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COMMUTATORS FOR MULTIPLIERS ON BESOV DUNKL SPACES

SALLAM HASSANI AND MOHAMED SIFI

(Communicated by J. Pecari¢)

Abstract. In this paper, we first study the boundedness properties of the Dunkl multiplier of the
interval [a,b] associated with the reflection group Z,. Next, we prove that the commutator
[T,T,] is bounded on the Besov Dunkl spaces BDg’q, if T is a bounded linear operator on

BD;fj 4 (j=0,1 and 0 < 6y < G < Gp) and T, is a dyadic admissible multiplier. These
results are obtained for the multi-dimensional Dunkl transform associated to the reflection group
zd.

1. Introduction

Dunkl operators provide an essential tool to extend Fourier analysis on Euclidean
spaces. Since their invention in 1989, these operators have largely contributed in the
setting of root systems and associated reflection groups, to the development of harmonic
analysis. One of the most important issues related to the harmonic analysis is the prob-
lem of multipliers and commutators. In [15], Rochberg and Weiss developed the study
of the commutators of bounded linear operators and certain operators, generally un-
bounded and nonlinear, associated with the complex interpolation method, with very
interesting application to estimates for commutators of singular integrals with point-
wise multipliers. A similar construction was done in [12] by Jawerth, Rochberg and
Weiss for the real method, and further results and applications to classical analysis have
been obtained in [5], [7] and [8], among others.

Let m be a bounded measurable function, the Dunkl multiplier P,, associated with
m is defined, for a suitable function f, by

Puf(x) = Fe(mF f)(—x),

where %, denotes the Dunkl transform (for more details see the next section). This
operator reduces to the well-known Fourier multiplier in the case where the multiplicity
function x is equal to 0.

Several results in classical Fourier multipliers have been extended to the setting
of Dunkl transform. In the particular case, when m = x| 1], where x4 denotes the
characteristic function of the set A, Betancor, Ciaurri and Varona give a condition en-
suring the boundedness of P[,u] (cf. [4]). The same conclusion is obtained by Nowak
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and Stempak in [13] via the Dunkl transplantation operator. More generally, they have
successfully linked Fourier multipliers to the Dunkl one. The first part of this paper
is devoted to the study of L” boundedness of the Dunkl multiplier associated with all
interval [a,b].

In the second part of the paper, we prove a commutator theorem. To be more
precise, we study the boundedness of the commutator [T, 7| =TT, — T, T, where T is
any bounded linear operator on Besov Dunkl spaces Bng 4 (j=0,1and 0< 01 < 0p)
and 7}, is an admissible dyadic multiplier.

The description of Besov Dunkl classes as approximation spaces, the calculation
of almost optimal approximation elements in combination with real interpolation and
the cancelation properties of the commutators will be the main tools used in the proof
of the commutator theorem.

2. Preliminaries

This section is devoted to the preliminaries and background. We recall some nota-
tions and results in Dunkl theory (cf. [9], [10], [11], [17], [18], [20]).

Let ey,...,eq be the standard basis of RY. We denote by o; (foreach j from 1 to
d) the reflection with respect to the hyperplane perpendicular to e;, that is to say for
every x = (x1,...,xq) € R?

x,e;j
oj(x)=x—2 < "2> ej,
[le;
of course (.,.) is the usual inner product on R? x R and ||.|| is the associated norm.
Let G be the finite reflection group generated by {o;: j=1,...,d}, so G is isomorphic

to Z4.

Let xi,...,K; be nonnegative real numbers. Associated with these objects are the
Dunkl operators D;, j=1,...,d which have been introduced in [10] by Dunkl. They
are given for x € R?, by

fxj) = f(=x))
D;f(xj) = 9jf (x)) + kj—————",
J
where d; denotes the usual partial derivative.
The Dunkl operators are antisymmetric with respect to the measure 42 (x)dx with
density

d
I = [T P9, k= (k1,50 ). ()
j=1
d
Let us note that i is homogeneous of degree ¥ = Z Kj.
j=1

For y € C and j € {1,...,d}, the simultaneous eigenfunction problem

D;f(x) =yf(x), x€R,
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has a unique solution f(x) = Ey; (x,y) such that Ex;(4,0) = 1, which is given in terms
of Bessel functions (cf. [16]).
Specifically

