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SOLUTIONS OF THE MATRIX INEQUALITIES IN THE MINUS
PARTIAL ORDERING AND LOWNER PARTIAL ORDERING

YONGGE TIAN

(Communicated by J. Pecari¢)

Abstract. Two matrices A and B of the same size are said to satisfy the minus partial ordering,
denoted by B <~ A, iff the rank subtractivity equality rank(A — B) = rank(A) — rank(B) holds;
two complex Hermitian matrices A and B of the same size are said to satisfy the Lowner partial
ordering, denoted by B < A, iff the difference A — B is nonnegative definite. In this note, we
establish general solution of the inequality BXB* <~ A induced from the minus partial ordering,
and general solution of the inequality BXB* <" A induced from the Lowner partial ordering,
respectively, where (-)* denotes the conjugate transpose of a complex matrix. As consequences,
we give closed-form expressions for the shorted matrices of A relative to the range of B in
the minus and Lowner partial orderings, respectively, and show that these two types of shorted
matrices in fact are the same.

1. Introduction

Throughout this note, let C"*" and Cjj denote the collections of all m x n com-
plex matrices and all m x m complex Hermitian matrices, respectively; the symbols
A*, r(A) and Z(A) stand for the conjugate transpose, the rank and the range (column
space) of a matrix A € C"™*", respectively; I,, denotes the identity matrix of order m;
[A, B] denotes a row block matrix consisting of A and B. The Moore—Penrose inverse
of a matrix A € C"™*", denoted by A', is defined to be the unique matrix X € C"™*™
satisfying the matrix equations

(i) AXA=A, (ii) XAX =X, (iii) (AX)" =AX, (iv) (XA)" = XA.

Further, let E4 = 1,, —AA" and F, =1, —ATA, both of which are orthogonal projectors
and their ranks are given by r(E4) =m —r(A) and r(Fy) =n—r(A). A well-known
property of the Moore—Penrose inverse is (A")* = (A*)". Hence, if A = A*, then both
AT = (A")* and AAT = A"A hold. The inertia of a matrix A € C}! is defined to be
the triplet In(A) = {i;(A),i_(A), io(A) }, where iy (A), i_(A) and ip(A) are the num-
bers of the positive, negative and zero eigenvalues of A counted with multiplicities,
respectively. For a matrix A € C¥, both r(A) =i;(A)+i_(A) and io(A) =m—r(A)
hold.

The definitions of two well-known partial orderings on matrices of the same size
are given below.
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Keywords and phrases: Minus partial ordering, Lowner partial ordering, Hermitian matrix, matrix
function, matrix equation, Moore-Penrose inverse, shorted matrix, rank, inertia.
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DEFINITION 1.1.  (a) Two matrices A, B € C"™*" are said to satisfy the minus
partial ordering, denoted by B <~ A, iff the rank subtractivity equality r(A —
B) = r(A) — r(B) holds, or equivalently, both Z(A —B)NZ(B) = {0} and
H(A* —B*)NZ(B*) = {0} hold.

(b) Two matrices A, B € C{} are said to satisfy the Lowner partial ordering, denoted
by B <" A, iff the difference A — B is nonnegative definite, or equivalently,
A—B=UU" for some matrix U.

In this note, we consider the following two matrix inequalities

BXB* <™ A, (1.1)
BXB* <A (1.2)

induced from the minus and Lowner partial orderings, and examine the relations of
their solutions, where A € Cjf and B € C"™*" are given, and X € C{ is unknown. This
consideration is motivated by some recent work on rank and inertia optimizations of
A —BXB* in [7, 13, 14]. We shall derive general solutions of (1.1) and (1.2) by using
the given matrices and their generalized inverses, and then discuss some algebraic prop-
erties of these solutions. In particular, we give solutions of the following constrained
rank and Lowner partial ordering optimization problems

max r(BXB"), min (A —BXB*), (1.3)
BXB*<A BXB*<~A
max{BXB"|BXB' <tay, min{A — BXB"|BXB' <tay. (1.4)
< <

Eqgs. (1.1) and (1.2) are equivalent to determining elements in the following matrix sets:

A={ZeCH|Z< A, R(Z)C Z(B)}, (1.5)
S={zcCl|z< A, #(Z)C#(B)}. (1.6)

