D,‘)’f denote the left- s1ded and the right-sided Riemann- L10uv1lle fractlonal deriva-

tives (see [7, p.91]).
The following theorem appears to be more convenient for us in upcoming results.

)
)

THEOREM 1.2. [7, Theorem2.1] Let v >0, n=[v]+ 1. If f € AC™[a,b], m=
if v¢ Ng and m=n—1 if v € Ny, then the Caputo fractional derivatives D) f (left-
sided) and D)_f (right-sided) exist almost everywhere on [a,b].

(a) If v €Ny, then D}, f and D)_f are represented by

DLW = s [ e a0
and
DY_f(x) = r((;)}:/) /x b(z—x)"*V*1 FO () de = (—1)" T F (x). (15)

In particular, when 0 < v < 1 and f € AC[a,b],

! )/x(x—t)"’f’(t)dt::Jj;V '(x) (1.6)

DY =
a+ ()C) F(l—v u

and | .
DY) =~y L =0 0= A7 WA
(b) If v=n €Ny, then Dy, f and D}_f are represented by

Dy f(x) =), Dy f(x0)=(=1)"f"(x). (1.8)

In particular,

DY, f(x)=Dj_f(x) = f(x). (1.9)
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The following statement is analogous to that of Theorem 1.2 for functions f €
C"[a,b].

THEOREM 1.3. [7, Theorem 2.2] Let v >0, n=[v]+1 and let f € C"[a,D].
Then the Caputo fractional derivatives D), f and D) _f are continuous on [a,b].

(a) If v € Ny, then Dy, f and D_f are represented by (1.4) and (1.5) respectively.
Moreover,

DY, f(a)=D}_f(b)=0. (1.10)

In particular, they have the forms (1.6) and (1.7) for 0 < v < 1, respectively.

(b) If v =n € No, then Dy, f and Dy_f have representations given in (1.8). In
particular, the relations in (1.9) hold.

The following identities are instructive for results in this paper (for more details
see [7, Lemma 2.5, Lemma 2.6]):

n—1 ¢(i) )
200 = 1) -3 T e,
i=0
n=1(_1yi £(i) ‘
T ) = flx) - (l)ii{(l))(b—x)’,neN.
i=0 :

Our first goal is to improve composition identity for the left-sided Caputo frac-
tional derivatives in the following theorem, identity (1.12). We will prove that it is not
necessary to assume that f() (a) = 0 for k < m and that condition v —y > 1 can be
relaxed. This will be used in all presented Opial-type inequalities involving the Caputo
fractional derivatives.

THEOREM 1.4. [2, Theorem 16.16] Let v > y+1, y>0. Call n= v]+1,
m=1[y]+1. Assume f € AC"[a,b] such that f¥)(a)=0 for i=0,1,...,n—1, and
D}, f € Lw(a,b). Then

DI, f€Cla,b], DI f(x)=Jp5"f"(x), (L11)

and

l X
Dl f(x) = m/ﬂ (x—0)""""'DY, f(t)dr (1.12)

forall x € |a,b].

Also we will give composition identity for the right-sided Caputo fractional deriva-
tives (see Theorem 2.2).
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2. Main result

We relax some conditions in composition identity for the left-sided Caputo frac-
tional derivative given in Theorem 1.4.

THEOREM 2.1. Let v>y>0, n=[v]+1, m=[y]|+1 and f € AC[a,b], k=
ifv¢ Ny and k=n—1if veNy. Let D). f,D!, f € L'[a,b]. Supposethatoneofthe
following conditions holds:

(a) v, v¢ Ny andf(i)(a):0f0ri=m,...,n—l.

(b) veN, y¢ Ny and f(a)=0 fori=m,...,n—2.
(c) véN, yeNgand fO(a) =0 fori=m—1,....n—1.
(d) veN, yeNgand fD(a)=0fori=m—1,...,n—2.

