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PROPERTY OF A HOLDER-TYPE INEQUALITY AND ITS APPLICATION

JING-FENG TIAN

(Communicated by S. Varosanec)

Abstract. In this paper, we present a property of a Holder-type inequality which is due to Tian,
and then we obtain the similar property of Holder’s inequality. Moreover, we give a new re-
finement of Holder’s inequality. As application, we offer a new property of Minkowski-type
inequality, and then we obtain a new refinement of Minkowski’s inequality.

1. Introduction

The classical Holder’s inequality states that if a; >0, by >0 (k=1,2,---,n),
p>1, :—74—}1: 1, then

n n % n ‘l]
Y axby < <Zaf) (2172) : (1
k=1 k=1 k=1
The inequality is reversed for p < 1 (p #0). (For p <0, we assume that a;, by > 0.)
It is well known that Holder’s inequality is one of the most important inequali-
ties in analysis. Various refinements, generalizations and applications of Holder’s in-
equality and its series analogues in different areas of mathematics have appeared in the
literature. For example, Abramovich et al. in [1] presented a new generalization of
Holder’s inequality and its reversed version in discrete and integral forms. Nikolova
and VaroSanec [11] obtained some new refinements of the classical Holder inequality
by using a convex function. For detailed expositions, the interested reader may consult
[1-6, 9-13] and the references therein. Among various refinements of (1), Hu in [5]
established the following interesting theorem.

THEOREM A. Let p > g >0, :—7+$:1,letA,,, B, >0, Y,Al <oo, 3, Bl < o,
andlet 1 —e,+ey, >0, Y, |en| < oo. Then

g« (2) " {[(3m) (300)]
() (3)-(35) (3}
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In 2011, Tian [13] presented a Holder-type inequality, which is the reversed ver-
sion of Hu’s result, as follows:

THEOREM B. Let A, >0, B, >0, 1 —e,+e;, >0 (r, s=1,2,---,n), and let
q<0,%—|—5=1.Then

Boa (3) () (8]
1B (Em)-(Ee) (g} o

THEOREM C. Let f(x), g(x), e(x) be integrable functions defined on [a,b] and
f(x) >0, g(x) >0, I —e(x)+e(y) =0 forall x,y € [a,b], and let g <0, %—I— Ll] =1.
Then

1 1

[ s> ([ srwae)” ([ s [ grar)
([ et [ [ [ o) 2} "

REMARK 1.1. Let Apy =By 1 =1, Ay 1=By=0,k=1,2,--- N, n=2N,

dlet e — 1 if n even
andiet €n =10 if n odd

OL<Nforp>1, Il—?+é = 1. However, from (2), we obtain 0 < 0.

. Then from the classical Holder’s inequality (1), we obtain

The purpose of this work is to give some properties of (3), (4), (1) and their ap-
plications. The rest of this paper is organized as follows. In Section 2, we present
properties of (3) and (4), and then we obtain the similar property of Holder’s inequal-
ity (1). Moreover, we give a new refinement of Holder’s inequality. In Section 3, a
new property of Minkowski-type inequality is given. Furthermore, the result is used to
improve Minkowski’s inequality.

2. Property of a Holder-type inequality
In order to prove the main results, we need the following lemmas.

LEMMA 2.1. [3] If x,y >0, oo > 1 or a <O, then
X%y > o+ (1 — o)y. 5)

The inequality is reversed for 0 < o < 1.
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Next, we present some new properties of (3) and (4).