The matrices Z in (1.5) and (1.6) can be regarded as two constrained approximations of
the matrix A in partial orderings. In particular, a matrix Z € .} that has the maximal
possible rank is called a shorted matrix of A relative to #(B) in the minus partial
ordering (see [9, 11]); while the maximal matrix in .% is called a shorted matrix of A
relative to Z(B) in the Lowner partial ordering (see [1, 2]). Our approaches to (1.1)—
(1.4) link some previous and recent work in [1, 2, 3,4, 5,9, 10, 11] on shorted matrices
of A relative to given subspaces in partial orderings, and some recent work on the rank
and inertia of the matrix function A — BXB* in [7, 13, 14]. It is obvious that there
always exists a matrix X that satisfies (1.1), say, X = 0. Hence, what we need to do is
to derive a general expression of X that satisfies (1.1). Eq. (1.2) may have no solutions
unless the given matrices A and B in (1.2) satisfy certain conditions.

This note is organized as follows. In Section 2, we present some known results on
ranks and inertias of matrices and matrix equations, and then solve two homogeneous
matrix equations with symmetric patterns. In Section 3, we use the results obtained in
Section 2 to derive the general solution of (1.1), and give an analytical expression for
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the shorted matrix of A relative to Z(B) in the minus partial ordering. In Section 4,
we derive necessary and sufficient conditions for (1.2) to have a solution, and then give
the general solution of (1.2). We show in Section 5 an interesting fact that the shorted
matrices of A relative to Z(B) in the minus and Lowner partial orderings are the same.

2. Preliminary results

In order to characterize matrix equalities that involve the Moore—Penrose inverses,
we need the following rank and inertia expansion formulas.

LEMMA 2.1. ([8]) Let A € C"™", B € C"™* and C € C'*" be given. Then, the
following rank expansion formulas hold

r[A, B] = r(A) + r(EAB) = r(B) + r(EgA), 2.1)
r [g‘} — HA)+ H(CFx) = H(C) + H(AF), (2.2)
r[é chB} :r[‘é] 1 r[A, B] - r(A). 2.3)

LEMMA 2.2. ([13]) Let A € C}j, B€ C"™", and D € C}|. Then, the following
inertia expansion formulas hold

it [g* g:| = r(B) + ii(EBAEB)7 2.4)
i+ {2\* g} =it(A) +ii(D—B*ATB) for Z(B) C Z(A). (2.5)

In order to solve (1.1) and (1.2), we also need the following results on solvability
conditions and general solutions of two simple linear matrix equations.

LEMMA 2.3. Let A € C"™*" and B € C"*P be given. Then, the following hold.

(a) [12] The matrix equation AX = B is consistent if and only if Z(B) C Z(A). In
this case, the general solution can be written as X = A'B+ F,U, where U €
C"™P is arbitrary.

(b) [6] Under B € C™", the matrix equation AX = B has a solution 0 <" X € Ch
if and only if #(B) C #(A), AB* =% 0 and r(AB*) = r(B). In this case, the
general nonnegative definite solution can be written as

X = B*(AB")' B+ F,UFy, (2.6)

where 0 <L U € Cfy is arbitrary.

LEMMA 2.4. Let A € C™*" and B € Cfj be given. Then, the following hold.
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(a) [4] The matrix equation
AXA* =B 2.7

has a solution X € C{y if and only if Z(B) C Z(A), or equivalently, AA"B=B.

(b) [13] Under X € CYj, the general Hermitian solution of (2.7) can be written in the
following two forms

X =ATBAT)" +U - ATAUATA, (2.8)
X =ATB(A" + F\V + V'Fy, (2.9)

respectively, where U € CJ; and V € C"™" are arbitrary.

LEMMA 2.5. Let P € C"™" and Q € C"™¥ be given. Then, the general solutions
XecClandY e (C’;I of the matrix equation

PXP* = QYQ* (2.10)
can be written as
X=X\WX{+X5, Y=VWY+Y,, (2.11)

where W € CYj is arbitrary, and X, € C™™, X, € Cfy, Y1 € Ck™ qnd Y, € (C’;I are
the general solutions of the following matrix equations

PX, =0Y), PX;P"=0, 0,0 =0, (2.12)

or alternatively, the general solution of (2.10) can be written in the following pair of
parametric form

X = I,FyUF4I: +U, — P PU\P'P, (2.13)
Y = L FyUFyI; + U, — 0" 00,00, (2.14)

where H =[P, —Q], I, = [, 0], It = [0, I], and U € C}{**, Uy € C}; and U, € CY
are arbitrary .