Then | .
D), (x):m/a (x—2)""" DY, f(t)dtr. 2.1)

Proof. We give two proofs of the assertion (a). The proofs of the assertions (b),
(c), (d) follows the same lines. Let v >y > 0. Then using the Fubini theorem (note that
" € L'[a,b] and JZ, is a bounded operator on L![a,b]; see for example [7, Lemma
2.1]), change of variables and the definition of the beta function, we have

—6;—;y/%x—yY”“*l%+fUﬁw

=) /’[’x PV =) 0 dedy
y=a a

/ x—y) " Yy =)V dydr
y=

(V—Y) I(n— !
v T=v) Y o / / W e —u—1)""V " Ydudt
- 0

1
— r(v y n_ /f /0 —tn Y= 1 V Y= I(I—V)n7V71dth

_ B(V Y.n— ) X— n—y—1 ¢(n)
ﬂ;—ﬁ7——7l< L) (1)
1

B A Y )
=y, G 0ar,

Hence, for v > y > 0 we have

1
F(n—7y)

1 )/x(x—y)v‘y‘lDL (y)dy=

= L[@-g%%kump
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Case 1. Let [v] = [y], thatis n = m. Then (2.1) follows with no boundary condi-
tions.

Case 2. Let [v] > [y]. Then [v] > y also, and therefore n —y—1 > 0. Using
integration by parts, it follows

ﬁ/jo‘—ﬂ””‘lﬂ"’(r)dr
= ﬁ [(x—t)")’lf(nl)(t) :Jr(n_y_ l)/‘ux(x_t)nfy72f(nfl)(t)dt
= ‘f(”fl)(a) — O‘

= ﬁLx(x—t)"‘y‘zf(”‘l’(t>dt~

Case 2a. Let [v] = [y]+1. Then m = n— 1 and with boundary condition =1 (a)
=0 follows (2.1).

Case 2b. Let [v] > [y]+1. Then n—y—2>0 and

ﬁ / =2 )

1

_ Xx—1)" —2 p(n—2) *
e e A0 I

= fom L .

(r=7=2) [ Gemey 2

Case 2b.1. Let [v] = [y]+2. Then m = n—2 and, with boundary conditions
f=U(a) = f"=2)(a) = 0, the proof of (2.1) is complete.

Case 2b.2. Continuing in this way, in the last step, when m =n — (n—m), we have
that with boundary conditions "~ (a) =--- = ") (a) = 0 follows (2.1).
~ We will also prove equality (2.1) using the Laplace transform. Let v >y > 0 and
f@(a)=0fori=m,m+1,....n—1. By Lemma 1.1 we have
V VDV+f JV YJ" \% Yf
Set g = ™ Now (2.1) can be written as
Ja g (e) = I T ), (2.2)

where x € [a,b] and g(a) = g'(a) = --- = g1 (a) = 0. Define auxiliary function
h:0,00) — R with

glx+a),x€0,b—ad]

"= 2.3
(x) {ZZ:g[ g(k]i!(b)(x_b+a)k’x>b_a ( )
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Obviously A(0) = 1'(0) = --- = h"="=1(0) = 0. Also h has polynomial growth at
oo, so the Laplace transform of / exists. Using simple substitution the identity (2.2) is
equivalent to the identity

# Xx_ m—y—1 — 1 xx_ n—y—1 (nfm)
r(m_y)/o( )" h(r)dt F(n—)/)/o( "R (e dr (2.4)

Using standard properties of the Laplace transform we have

@ (ﬁ/ox(x—t)mylh(t)do (s)

1 o o
B miﬂ(x ! 1) (5)Z(h)(s) = s""Z(h)(s). 2.5)

On the other hand we have

b (ﬁ /0 Ce— 1 1pnm) (t)dt) (s)

1 n—y— n—m
- m.Dzﬂ(x Y 1)(s)$<h( >)(s)
=7 L(h)(s) =T L (h)(s). (2.6)

Using (2.5) and (2.6) it follows that both sides of (2.4) have the same Laplace transform,
we conclude that equality holds in (2.4) for every x > 0 (see [1 1, Theorem 6.3]). [

Next theorem gives us a composition identity for the right-sided Caputo fractional
derivatives.

THEOREM 2.2. Let v>y>0, n=[v]+1, m=[y]+1 and f € AC*a,b], k=n
ifvéNgand k=n—1if veNy. Let D,‘]’ff,DZ_fELl[a,b]. Suppose that one of the
following conditions holds:

(a) v, y¢ Ny and fO(b) =0 fori=m,....n—1,
(b) veN, y¢ Ny and fO(b)=0fori=m,...,.n—2.
(c) véN, yeNgand fO(b)=0fori=m—1,....n—1.

(d) veN, yeNgand fO(b)=0fori=m—1,...,n—2.