1 (ixy),

. . Xy
B03) = Jig -y (00) + 3 Ty

where

Ja(2) =2°‘F(a+1)J°‘(Z) :F(a—l—l)Z(_l)n (z/2)™

Fad =0 nT(n+o+1)’
are the normalized Bessel functions (cf. [19]).
For x € R? and y € C4, let
d
Ex(x,y) = [ Ex;(x),3;), 2)
j=1

then the map (x,y) — Ex(x,y) can be extended to a holomorphic function on C¢ x C¢
and the following properties hold:

(i) Ex(x,y) = Ex(y,x), x,y€C’

(i) |Ex(ix,y)| <1, x,y€R?,

(i) Ex(Ax,y) = Ex(x,Ay), x,y€ C¢ A eC.

The Dunkl kernel Ey is of particular interest as it gives rise to an integral trans-
form which is taken with respect to the measure hZ(x)dx. More precisely, for f €
L'(R9 h%), the Dunkl transform of f, denoted by .%f, is defined by

Fef () = ex [ FO)Eclr,~I()dy, xR,

where ci is the Mehta-type constant

Let us point out that the Dunkl transform coincides with the Euclidean Fourier trans-
form when k7 = ... = K; = 0 and that it is more or less a Hankel transform when d = 1.

We list some known properties of the Dunkl transform:

(i) The Dunkl transform is a topological automorphism of the Schwartz space
Z(RY).

(ii) (Plancherel Theorem) The Dunkl transform extends to an isometric automor-
phism of L2(R? hZ).

(iii) (Inversion formula) For every f € .7 (R?), and more generally for every f €
L'(R?,h2) such that Z.f € L'(R?,h2), we have

fx)=Z2f(—x), xeR9.
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3. Dunkl multipliers

In order to study the boundedness of the Dunkl multiplier P, ;; we need the fol-

lowing lemma, where L”(R h2), p € [1,+oo], denotes the space of measurable func-
tions on RY such that

1
1l = ([, 1FOIPRIY) " < 4o, i 1< p< e,
| f1leoic = €ss sup |f(y)| < 4eo, otherwise,
yeRd

and we use the shorter notation ||. ||« instead of ||.|| PRI 2)-

LEMMA 1. Let k>0, a<b and f € L*(R,h%)NLP(R,h2). Then
Panf(0) =& [ o) f Oy,
where

1
) = B sgn(®) [ Elibr ) Ee(~ibry)Ii(r)dr
0

1
- \a|2'(+lsgn(a)/ Ex(iar,x)Ex(—iar,y)h*(r)dr. 3)
0

Proof. By the definition of the Dunkl multiplier, we have
Panf () = Zx (s (N Ff (1)) ()
= cx /  Bin ) T f ()2 (r)dr
b
_ 2 . . 2 2
= & [ Btin)( [ Bel=iny) IR0y ) r)dr
b
=& [ ([ Bxlinn)Ex(=iny)BE(r)ar) f0) )y

where in the last step we have used Fubini’s theorem. Then, the multiplier P, can be
written as :

Runf () = & [ Hulxy) f0)RE0)dy

with kernel .
Hi(ey) = [ Exlin)Ex(~iny)Ii(r)dr @)

Let us decompose (4) as a difference of two terms 7 (x,y) — #2(x,y) where

Ko = [ Bulir B inirar ®)
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and
a
HE(x,y) = / Ex(ir,x)Ex(—ir,y)h2(r)dr. (6)
0
After performing a change of variables in (5) and (6), we obtain (3). Thus the lemma is
proved. [

Our first result will be the following one.

THEOREM 1. Let k>0 and a < b. If 225 < p < 1+2K , then

14+x

1Pap)fllpe <ClIfllpw, fE L (R, hy)

where C is a positive constant.

