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Abstract. In this paper, we present some monotonicity theorems involving the generalized el-
liptic integrals #;(r) and &,(r), and find an asymptotic property of .#,(r) when r — 1. As
applications, some well known results are improved.

1. Introduction

For real numbers a, b and ¢ with ¢ #0,—1,—2,---, the Gaussian hypergeometric
function is defined by

< (a,n)(b,n) x"
F(a,b;c;x) =,F(a,b;c;x) = —_— 1. 1.1
(a,b;c;x) =2 F 1 (a,b;c;x) ,ZE) ) nl x| < (1.1)

Here (a,0) =1 for a # 0 and (a,n) denotes the shifted factorial function
(a,n)=ala+1)(a+2)(a+3)---(a+n—1)

for n=1,2,---. It is well known that F(a,b;c;x) has many important applications,
and many classes of special functions in mathematical physics are particular or limiting
cases of this function. For these, and for properties of F(a,b;c;x) see [2, 7, 14-16, 19,
20, 24].
For r € (0,1), a € (0,1) and ¥ = v/1 —r2, the generalized elliptic integrals are
defined by
Hy = Hy(r) =rF(a,1 —a;1;r%)/2,
He = A (r) = Ha(r), (1.2)
Ha(0) =7/2, Ha(l) =oo

and
En=6E(r)=nF(a—1,1—a;1;r%)/2,
éou/:éi;(r):ga(r/): (13)
&4(0)=m/2, &(1) = [sin(na)]/[2(1 — a)],
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Keywords and phrases: Gaussian hypergeometric function, generalized elliptic integrals, monotonic-
ity.

This research was supported by the Natural Science Foundation of China (Grant Nos. 11071069, 11171307), and
Innovation Team Foundation of the Department of Education of Zhejiang Province under Grant T200924.
* Corresponding author.

© IV, Zagreb 671

Paper MIA-16-50


http://dx.doi.org/10.7153/mia-16-50

672 M.-K. WANG, Y.-M. CHU AND S.-L. QiU

which arise from the Schwarz-Christoffel transformation of the upper half-plane onto
a parallelogram. In particular, when a = 1/2, the functions J#,(r) and &,(r) reduce
to ¢ (r) and &(r), respectively, which are the complete elliptic integrals of the first
and second kind [1, 4, 18]. By symmetry of (1.2), we assume that a € (0,1/2] in the
sequel.

Recently, the Gaussian hypergeometric function and generalized elliptic integrals
have been the subject of intensive research [5, 6, 8, 10, 11, 13, 17, 21-23, 25]. In
particular, the quotient of hypergeometric functions plays an important role in deriving
important inequalities and identities, for example, S. Simi¢ and M. Vuorinen [22] estab-
lished Landen inequalities for zero-balanced hypergeometric function by showing the
monotonicity properties of the quotient F(a,b;a+b;x)/F(1/2,1/2;1;x) with a,b> 0.
In [21], the authors considered the quotient (F'(a,b;c,x)+ F(a,b;c;y))/F(a,b;c;z) and
the difference F(a,b;c,x)+ F(a,b;c;y) — F(a,b;c;z) for a,b,c >0 and 0 <x <y <1
with z = x4y —xy, and give best possible bounds for both expressions under various
hypotheses about the parameter triple (a,b;c).

In [9], Carlson and Gustafson proved that

H(r) 4

< 1.4
log(4/r) = 3+712 (14)
forall r € (0,1). Later, Anderson et al. [3] conjectured that
9
2 (r) (1.5)

<
8+r2 " log(4/r)
forall r € (0,1). Inequality (1.5) was proved by Kiihnau [12].

The purpose of this paper is to establish the new monotonicity properties of the
generalized elliptic integrals J#;(r) and &,(r), present the generalization form of in-
equality (1.4), and improve inequality (1.5).

2. Lemmas

In order to establish our main results we need several formulas and Lemmas, which
we present in this section.
Throughout this paper, we denote ¥ = /1 —r2 for 0 < r < 1. Let

R(a,b) = —2y—Y¥(a) —¥(D), R(a) =R(a,1 —a),

where 7 is the Euler-Mascheroni constant defined by
n

1
y=lim () T logn) =0.577215...

n—oo

and
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The following formulas were presented in [18]:

dxt, 2(1-a) p &, 2a-1)

dr —7(5a—r Ha), dr — r (Ha = &a),
d 2l —a)yré,  d P B

dr(% &) = 7 o (&n—T1" ) =2ar,.