Then

Dy f(x)=

b
r(v—y)/x (1 =x)" " Dy_f(r)d. (2.7)
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Proof. Letv>y>0and f)(b)=0 fori=m,m+1,...,n—1. Then

b
ﬁ / (y—x)""""'Dy_f(y)dy

v Ty Y = / /t =2 =y () dedy
x Jr=y

# [ 10 [ o=t

= Ty Y T /f / W N —u—x)""V  dudr

_ (v Y n_ / f / )n Y= 1 V Y= l(l—V)n7V71dth

:( 1)"B(v— %n_) =1 pn)
T >/x(’ Y1) (1)

_ (_1)11 b n—y— n
= Fouy | 0 0

Hence, for v > v > 0 we have

L [ b pmar= 1 e ar

Tv=7)Jx T(n—7)

Case 1. Let [v] =[y], thatis n =m. Then (2.7) follows with no boundary con-
ditions.

Case 2. Let [v] > [y]. Then [v] > y also, and therefore n—y—1 > 0. Using
integration by parts, it follows

(_1)" b n—y—1 ¢(n

r(n—y)/x(’_x) T () de
(=) oy ) b_ . b 2 e
—r(,,_w[(t PO = n—y=1) [ 2 Ve ar

_1\n—1
- _r((n_—l)y— ) [t

Case 2a. Let [vV] =[y]4+ 1. Then m =n—1 and with boundary condition
F0=1(b) =0 follows (2.7).
Case 2b. Let [V]>[y]+1.Then n—y—2>0 and

G LR gt
Moy L T oa

_ (_l)nil n—y—2 p(n— b b n—v—3 rln—

= Py |0 o [
(-

b
= T—y-2) / (t=x)" 73 D ().
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Case 2b.1. Let [v] =[y]+2. Then m = n—2 and, with boundary conditions
FO=1(p) = f"=2)(b) = 0, the proof of (ii) is complete.

Hence, by induction, in the last step, that is m = n — (n — m), we have boundary
conditions f"~1)(b) = ... = f0")(b) = 0 and proved equality (2.7). [

3. Opial-type inequalities

Here we present Opial-type inequalities involving the Caputo fractional derivatives
and they improve those from [2, Section 16.3.1]. The following theorems are based on
[3] and [4] where this was done for the Riemann-Liouville fractional derivatives.

THEOREM 3.1. Suppose that the assumptions of Theorem 2.1 hold. Suppose also
pg>1, 3+ =1,v>y+, and Dy, f € L[a,b]. Then

/:|DZ+ w)| | DYy f(w)] dw < Cy(x) (/:}DXJF (w)|qdw>q7 a.e.x € [a,b], (3.1)

where

(x—a)*

Cl(x) =

=— , r=v—y—1.
2¢aT(r+1)(rp+1)

S| T

(rp—|—2)%

Inequality (3.1) is sharp for v = y+ 1 where equality is attained for a function f such
(t-a)

that D), f(t) =1 for every t € [a,b] (for example f(t) = oot )

We give a proof of the following theorem which is the right-sided version of The-

orem 3.1. A proof of Theorem 3.1 is analogous.

THEOREM 3.2. Suppose that the assumptions of Theorem 2.2 hold. Suppose also
p,g>1, 1+ 1=1,v>y+ and Dy f € La,b]. Then

b b %
/x IDY_f(w)| |Dy_f(w)| dw < Ca(x) ( /x |Dy_ f(w)yqdw) ,a.e x € [a,b], (3.2)

where

r+
G(x) = 1 (b=x)
2¢40(r+ 1)(rp+1)

, r=v—y—1

Sl=]| T

1
(rp+2)r
Inequality (3.2) is sharp for v =Y+ 1 where equality is attained for a function f such

that Dy_f(t) =1 for every t € [a,b] (for example f(t) = IE}Z;QIV) ).
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Proof. Using Theorem 2.2, the triangle inequality and Holder inequality we have:

b
o [ g

ﬁ(/j(r— P’dt) (/ |Dy_f(1) ’th>

1 (b—w)”‘F b p i
V=7 (pr 1) </w D510 dt) ' (3-3)

Set z(w) = [ |Dy_f(t)|"dr. Obviously Z(w) = — |D}_f(w)|*. Using (3.3) it follows:

Dy f(w)]

N

N

1 (b—w)tr e

Using again the Holder inequality and simple integration we have

/xh(b — W)V+EZ§( ) (=2 (w)) g dw

< ([ o-wrrian) : ([ 2 (-2 myav)’

)t b :
- % (%/ |D,‘jf(t)’th> . (3.5)
pr+2)r *

Using (3.4) and (3.5) we obviously obtain (3.2).