THEOREM 2.2. Let A, >0, B, >0, 1 —e,+¢, 20 (r, k=1,2,--+), let ¢ <0,

Ll andler
o= (ae) - (54)7 {55
(g (39 (50 (Em) ) o
Then

F(n) <F(n+1). (7

The integral form is as follows:

THEOREM 2.3. Let f(x), g(x), e(x) be integrable functions defined on [a,b] and
f(x) =0, g(x) >0, 1 —e(x)+e(y) =0 forall x,y € [a,b], let <0, %—Fé =1, and

let
)= ([ segswas) ([ rrwas)” ([ riwa [ erons)

([ rwewar [[erac- [ tgq<x>e<x>dx>2]5. ®)

a a

T
ESLS)

Then we have

G(t1) <G(), a<ti<ty<b )

Proof. Here we only need to prove the inequality (7). The proof of (9) is similar.
A simple calculation gives

N

N
N AB Y ABi(1— e+ e)
r=1 k=1

N N N N N
= 2 ZArBrAkBk - 2 EArBrAkBker + z EArBrAkBkek
r=1k=1 r=lk=1 r=lk=1

(10)

For any Cy, >0, Dy, >0, k, r=1,2,---, we write

n n
Xor = ZCII;}"’ Yor = ZDZ}"
k=1 k=1
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On the one hand, from Lemma 2.1 we have for #,s > 0

1 1 1 2| _p 1_1
11 Lol 1
ArBanern‘i' - tBanqrt (A;I Yn‘i'A anI;' q)
L q_r

1 1 p 1
5th;1an—|— ;tip (A;I anrAr anI;

WV

1 1
= —t"BIX, + —t TsA, 0 nrsilAr ! X !
q p

WV

1 1 . i
LB X+ [gsZAme—F (1 - l?;) quqAI;an]

q q

On the other hand, by Holder’s inequality we obtain
1

n n W g 11
Sanyz(3a) (Ton) —xiv
k=1 k=1

Consequently, for any # > 0, s > 0, if we set

Flmms,i) = 3 AB (Z k,Dk,> . 1ﬂ<23‘fxn,>

r=1 k= r=1
l q 1 1
——1 Ps¥ Ay, ———tpsl’< AX)
g (,_Zl "r> (p Q> 2 A7
then by using the inequalities (12) and (11), we have

F(m+1,n;s,t) — F(m,n;s,t)

n
1
= A1n+len+1 ECk(erl)Dk(erl) qthm+1Xn(m+1)

k=1
1 p 1 1 —p
—gt SpAm+1Y(m+l)_ > g r s qAn+1Xn(m+l)
1 1 1
= Am+1Bm+1an(m+1)an(m+ I gt Bm+lX"(m+1)
1 p 1 1 —p
_Et spAm+lYn(m+1) - 1_7 - 5 r s qun+1X"(m+1)

= 0,

1 1 q 1 1 a4
= —19BIX,, + 5t*PsZA1,’Yn,+ (; - —) t*I’spquI,’an.

(11)

12)

13)

(14)
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and
F(m,n+1;s,t) — F(m,n;s,t)

m
1
= 2 ArBClus1) Dins 1)y — —fquqC (et 1)

r=1

1 1 1
_5’ i ZApDn+l) <___>t Pspa qZAan-H)

P q
> 0. (15)

Consequently, from the inequalities (14) and (15) we obtain

F(n,n;s,t) <F(n+1,n;s,t) <F(n+1,n+1;s,1). (16)
Moreover,
JF (n,n;s,t) ( . ) ( )
mst) 1y APY,, |+ —t s APX,, A7)
ds p ,2' 14 2
aF 5 7t S P S
(mmsit) g1 ( ZB?X,,,) + Lt (ZAfan)
3t r=1 q r=1
P\ p1 (N
+<1__>t P—lgp—a ZAanr . (18)
q r=1
From the following equations
JF (n,n;s,t) 0
ds '
JF (n,n;s,t) 0
ot '

we obtain

P S l( S AP Y,,,) . (iAfxn,) "

(z” Banr) 74 —1
Additionally, from (17) and (18), we have

0%F (n,n;s,t 2 3-2p (L
(;;Z $1) pp qt Ps P (ZAPY,,,> Z_p t7Ps lll’qp<ZAf,7an), (19)