Proof. Take f € L*(R,h%)NLP(R,h2%), by using Lemma 1 and Fubini’s theorem,
we have

1
Panf () = ek (107 sgn(®) [ Blibrx) [ Ex(=ibry) {0 0)dyhd(r)dr
1
— o sgn(a) [ Extiar) [ Ec(—iary)fO)R0)ai(r)dr)
= c,(\b|2’<+1sgn(b)/01EK(ibr,x)ﬁKf(br)hZK(r)dr

1
— cxla**sgn(a) /0 Ex(iar,x).Z f(ar)h*(r)dr.
After performing a change of variables, we obtain

Ff(Er) = E"F VT fe (r), E=ab,

where fg(r) = f (é) Then we can reformulate Py, ;) as follows

Pt () = cxsgn(s) [ Exlibr,) Ffy ()i
~ cusenta) [ Ecliar.) FufuR s
= sgn(b) 7 (20.1)(r) Fcfolr)) (b
g 1700)

= (b)(P[oufb)( )—sgn( )(P 01fa)(aX) @)

Using that, for 1 < p < e and o € R, the condition —1 < o < p—1 is sufficient to en-
sure the boundedness of the Fourier multiplier associated with x(o ;] from LP (R, |x|*dx)
into itself. Choosing ot = 2x(1 — £) and applying Corollary 3.3 and Proposition 3.4 in
[13], then, for 111215 <p< % the Dunkl multiplier P ;) is bounded from LP(R,h2)
into itself.
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As L*(R,hi) NLP(R, hy) is dense in LP(R,hy), then Py, ;) can be extended to a

bounded operator from L”(R,h2) into itself and the equality (7) is still valid for all
feLlr(R K.
Taking L” norm, we obtain

—2Kk—1 —2Kk—1
P

1Pap)fllpae <1617 [|Pofollp+ lal 1Po,1)fallp.xc-

Hence, we have

1P flpe COBITT i llpac+1al =7 L fall ) -
Since,
1 fellpoe = €157 I fllpes € = asb.
We deduce that

1P fllp.c < CILfllpo-
Thus, we get the proof of the theorem. [

NOTATIONS. For k = (ki,k2,..., kz) € RZ, we denote by

(K') . 1 +2max(1<17..., K'd)
prik) = 1 +max(ki,...,Ky)

- l+2min(K1,..., K'd)

5 K)= -
P2(x) min(ky, ..., K;)

THEOREM 2. Let Qup = [a1,b1] X [az,b2] X ... X [ag,bg] be such that aj < bj,
J=1,...,d. Then, if pi(x) < p < p2(K), we have

1P, f e SClfllpe,  f € LP(RY h),

where C is a positive constant.

REMARK 1. We note that Betancor, Ciaurri and Varona [4], obtained the same
result in the case when d = 1 and [a,b] = [—1, 1]. Next, Nowak and Stempak [13], have
successfully linked Fourier multipliers to the Dunkl ones, via the Dunkl transplantation
operator. However, this approach is heavily connected to the weighted estimates and
can be applied in the case when d =1 and [a,b] = [—r,1].

Proof. Using Fubini’s theorem, the Dunkl multiplier Py, , f can be written as:

Po,uf () = & [ Hrelx ) f0)RE()ay,

where

%(]@y) = 0 EK(_iyv r)EK(ix7 r)th(r)dr
a,b
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Using (1) and (2), it is easy to show that

_p 2) (d)
Foup = Fa 1) © Plazbn) © +++ © Flagba
where P[( /) b ], < j < d, denotes the Dunkl multiplier applied to the j—th coordinate.
According to Theorem 1, if 1112;’ <p< 1+2K’ , then the mapping f — P [a b ] f
J

can be extended to a bounded operator from L” (R,hi) into itself. This concludes the
proof of the theorem. [J

4. The commutator theorem

In this section, we study the commutators of bounded linear operator in Besov
Dunkl spaces and an admissible dyadic multiplier, associated with the real interpolation
method. Before recalling some results about real interpolation theory (cf. [2], [3]) and
Besov Dunkl spaces (cf. [1]), we specify few notations. If A and B are two Banach
spaces, we write T : A — B to mean that 7 is a bounded linear operator between A
and B, while by P ~ Q we mean that P < cQ and Q < cP for some constant ¢ > 0
independent of the variables involved.

Let A = (Ag,A;) be a couple of Banach spaces and for any x € X(A) = Ag +A4;
and r > 0, let us denote

K(1,x) = K(1,:4) = inf{[[xolay +7lxifla: x=x0+x1},

the Peetre’s K-functional. ~
If 0 <6 <1 and 1< g <, wedenote Ag, the corresponding interpolation
space defined by the real K-method, endowed with the norm

-0
Illg,., = K0

If A, B are two Banach couples, we denote by .Z(A; B) the set all linear operator
T :Z(A) — X(B) such that

(i) T(A;) CB;j (j=0,1).