Using equality condition in Holder’s inequality it follows that equality holds in
(3.3)ifand only if |D}_f(t)|" = C(r—w)?" and D}_(r) >0 for some C >0 D}_(t) >
0 for every t € [x,b]. This implies r =0 or v = y+ 1. Direct verification shows that
for a function f for which D;_ f = 1 equality holds also in (3.5). [

<
=21

}Dl_f(w)} |D1‘;_f(W)| < (3.4)

COROLLARY 3.3. Suppose that the assumptions of Theorem 3.1 and Theorem 3.2
hold. Suppose also 1 < q < 2. Then

#
RO dw—i—/% IDL_£(w)| |DY_f(w)|dw
ath 2
a+bo q
sclz a+b ( v fawr [ |D,,f |qdw> 66
e
where Cy (%52) = C (42) = G (%42). Inequality (3.6) is sharp for q =2 and

v=7v+1.

Proof. Inequality (3.0) is a simple consequence of inequalities (3.1), (3.2) and
elementary inequality (x+y)* > x* +y* which holds for « > 1. O
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REMARK 3.4. For v =1, y=0 and g = 2 inequality (3.6) implies classical
Opial’s inequality (see for example [1]). Boundary conditions f(a) = f(b) = 0 follow
from (d) case in Theorems 2.1 and 2.2.

Next theorem is motivated by Pang-Agarwal’s extension (see [10, Theorem 1.1])
of an inequality proved by Fink for ordinary derivatives (see [6]).

THEOREM 3.5. Let v>p>2n+121, n=[v|+1, mi=[n]+1, my=[p]+1,
p,q > 1 such that l%—l—é: 1 and f € AC¥[a,b], k=n if v¢ Ny and k=n—1 if
v € Ny. Let D}, f € L[a,b]. Suppose that one of the following conditions holds:

(@) v, n € Ny and fO(a) =0 for i=my,....n—1.

(b) veN, v ¢ Ny and f(a) =0 for i=my,...,n—2.
(c) V&N, €Ny and fO(a) =0 fori=m —1,....n—1.
(d) veN, nneNy andf(i)(a):0f0ri=m1—l,...,n—2.

Then R
[t s as< e (k@) 6
where
o r1+l’2+l+%
C3(x) = — — T T
2« (r+ )T (n+2)[p(rn+ D)+ 17 [p(ri+r+1)+2]?

where ri=v—%—1,i=1,2.
Inequality (3.7) is sharp for v =7y + 1.

Proof. First we have rj —rp, —1 >0 since o > 71+ 1. Let a <t <s < x. The
following estimation is proved in [6]):

1

x—1)1(x—s)2H! .
o s, 68

X
[ le=0te=s)7 + =92 -n)Far <
where (7 —1)% is define by

(1—1)% = (t—0)%, if a<r<T<x,
+ 0 ,ifa<t<r<x

In the following calculation we abbreviate
cri=C(V-pIv-n)", a=Cv-p+)IVv-n)",

1
c3i=(v—mn)p+1, e::2v—yl—y2—1+l—).
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Let a < 7<x, j=1,2. Using Theorem 2.1 (notice that conditions (a)-(d) ensure that
analogous conditions hold also for ) we have:

1 )/Xw—rﬂ(zm ()t

(DY (1) = v —7,) Ja

Using this representation, the auxiliary inequality (3.8), and Holder’s inequality, we
obtain

NGO
a [ ([1wrnwie-o7a) /:|<Dx+ o)l —s)zds)dT  (3.9)

—a [ losnol( [ 1oL

([l + (o2 n)d) ds)a

C2/| DY, f)(t /| —z)’l(x—s)’2+1ds)dz (3.10)
<o [ Lol / (DY, /) |qu) ([ =y <,2+1>ds>%d
’ [ (3.11)
:czcgl/f’/x|(p;+f X—1)F /| |qu)%’dz
<o ([10Lnor([ \(DZ+f)(S)I"dS) a)' ([crprar)’ a)
=Czcgl/p(£p—|—1) I/P(x a) 817+1 /F( / |(D |th> )é