J—
I

9°F (n,n;s,t)
T:l = SI’ (ZApan)—l L IS” (ZA an) (20)

r=1
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0°F (n,n;s,t o < D) ol
% = (1—q) 2(23’;an> _ Pt (ZAfan)

r=1 q r=1

+(%)z P2 <2A Xn,) @1)

Therefore, preforming some simple calculations, we obtain
3pg=2p>—p
2

7 4 P& ;
= 3N Banr) ( APan>
(S(),I()) pz(p_q) <,Z 4 ’; r

q273pq+2p2+p*q
2

9°F (n,n;s,t)
ds?

x ( ZAI,’X,,,> ! >0, (22)
r=1

J%F (n,n;s,t)

—=, =0, (23)
3S3t (S07t0)

9°F (n,n;s,1)

p+2 q_z
(so:t0) r=1

or?
n qupq*2q+21’
P‘]2
X ( EAI,’X,,,> > 0. (24)
r=1
_ J*F(nnsi) ~ *F(nmsyi) 9%F (n,n;s.t)
If we set A = 2 (s040) . T osor (s07t0) and C= T (s00) . then
from (22), (23) and (24) we obtain

AC—B?>>0. (25)

Hence, from the above inequality (25) and (22) we have
mm{F(n n;s,t)} = F(n,n;s0,10), (26)

t,s>0

and therefore

mln{F(n n;s,t)} = F(n,n;s0,0) 2 <2Ckerr)

1,5>0 =1 k=1
(L AP) O (S AP (S B)
q(Z)_ Bl Xur)? ;
(S22 B0r) (T APX) (1140
(3, AT P (251 47%0) B (s, A,
() (S BT (S AP) (S APXr)
(S0 A 7 (S AP T 7 (S, AP )
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k=1
rn o Nbhra Nbra N
g () (5
q r=1 r=1 r=1
VRN VNN & VRN o
__(Eg;ixm> <2Algym> ! <2A§’X,,,) !
p r=1 r=1 r=1

n n
= 2 A;By ( 2 Ckerr>

1

<2A xn) r ( 2 AI;YW) ’ ( 2 B;fxm) a. (27)

=1

51 = 2:’+11 APX(nH)f -
zn+1ApYn+1)r ’

1 n+l1 % n+1 %_fz
h=-—0 T (ZA Yt ) (ZA Xn+l)> )
(05 BIX (uy,) 71 LN =1

r=1
then, we have

Q

Similarly, if we take

n+1 n+1
F(n+1,n+1;s1,t1) = EArBr< Y Ckerr>
r k=1
n+1 %_é n+1 ‘—] n+1 %
—(ZAfX(n+1),> <2A Yiuit) ) (ZB an)) . (28)
r=1 r=1 r=1
From (16), we have

F(nnshtl) F(I’l+1 n+ls1,t1)

(29)
Consequently, from (26) and (29) we obtain
F(n,n;s0,t0) < F(n+1,n+ L;s1,1). (30)
Let .
Co=A(l—e,+¢)7,
1
Dy =Bi(1 —er+ex)4.
Then
n n n 1_1
r q
F(n,n;s0,t0) = EArBr ZAkBk (I—er+er)— [ZAf ZAf(l —er—|—ek)}
r=1 k=1 =1 k=1
1 1
n g q
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Similarly, we have

F(n+Lin+1;s1,11)

(50 -(54) {(5)(5#)]
((EZw)(Em)-(E) (5]} e

Combining (30), (31) and (32) leads to inequality (7). The proof of Theorem 2.2 is
completed. [

REMARK 2.4. For g > 0 the inequality (7) is reversed. This result has appeared
in the work of Hu [6].

REMARK 2.5. Note that if we set n =1 in (6), then F (1) = 0. Thus inequality
(3) can be obtained by Theorem 2.2. Similarly, if we set 1 = a, t, = b in (9), then we
obtain inequality (4) by using Theorem 2.3.

In (6), taking (X Afe,)(Z)_,Bl) = (X)_, Ble,) (X1 AY), from Theorem
2.2 and Remark 2.5, we get the following interesting property of Holder’s inequality.

