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OPTIMAL HOLDER MEAN INEQUALITY
FOR THE COMPLETE ELLIPTIC INTEGRALS

YUN HuA

(Communicated by J. Pecari¢)

Abstract. In this paper, we prove that H, (A (r), % (') = % (v/2/2) and Hy(H (r), # (1)) <
H(V/2/2) for all r€ (0,1) if and only if p > 1 —4[# (v2/2)]*/n* = —3.789--- and ¢ <
(log2)/[log(m/2) —log # (v/2/2)] = —4.1805- -, where H,(x,y) denotes the Holder mean of
order p of two positive numbers x and y, ' =+/1 —r2,and ¥ (r) denotes the complete elliptic
integral of the first kind, respectively.

1. Introduction

Throughout this paper, we denote ' = /1 —r2 for 0 < r < 1. Legendre’s com-
plete elliptic integrals of the first and second kinds [13, 14] are defined by

H = (r) = [T(1 - 2sin? 0)~1/2d0,
H =)= (),

H0)=mr/2,  H(1)=
and
& =6&(r)= [T (1—2sin? 0)1/2d6),
£ =8 =8(r),
&0)=m/2, E(l)=1,
respectively.

Recently, the complete elliptic integrals have been the subject of intensive re-
search. In particular, many remarkable properties and inequalities can be found in the
literature [1-7, 9—-12].

For p € R the Hélder mean H),(x,y) of order p of two positive numbers x and y
is defined by

(x"+y”)1/17 £0,
VY, p=0.
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As is known to all, H,(x,y) is continuous and strictly increasing with respect to
p € R for fixed x,y > 0 with x # y. The main properties of the Holder mean are given
in [15].

In [8, Theorem 3.31], Anderson et al. studied the monotonicity and convexity of
A (r)é&(r) in (0,1), and obtained the following inequality:

Hy(H# (r),&(r) > (1.2)

SRS

forall r € (0,1).
In a recent paper [9] Wang et al. generalized (1.2) and proved the following opti-
mal power mean inequality for the complete elliptic integrals:

Hy(H (1), 6()) > 7., (13

forall r€(0,1) ifand only if p > —1/2.

Notice that in [8, Lemma 3.32(1), (3)], Anderson, Vamanamurthy and Vuorinen
studied the monotonicity of # (r) ¢ (r') and ¢ (r)? + ¢ (¥)? for p € [-3,0) and
r € (0,1), and established the following inequalities:

Ho(H (r), (1) 2 (V2/2) (1.4)
and
H(V2/2) <Hp(H (r), 2 (1)) < m/2"41/P (1.5)
forall r € (0,1) and p € [-3,0).
It is natural to ask what are the least value p and the greatest value g such that
H, (K (r), # (r)) > K (v/2/2) and Hy (A (r), 2 () < K (V/2/2) forall r€ (0,1).

The main purpose of this paper is to answer this question. Our main result is the fol-
lowing Theorem 1.1.

THEOREM 1.1. Inequalities
Hy(H (r), 2 () = # (V2/2), (1.6)
and
Hy(A (r), 2 (r')) < 2 (V2/2). (1.7)

hold for all r € (0,1) if and only if p > 1 —4[#(v/2/2)]*/n? = —3.789--- and q <
(In2)/ [m(n/z) _1n;g/(¢§/z)} = 41805,
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2. Some Lemmas
In order to establish our main result we need several lemmas, which we present in
this section.
For 0 < r < 1, the following formulas were presented in [8, Appendix E, pp. 474—
475]:

dx &1 & - A

7 B rr'? ’ E n r ’
d(&—r*x) oy dA =8 18
dr N dr 22
HE+HE— A = g 2.1

The following Lemma 2.1 can be found in [8, Theorem 3.21 (7), and Exercise 3.43
(16) and (46)].

LEMMA 2.1. (1) For ¢ € [1/2,%0), ¢ is strictly decreasing from [0,1) onto
(0,7/2];

(2) [ — (P )?] Jr* is strictly increasing from (0,1) onto (m?/32,1);

(3E =) )(PPH) is strictly decreasing from (0,1) onto (0,1/2).

LEMMA 2.2. Let r € (0,1). Then the function f(r) = (& — > )(& —r2x")
[ (PP ) s strictly increasing from (0,3/2)2) (or strictly decreasing from
(v/2/2,1), respectively) onto (0,7>/{4[# (v/2/2)]*}).