It is obvious that in the case 75 = 71 + 1 equality holds in (3.8). Using equality
condition for Holder’s inequality equality holds in (3.11) for a function f for which
(DY, f(s))* = (x—s)P2+D | A straightforward calculation shows that for this function
equality also holds (3.12). Equality in (3.9) in this case is obvious. []

We remark here that under suitable assumptions on a function f (for example
when D), f is continuous on [a,b]) we have

1 T
lim DZZ = lim 7/ T—1)""7IDY. f(r)dr,
V-0 -+ ( ) V-0 F(V _ ,yz) u ( ) -+ ( )

(see [5, Section 3]), so we can formally compare estimations obtained in Theorem 3.1
and Theorem 3.5. This is interesting because inequalities (3.1) and (3.7) are obtained
in a different way. Setting v =7 and y; = ¥ in C3(x), we have

2
(x a)r+—

2q1"(r+ 1)[pr—|—2]

G3(x) =

,r=v—y—1,
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so obviously Cj(x) < C3(x) for r > 0, so estimation in Theorem 3.1 is better than
estimation in Theorem 3.5.
The following right-sided version of Theorem 3.5 can be proven analogously.

THEOREM 3.6. Let v>p=>y+1>21, n=[V]+1, m =[n]+1, mm=[p]+1,
p,q > 1 such that I%—l—é: 1 and f € AC¥[a,b], k=n if v¢ Ny and k=n—1 if
v eNy. Let Dy_f € L1[a,b]. Suppose that one of the following conditions holds:

(a) v, n €Ny and fO(b) =0 for i=my,....n—1.

(b) veN, v ¢ Ny and fO(b) =0 for i=my,...,n—2.
(c) VéN, €Ny and fO(b) =0 fori=m—1,....n—1.
(d) veN, y1 €Ny and fOb)=0fori=m —1,...,n—2.

Then
2

b b q
/x IDJL (D) |DE_f(2)] dT < Calx) ( / |DZ_f(r>|”dr> : (3.13)

where

(b _x)r1+l’2+l+2

C4 (x)

P
1L
P

2T 4 DT (a4 2)[p(r+ )+ 1P [p (ot D) +2JF

where ri=v—7y%—1,i=1,2.
Inequality (3.13) is sharp for », = y1+ 1.

A generalization of the classical Opial inequality in this setting also holds. The
proof is analogous to the proof of Corollary 3.3.

COROLLARY 3.7. Suppose that the assumptions of Theorem 3.5 and Theorem 3.6
hold. Suppose also 1 < q < 2. Then

a+tb

atb b
[ i pon] D pon]dwet [ D7 pon)] [DF )|

atb
2

2
q

b st b
<c374<‘”2r )(/ ’ Dy, (w)’qdw—i—/ﬁh |D,‘,’f(w)|qdw> . (3.14)
a 7

where C3 4 (azib) =C3 (#) =Cy (#) Inequality (3.14) is sharp for g =2 and
r=n+l

To complete studying various types of Opial’s inequalities with two fractional
derivatives on the left-hand side of an inequality, we present the following theorem
which is improvement of [2, Theorem 16.21].
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THEOREM 3.8. Let v>y+1, vy>0, p,g>1,
Suppose that the assumptions of Theorem 2.1 hold. Then

/ax |DZ+ (W)|

where

+-=1.Let D), f € L[a,b).

1,1
P q
en

x 2
+f(w)) dw < Cs(x) (/ DY, (w)|qdw) ,ae.x € [abl,
(3.15)

N 2r+%
Cs(x) = (x—a)” s, r=v—y—1L

2 (r+1)(rp+ 1)
Inequality (3.15) is sharp and equality in (3.15) is attained for a function f for
which DY, f(t) = (x—1)7 .

Proof. Using Theorem 2.1 we have

DL, f(w)] < ﬁ/ﬂw(w—t)”DLr (t)|dt :==U(w).

Using again Theorem 2.1 and since r > 0 we have

DIy < % / "oty DY, £ di = U (w).

By Holder’s inequality, we have

/ (DL, f)(0)||(DL f)(@)]de

< [v@v o= 10w
- MW( /x<x—r>r|<Dx+f><t>|dr)2
< s (oo a) ([ osnora)
= STCATP (<;+)1> ([ e 'th)%

Arguing the equality case is as in previous theorems. []

Although Theorem 3.8 and Theorem 3.5 for 5 = y; + 1 are proved by different
methods, they give the same (the best possible) estimation.
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