Proof. 1t is easy to verify that the pair of matrices X and Y in (2.11) are both
Hermitian. Substituting the pair of matrices into (2.10) gives

PXP* = PX,WX{P* = QV,WY{ Q" = QYQ",

which shows that (2.11) satisfies (2.10). Also, assume that Xy and Yy are any pair of
solutions of (2.10), and set

W = (PXoP")" = (0%0")T, X, = PTPXoP*, Y1 = QT QY,0",

X, =Xo— P'PXoP'P, Y, =Y,—0'0Y,070.
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Then, (2.11) reduces to

X = PTPXyP* (PXoP*)T (PTPXoP*)* + Xy — PTPX,P'P
= P (PXoP")(PXoP*)" (PXoP*)(P")* + Xo — PTPXoP'P
= P'PXoP"P+ Xy — P'PXoPTP =Xy,
Y = 0" 0% 0" (0% Q") (0T 0% 0")" + Yo — 0T 0% 0" 0
= 07(0Y0")(0Y00")T(0¥%0")(Q")" + Yo — 0T 0% 00
= 0'0Y0'0+Y)— Q0% 0" 0 =,
that is, any pair of solutions of (2.10) can be represented by (2.11). Thus, (2.11) is the
general solution of (2.10).

Solving the latter two equations in (2.12) by Lemma 2.4(b) yields the following
general solutions

X, =U, - P'PUP'P, Y,=U,—Q'0U,0'0, (2.15)

where U; € Cfj and Us € Clﬁ are arbitrary. To solve the first equation in (2.12), we
Xi

rewrite it as [P, —Q] {Y
|

] = 0. Solving this equation by Lemma 2.3(a) gives the gen-

n
sions of X; and Y; can be written as

eral solution [ 1] = FyV}, where V| is an arbitrary matrix. Hence, the general expres-

X, = L,FyVy, Y1 = LEyV). (2.16)
Substituting (2.15) and (2.16) into (2.11) gives (2.13) and (2.14). O
LEMMA 2.6. Let B € C™" and A € C{} be given. Then, the general solution
X € C}, of the quadratic matrix equation
(BXB*)A(BXB*) = BXB* (2.17)
can be expressed in the following parametric form
X =U(U*B*ABU)'U*+V —B'BVB'B, (2.18)
where U € C™" and V € C}; are arbitrary.

Proof. Substituting (2.18) into BXB* gives BXB* = BU(U*B*ABU)'U*B*. It is
easy to verify by the definition of the Moore—Penrose inverse that
(BXB*)A(BXB*) = BU(U*B*ABU)'U*B*ABU (U*B*ABU)'U*B*
= BU(U*B*ABU)'U*B* = BXB".
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Hence, (2.18) satisfies (2.17). On the other hand, for any Hermitian solution X, of
(2.17), set U = B'BXyB'B and V = X; in (2.18). Then, (2.18) reduces to

X = B"BX,B' B(B'BXoB*ABX,B'B)'B"BX,B' B+ X, — B'BX,B'B
= B'BX,B'B(B'BX,B'B)'B"BX,B' B+ Xy — B'BX,B'B
= B'BXoB'B+ Xy — B'BXoB'B = X,.

This result indicates that all solutions of (2.17) can be represented through (2.18).
Hence, (2.18) is the general solution of (2.17). [

3. General solution of BXB* <™ A

A well-known necessary and sufficient condition for the rank subtractivity equality
in Definition 1.1 to hold is

r(A—B)=r(A)—r(B) < Z(B) CZ(A), Z(B*) C Z#(A*) and BA'B=B, (3.1)
see [8]. Applying (3.1) to (1.1), we can convert (1.1) to a system of matrix equations.
LEMMA 3.1. Eq. (1.1) is equivalent to the following system of matrix equations
BXB* = AYA, (BXB*)A'(BXB*) = BXB", (3.2)
where Y € C{f is an unknown matrix.
Proof. From (3.1), the minus partial order BXB* <~ A in (1.1) is equivalent to
#(BXB*) C Z(A) and (BXB*)A"(BXB*) = BXB". (3.3)
By Lemma 2.4(a), the first range inclusion in (3.3) holds if and only if the first matrix
equation in (3.2) is solvable for Y. Thus, (3.2) and (3.3) are equivalent. [
THEOREM 3.2. Let A € Cfj and B € C™" be given, and .71 be as given in
(1.6). Also define

A B

M:[B*O

], H=[B,-A], I,=[1,,0], B=[B,0], A, =EpA, B, =E;B.