(i) |7 = max([|7 | ag.5o; |7 ]la;.5,) <o

If T € Z(A;B),then T : Ag ;, — Bg 4.

If
t ds 0 ds
= [r0S+ [ 105
is the Calderon operator, we set
o(A) = {x € Z(A): [|ll 5z, = S(K(.,x))(1) < oo}

Observe that o(A) is a linear subspace of Z(A 7) which contain all real interpolation
space Ag , and moreover ITx]| g3y < ITI Ixll o5 (T € Z(A;B)).
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Let # be a Hausdorff topological linear space and A a Banach subspace of 7,
with continuous embedding A < % . Let us also consider a fixed approximation family
{V(r)}r=0 (cf. [5]), which is a family of nonempty subsets of %", with the following
properties V(s) C V(r) when s <r, —=V(r)=V(r) and V(s)+V(r) CV(s+r).

It is clear that 0 € ("|V(r) and that V = [ JV (r) is an abelian group that will be

. . r>0 r>0
endowed with the semi-norm

lx[ly = inf{r > 0;x € V(r)}.

Then, as in ([14]), we can define the approximation spaces E"4 of all f € V +A by the
condition

I fllgra = Hrl/tE(nf)HLq(g) < oo,

with
E(r,f)= inf ||f—glla~|f—filla
gev(r)

if £, €V(r)and ||f— fr||la < cE(r,f) for some constant ¢ > 1 independent of r > 0
and f.

Let 0,p,q be such that 0 < 0 < e and 1 < p,q < e». The Besov Dunkl space
BDy <0r BDg’q(]Rd,h?()> , is the approximation space E'/%4 when A = L (R%, h2)
and V(r) = {g € S (RY), suppFrg C [-1,r]}, where Fyg is the Dunkl transform
of the distribution g. Hence,

591 = { € @) g = [ bGP )T <),

In order to give the proof of a commutator theorem, we need two lemmas. The
first one is just a description of real interpolation for couples of Besov Dunkl spaces
which has been recently proved by Abdelkefi, Anker, Sassi and Sifi (cf. [1]).

LEMMA 2. Let 0 < 0p,60p < 0, 1 < p,q,q0,q1 <o, 0< 0 <1and oc=(1-
0)oo+ 06y. Then
(BD;O’qO,BDgO’q1)97q _ BD;MI.

The second lemma give us a quasi-optimal decomposition for the K functional for

a couple of Besov Dunkl spaces. More precisely, we have

LEMMA 3. Let 0 < 0p,6p < oo, 1 < qo,go <o, p1(K) < p < pa2(x) and assume
that p = o9 — 6o > 0. Then

K(tP, f;BDS% BDS0) ~ 1B Sl oo +221.f = RS |

60:40 »
BD),

where P.f is the Dunkl multiplier of [—t,t]%.
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Proof. We proceed in the same manner as in [6]. Let g; € 5 (R4), satisfying
suppFyg C [—1,1]% and || f =gl p <2E(, f)-
For pi(x) < p < p2(x), we have that

1f=Pifllpx < If—&illpx+ g —PBfllpx
= f —&llpx+ 1P — F)llpx
< CE(t,f).

Hence, we can write thanks to Theorem 4 of [5]

K(tP, f;BDS% BDS0) ~ 1B Sl oo +221.f = BS |

B0
and the lemma is therefore proved. [

The following proposition, whose proof follows by combining Theorem 3 and
Corollary 1 of [5], will be useful in order to prove our main result.

PROPOSITION 1. Let {t;} jcz C|0,4o0[ be an increasing sequence such that t; <
1ifj<Oandt;>1if j=0,¢t; 1T+ as j] +eoand tj |0 as j| —o, and let
{ i }rez be any sequence of complex numbers such that

sup D Mg — M| < e
"Esze[zn*hz"[

For a given couple of Banach spaces X and for every tj let x =xo(t;) +x1(tj) be a
decomposition such that

o) llxo +2j121(2)) 1x, < CK(1),%), (x € 0 (X))

where C > 1 is a constant.
Let us define

Tyx = ;.Uk(xo(tk) —xo(tr—1))-

Then, if Ty : 6(X)) — X(X), Ty : o(Y)) — Z(Y) there exists a constant C > 0 such
that
K(t,[T, Tu](x)) < C T[S (K(..x))

forany x € 6(X) and T € L (X;Y)).