LEMMA 2.1. [4, Theorem 1.25] For —eo <a<b <oo, let f,g: [a,b] — R be con-
tinuous on |a, b, and be differentiable on (a,b), let g'(x) # 0 on (a,b). If f'(x)/g'(x)
is increasing (decreasing) on (a,b), then so are

f(x) — fla) f(x) — f(b)
and .
8(x) —g(a) 8(x) —g(b)

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

The following Lemma 2.2 follows from [1, Lemma 5.2(1), (3)—(4), (6) and Lemma
5.4(1)] and [15, Theorem 2.3].

LEMMA 2.2. Let a € (0,1/2], then

(1) (& —r2,)](F2) is strictly increasing from (0,1) onto

(wa/2,[sin(ma)]/[2(1 - a)]);
(2)
(3)
@) P (A — &)/ (P& is strictly decreasing from (0,1) onto (0,1 —a);

(Hq— &) (P4 is strictly increasing from (0,1) onto (1 —a,1);
(& — 124,) ) (24,) is strictly decreasing from (0,1) onto (0,a);

(5) r'°#, is strictly decreasing from (0,1) onto (0,7/2) if and only if
c>2a(l —a);

(6) A,/ |log (eR(“)/z/r’)] is strictly decreasing from (0, 1) onto (sin(ra),n/R(a)).

3. Main Results

THEOREM 3.1. Let a € (0,1/2], then

1) f=[1-a)(&— r’2%) — ar’z(% — &,)]/r* is strictly increasing from (0,1)
onto (ma(1 —a)(2 —a)/4,[sin(na)] /2);

) g(r) = {[sin(ma)] /[2(1 — a)] — (& — "> 2.)} J{r* [R(a) /2 —logF]} is strictly
decreasing from (0,1) onto (asin(ra),[sin(xwa)]/[R(a)(1 —a)]);

= [(1 —a) Ay +a&,—r/2)/[log(1/r) — /2] is strictly increasing from
(0,1) onto (ma(l —a)*(2—a)/2,(1 —a)sin(ra));
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@) F(r)y=é&,— P20 i strictly increasing from (0,1) onto

(0, [sin(7a)]/[2(1 = a)]);
(5) G(r) =2&,— r*, is strictly increasing in (0,1) if and only if a =1/2;

(6) H(r)=(1+r)2, is strictly increasing in (0,1) if and only if a=1/2.

Proof. For part (1), clearly f(1 ) = [sin(ma)] /2. Let fi(r) = (1 —a)(&,
72 Hy) —ar (Ao — &g) and fo(r) =, then £1(0) = f2(0) =0, £(r) = f1(r)/ f2(r)

and
fi'lr)  a2—a) A, — &,
Ry 2 rro
From equation (3.1), Lemma 2.1, Lemma 2.2(2) and I’Hopital’s rule we clearly
see that f(r) is strictly increasing in (0,1) and f(07) = wa(1 —a)(2 —a)/4.
For part (2), clearly (0°) = fsin(ra)]/[(1 - @)R(a)]. Let g1(r) = [sin(a))
2(1—a)]— (6 —r* Ha) and g(r) = r*[R(a)/2 —logr’], then g (17) = g>(17) =0,
g(r) =g1(r)/g2(r) and

gi'(r) _ 2a
g'(r) 2 [log (eR(H)/z/r’)] [ Hg— 1)y

3.1)

(3.2)

It follows from (3.2), Lemma 2.1 and Lemma 2.2(6) together with I’'Hopital’s rule
that g(r) is strictly decreasing in (0,1) and g(1~) = asin(na).

For part (3), let 2 (r) = (1 —a)#, +a&, — x/2 and hy(r) = log(1/r) —r*/2,
then £;(0) = h,(0) =0, h(r) = hy(r)/h2(r) and

(1 —a)(&—r*Hy) — ar*(Hy— &)

=2(1—a) r4

(3.3)

From (3.3), part (1) and Lemma 2.1 we know that h(r) is strictly increasing in
(0,1). Making use of I’'Hopital’s rule we conclude that 4(0%) = wa(l —a)*(2 —a)/2
and h(17) = (1 —a)sin(ra).