COROLLARY 2.6. Let A, >0, B, >0 (r=1,2,---), let ¢ <0,
let

n 2 n % n %
ro = (Tam) - (Tar) (Be)" (33)
r=1 r=1 r=1
Then
0< F(n)<F(n+1). 34)

Similarly, taking [” 7 (x)e(x)dx [} g(x)dx = [} g%(x)e(x)dx [ fP(x)dx in (8), from
Theorem 2.3, we get the integral form as follows:
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COROLLARY 2.7. Let f(x), g(x) be integrable functions defined on |a,b] and
f(x) >0, g(x) >0 forall x € a,b], let g <0, 11—7 —1—5 =1, and let

6= | tf(X)g(X)dX>2 ([ rreoax) : ([ ) o)

Then we have
0<G(1)<G(r), a<n<n<bh (36)

From Corollary 2.6 and Corollary 2.7, we obtain the refinement of Holder’s in-
equality (1) as follows.

COROLLARY 2.8. Let A, >0, B, >0 (r=1,2,---,n), let ¢ <0,
Then

l

r=1

e

—
W
~

~

2 2
(A1B1+A2B))>— (A”+A”>P(B"+B§>‘f

=, A”) =, )

where p = > 0.

COROLLARY 2.9. Ler f(x), g(x) be integrable functions defined on |a,b] and
f(x) =0, g(x) >0 forall x € [a,b], andlet g <0, %—F%I = 1. Then

ahf<x>g(x>dx>( N dx) ( / ¢ ) (1+6)7, (38)

3. Application

In this section, we present a new property of Minkowski-type inequality from
inequality (36). Furthermore, we give a new refinement of Minkowski’s inequality by
using the result.

The classical Minkowski inequality is an important result in theoretical and applied
fields. Since Minkowski discovered this inequality, it has motivated a large number of
research papers giving its successively simpler proofs, providing various refinements
and generalizations, and finding its series analogues in different areas of mathematics.
The interested reader may refer to [2], [3], [7], and [12] and references therein. Appli-
cations of Minkowski’s inequality have been studied by many authors. For example,
Lu et al. [8] used Minkowski’s inequality for fast full search in motion estimation. So
it is of interest to develop its refinement.
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THEOREM 3.1. Ler f(x), g(x) be integrable functions defined on [a,b] and f(x) >
0, g(x) >0 forall x,y € [a,b], let 0 < p < 1, and let

2 2

M) = | [+ swas] -+ | [ 100+ 600)" a]

- K/atfp(x)dx> % + (/atg”(x)dx)%} [/t (f(x)+g(x))pdx} 2_%. (39)

Then we have
0<M(t)) M), a<t <n<bh. (40)

Proof. Denote

i< [ sy sw] [ [/ oas]"[ [ (0 cstoras]

= [ [ (500 ston] ~[ [ [ [ G-swya] T

From Corollary 2.7, we obtain that M () and M,(¢) are monotone increasing functions
of # on [a,b]. Since

M(1) = My(1) + M, (1),

we have
0<M(t)<M(), a<t<n<b

The proof of Theorem 3.1 is completed.

REMARK 3.2. On the one hand, from Theorem 3.1, we have M(b) > 0. On the
other hand, from Holder’s inequality (1) we obtain

[ e e | [

> (/ bf’”(X)dX);< / tgP(x)dx)’l’ [+ e)a T

Therefore, from the above inequality and M(b) > 0, we obtain Minkowski’s inequality
forO<p<1.

b

(f<x>+g<x>)”‘g<x>dx}

From Theorem 3.1 and Remark 3.2, we get the following refinement of Minkowski’s
inequality:
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COROLLARY 3.3. Let f(x), g(x), M(¢), p be as in Theorem 3.1. Then

2

[/ab (f(x) +g(x))”f(x)dx}

([ )+ ([ erwa) ][ 0500y

+M(a+b>. (42)

2
=5

2
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