Let now introduce the dyadic admissible multiplier.

DEFINITION 1. Let {;};>0 be any sequence of complex numbers. A dyadic
multiplier will be a function

w={u}ti=0= Y Mxc;
=
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which is constant on every C; = Q;\ Q1 where Q; = [—2/,2/].
A dyadic multiplier is said to be admissible if

sup [(j — pj-1| <eo (-1 =0).
j=0

We now state the commutator theorem, whose proof is based on the abstract
method of [12].

THEOREM 3. Let 1 < ¢q,90,91,G0,41 < e, 0y > 6y >0, o1 > 61 > 0 such that
09— 6y =0 —61, 0= (1—9)604—960, 6= (1—9)61-}-961 (0< 0 < 1), and
assume that p1(x) < p < p2(x).

If W is an admissible dyadic multiplier, then

H[Tlel} ) <C||T||7

Hfi(Bfo‘” :BDG

where T is any bounded linear operator between (BDgo’qO;BDgO’qO) and (BDYV',
BDyV MY, and

||T|| = max (HTH“(Z(BD;:O‘(IO;BD;:I‘M)’ HTH,?(BD;?OﬁO;BDgI”m)).

Proof. Let 1 be a dyadic admissible multiplier, i.e. yu = 2 WeXc,, with o =0
k=0
and supy |Uit1 — | < eo. We obtain

Tuf = Z ,le(szf — sz—lf).
k=1

Indeed,
Wi-Fxc(Por f — Por1 f) = Mk (X0, — X0 ) T xS = kX, Fxcfs

Now, by denoting

Ao = — Mo =y, Ay = Uy — 1,y Mg = Wiy 1 — My -

we obtain
4] = sipllk\ = Sl}ip|ﬂk+l — | <o,

since ;
20 = Ui, 2()+A'l = Uz,..., Zx’j = Hit15---
j=0
We are led to

o k—1

Tuf = S (B4 (P~ Paf) = >0 S (Puf—Pyif),

=1 j=0 j=0  k>j
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that is to say

Tuf = X, Ai(f = Pof).
=0

Moreover
Ty:0(A) —X(A), if A= (BD§0=40;BD§0=‘70)7

Indeed, by Lemma 3, if p = 69 — 6y, then we have

1Tuflggiy < 1210 T 1= Pus | pponie

720
K(pr,f,g)
<Al T =5
j=0 ’

2P = K(s, f;A) ds
< ClA |l 1 / ( ) ds
pln2 /i K s

2P
< C\W\wm“fnc(g)-

Similarly
Ty: o(B) — X(B), if B= (BDgl’q';BDgl’ql),

Now, given T € ¥ (ﬁ; E) and f € G(A_), let p = 0p — Gy, and we consider the sequence
tx = 2P (k= 0) by Lemma 3, (Pyf,f — Pyf) is an almost optimal decomposition of
f for the couple (BD"°; BD,*™°) and we obtain

1Py fllppgoso +llf = Poefl ganio < K (tx, 3A).

The Dunkl multiplier can be reformulated as follows

=

Tuf = 3 ie(xo(tc) — xo(tx-1)),

k=1

where
X0 (tk) = P2kf.
On the other hand since 2P > 1, Remark 3 in [5], yields to

sup D Mk — M =sup Y e — ]

n€Ly cln=11] €Ly e[pp(n=1) ppn|

= Sup Uiy 1 — M| = € < oo
k

Thanks to Proposition 1, we are led to

K(t,[T,Tu)f;B) < C|T|IS(K(., f3A)).
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If in Hardy’s inequalities for averages [2], we have

and

we take g(s) =

o [" 1 .
| 6/0 g(s)dSIqu(¢)<5Htl Gg(,)um(%), (6 >0)

e ds 1 _
1170 [ 86 T lisgay < 518l (0< 1),

N

K(.fA) A) , then

117, Tl f N5, = Hl_eK(f»[T»Tu]f;E)HLq(%)

< CIIfGS(K(wf;A))IILq(g)
4 —.ds
<C —9/1( JAN =g
170 [ K i) S g
+C||l_9l/ K(S,f;A))é
t N N
GK(svf;A))H
¢ La(4)

lzaar)

where M = g and C = C(p, [l | T]).
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Lemma 2 gives Ag , = BDy and By , = BDj . Then the theorem is proved. [J
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