For part (4), clearly F(0") =0 and F(17) = [sin(7a)]/[2(1 — a)]. By differenti-
ation one has

_ 2
F'(r)=2(1—-a) _fa ‘”@urrﬁza%_/ﬁuu
r r
2(1—a)(1—r™ &,
- 20X /M)(% J o, (3.4)
"

Therefore, the monotonicity of F(r) follows from inequality (3.4).
For part (5), by differentiation we have

G (r) = r#,Gy(r), (3.5)
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where

<%/a - éaa
2ot
From (3.6) and Lemma 2.2(2) we clearly see that G| (r) is strictly decreasing from
(0,1) onto (4a—2,2(—a?+3a—1)). Then part (5) follows from (3.5) and the range
of Gy (r) .
For part (6), simple computation leads to

Gi(r)=2a—-2(1—a) (3.6)

H'(r) = r’ P Hy (), 3.7)

where
r </ﬂi/( 11/2 /71/2)

Hy(r) = 2(1 —a) & g "2, (3.8)

It is well known that the function r+— r—+ 1/r is strictly decreasing in (0,1). Then
from (3.8), and Lemma 2.2(1) and (5) we conclude that H; (r) is strictly increasing from
(0,1) onto (—7(1 —2a)?/2,+). Therefore, part (6) follows from (3.7) and the range
of H1 (I") .o

THEOREM 3.2. Let a € (0,1/2], then

r’2%(r)
Ho(r)/sin(ra) —log(eR@)/2 /")

is strictly decreasing from (0,1) onto ([sin(ma)]/|a(1 —a)],x[sin(ra)] /(7 — R(a)
sin(ra)]). Moreover, the inequality

J(r)=

sin(za) - Ho(r - sin(za)
o+ (1—oa)r* " log(eR@/2/r) =~ B+ (1—p)r?
holds for all r € (0,1) with the best possible constants o = [sin(ma)|R(a)/® and B =
a@—a+l.
Proof. Let Jy(r) = r’zji/(r) and Jo(r) = [#4(r)/ sin(ma)] —log(eR@/2 /'), then
Ji(17) = (17) =0, J(r) = Ji(r) /J2(r) and

W) _ 2 +2(1—a)(Ea— > Ha)
L) [2(1—a)(&— 2 ;) ) (rr? sin(a))] — r/r’?
P22 —2(1 —a)(Ea—r o) )P
)

T 1-2(1—a)(6a— 2 A /[ sin(na)]

(3.9)

(3.10)

Denote J3(r) = 22, — 2(1 — a)(&, — F*4,) /r?] and J4(r) = 1 —2(1 — a)
A A Sln(”a)]- Then J3(17) = J4(17) =0, Ji'(r) /2 (r) = J3(r)/Ja(r)
and

() (l—a)(i4+2)(Ha— &) +r(2a—1—a"*) A,
Ji (r) [(1—a)/sin(ra)][a(H, — &) — (1 —a)(&a— r’z%)} '

(3.11)
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Let Js(r) = (1 —a)(1 4+ r2) (Ao — &) + 2 (2a— 1 —a*’'*) A, and Js(r) = [(1 —
@)/ sin(ra)|[a( Ao — €2 — (1—a)(Ey— 1> )], then J5(0) = Js(0) = 0, J'(r) /' (r) =
J5(r)/J6(r) and

Js'(r) (@ —a+ )" (A, — &)sin(na)

Jo'(r) a(l—a)(&,—r'* )

rsin(ma)

a(l —a)X(&,—r*A)

[(a+ 1) A+ (1—a)é&). (3.12)

It follows from (3.12), Lemma 2.2(1) and (4)-(5) that Js'(r)/J¢'(r) is strictly de-
creasing in (0,1). Then equations (3.10) and (3.11) together with Lemma 2.1 lead
to the conclusion that J(r) is strictly decreasing in (0, 1). Moreover, Making use of
I’Hopital’s rule we get

. _ msin(ra)
M50 = 2 R@ sin(ra) G19
and in(a)
. sin(mwa

Therefore, Theorem 3.2 follows from (3.13) and (3.14) together with the mono-
tonicity of J(r). O

Taking a = 1/2 in Theorem 3.2, then we get inequality (1.4) and improve inequal-
ity (1.5) as follows.
COROLLARY 3.3. Inequality

1 H(r) 1
@+ (1—a)2 " log(d/r) ~ B+ (1-B)r

(3.15)
holds for all r € (0,1) with the best possible constants o* =4(log2)/m and B* =3/4.
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