Proof. By differentiation, we have

o TH (P~ (E =P 2rH 1~ H) ()]
fir)= A2

& —r’ A’ E—r’H
8 a4 * 2
A (& P 2w AE P A ()]

P o?
=rlfi(r)—= ()], (2.2)

)

where

2.3)
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From (2.3) and Lemma 2.1 (1)-(3) we know that f;(r) is strictly decreasing in
(0,1). Then (2.2) leads to the conclusion that f'(r) >0 for r € (0,v/2/2) and f'(r) <0
for r € (v/2/2,1). Hence f(r) is strictly increasing in (0,/2/2) and strictly decreas-
ingin (v/2/2,1). Moreover, making use of Lemma 2.1 (3) and (2.1) we clearly see that
f(07)=f(17)=0and

4le(v22) - (1722 (V2)2) ’ 2

\/‘ _ = .
f( 2/2) %(\/5/2)2 4[%(\/5/2)]4

LEMMA 2.3. Let peR and g(r) = (& | 2"\~ (&—r? ) /(&' —r2X"). Then
g(r) is strictly increasing in (0,1) ifand only if p > 1—4[# (v/2/2)]*/n* = —3.789- -,
and g(r) <1 for r€ (0,v/2/2) and g(r) > 1 for r € (v2/2,1) if p > 1 —4[# (vV2/2)]*
/2. Moreover, if p < 1 —4%/(\/5/2)4/71:2, then there exists ro = ro(p) € (0,v/2/2),
such that g(ro) = g(ro') =1, g(r) < 1 for r € (0,r0) U(V2/2,r0'), and g(r) > 1 for
re (ro,v/2/2)U(ry’,1)

Proof. Simple computations lead to

g(v2/2) =1 2.4)
and
g0 o 5—r’2%+5’—r2%’ A 4
g(r) P a4 A E—ru  E -2’

HE +HE-HH F(HE+HE—HH)

e (& — A )& — A
B T i 22 25)
Tt \PT T =) E - A '

From Lemma 2.2 one can obtain that r2/>.¢ ¢/ [(é" — 2 (& - r%%”)} is

strictly decreasing from (0,1/2/2) (or strictly increasing from (1/2/2,1), respectively)
onto (4[.# (v/2/2)]*/n?, ). Then (2.4) and (2.5) lead to the conclusion that g(r) is
strictly increasing in (0,1) if and only if p > 1 —4[# (v/2/2)]*/n> = —3.789---, and
g(r) <1 for re (0,v/2/2) and g(r) > 1 for r€ (v/2/2,1) if p>1—4[#(v/2/2)]* /7.
Moreover, if p < 1 —4[#(/2/2)]*/7?, then from (2.5) we know that there exists
r1 € (0,4/2/2), such that g'(r) = g'(r1') =0, g'(r) >0 for r € (0,r)U(r’,1) and
g (r) <0 for r € (r;,r;"). Hence g(r) is strictly increasing in (0,r;)U (r/’,1) and
strictly decreasing in (ry,r;"). Therefore, Lemma 2.3 follows from (2.4) and the mono-
tonicity of g(r). O
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3. Proof of Theorem 1.1

Proof. If p = 0, then inequality (1.6) reduces to inequality (1.4). Thus, we only
need to prove inequality (1.6) for p # 0. Let

i I )

(s £0). (3.1)
Then simple computation leads to

Ls SN E — 1) (") — s (& =P ")) (")
T A+ A
N E ) TN E -2
- (s + A7)
ARG (1)“1 & 1" _1] 42
(s (\H) =2 | ‘

F'(r)

We divide the proof into two cases.

Case 1. s > 1—4[#(v/2/2)]*/n?. Then from (3.2) and Lemma 2.3 we know that
F'(r) <0 for r € (0,4/2/2) and F’(r) > 0 for r € (v/2/2,1). Hence, F(r) is strictly
decreasing in (0,1/2/2) and strictly increasing in (v/2/2,1). Then (3.1) leads to the

conclusion that
K NS
L ZEHC) 1 (g) 63

N

forall r € (0,1).

Therefore, inequality (1.6) follows from (3.3).

Case 2. s < 1—4[#(v/2/2)]*/n?. Then from (3.2) and Lemma 2.3 we clearly
see that F'(r) < 0 for r € (0,r0) U (v2/2,r0’) and F'(r) > 0 for r € (rg,/2/2) U
(ro’,1). Hence, F(r) is strictly decreasing in (0,79) U (v/2/2,rq'), strictly increasing
in (r,v2/2)U(ry,1), and

r:(l(l)l,)l)F(r> = max{}%F(r),F(ﬁ/Z),}EI}F(r)}

= max {1n(7t/2) - §1n271n1f(x/§/2) } : (3.4)

Further, if (In2)/ [m(n/z) - huy(ﬁ/z)} <5< 1—4[#(v2/2)]*/x2, then from

(3.4) we have sup F(r)=In(r/2)— (In2)/s and
re(0,1)

—1In
s

L () +x() T 1
S < <E> - <2 (3.5)
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for all r € (0,1); if s < (In2)/ [In(rc/Z) ~In#(v/2/2)], then from (3.4) we get

sup F(r) =1In#(v/2/2) and
re(0,1)

(3.6)

forall r € (0,1).

and

Therefore, inequality (1.7) follows from (3.6).
Finally, we prove that the parameters

In2
q_
In(%) —In¢ (2)

are the best possible parameters such that inequalities (1.6) and (1.7) hold for all r €
(0,1), respectively.

If ¢ < s < p, then from the monotonicity of F(r) we know that there exists r €

(v2/2,7)), such that F(r) < F(v/2/2) and H,(# (), # (') < # (v/2/2). More-
over, equation (3.4) and inequality (3.5) imply that there exists 6 = d(s) € (0,1), such
that F(r) > In.# (v/2/2) and Hy(# (r), 2 (r')) > # (v/2/2) for r € (0,8). O
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