Then , the following hold.

(a) The general Hermitian solution of the inequality
BXB* <™ A (3.4)
can be written as
X =1,FyU(U*FyB*A"BFyU) U*FyI* +V — B'BVB'B, (3.5)

where U € CUm+mx(mtn) qnd v € Cf are arbitrary .
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(b) The general expression of the matrices in (1.5) can be written as
Z = BFyU(U*FyB*A"BFyU)'U* Fy B*, (3.6)

where U € Cmm)x(mtn) s arbitrary . The global maximal and minimal inertias
and ranks of Z in (3.6) and the corresponding A — Z are given by

max i+ (Z) = i+ (M) +i+(A) —r[A, B], (3.7
ZeA

max r(Z) = r(M)+r(A) —2r[A, B], (3.8)
VASS %)

ZHEllyI}llj:(A_Z):r[A,B]_lx(M), (39)

ZI»IEHYHI r(A—Z)=2r[A,B]—r(M). (3.10)

The shorted matrix of A relative to %(B), denoted by ¢~ (A|B), which is a
matrix Z that satisfies (3.8), is given by

¢~ (A|B) = BFy (FyB*A'BFy) " FyB*. (3.11)

Proof. Applying Lemma 2.5 to the first equation in (3.2), we obtain the general
solutions of X and Y as follows

X =1,FyTFyl +V —B'BVB'B, Y = I, FyTFyI’, + W —ATAWATA,  (3.12)

where T € (Cﬂ*", V € C}; and W € Cfj are arbitrary. Substituting (3.12) into the
second equation in (3.2) leads to the following quadratic matrix equation

(BFyTFyB*)A" (BFyTFyB*) = BFyTFyB*.
By Lemma 2.6, the general solution of this quadratic matrix equation is given by
T =U(U"FyB*A'BFyU) ' U* + W, — (BFy) ' (BFy )W, (BFy )" (BF),

where U € CUm+m)x(mtn) and Wy € CIA™" are arbitrary. Substituting this 7 into the
matrix X in (3.12) gives

X = 1L,FyU(U*FyB*A"BFyU) U* Fy '
+ [L,FyW\FyI" — 1,Fy (BFy) ' (BFy)W, (BFy)' (BFy)Fyl 1 +V — B'BVB'B.
(3.13)

It is easy to verify from B, = B that
B[I,FgW,Fyl* —I,Fy(BFy)" (BFy)W, (BFy )" (BFy)Ful’|B*
= BFyW,FyB* — (BFy )(BFy)" (BFy)W,(BFy )" (BFy)(BFy)* = 0.

This fact shows that the second term on the right-hand side of (3.13) is a solution to
BXB* = 0. Also, note from Lemma 2.4(b) that V — B'BVB'B is the general solution to
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BXB* = 0. Hence, the second term on the right-hand side of (3.13) can be represented
by the third term of the same side, so that (3.13) reduces to (3.5).
Substituting (3.5) into BXB* gives

7 = BXB* = BFyU(U*FyB*A'BFyU ) U*FyB*, (3.14)
as required for (3.6). Note further that this Z satisfies
(U*FyB*A")Z(ATBFyU) = U*FyB*ATBFyU. (3.15)

Both (3.14) and (3.15) imply

i+(Z) = is(U*FyB*A'BFyU) < is(FyB*A'BFy) (3.16)
and
max i. (Z) = i+ (FyB*A"BFy), max r(Z) = r(FyB*A"BFy). (3.17)
26(71 Zeyl

Recall that the inertia of a Hermitian matrix does not change under Hermitian congru-
ence operations. Applying (2.4) to FyB*A"BFy and simplifying by Hermitian congru-
ence operations, we obtain

TR D B*A'B 0 B*
is(FyB*A'BFy) = ix B;‘;B I_é}—r(H):ii 0 0 —A|—r[A, B]
: B A0
0 1B*ATA B* 00 B

=iy |1ATAB 0 —A|—r[A,B]=ix|0 A —A| —r[A,B]
| B -A 0 B-A 0
(00 B* A B

=i.|0A O —r[A,B]:i:F[B* 0]+ii(A)—r[A,B]. (3.18)
B0 -A

Substituting (3.18) into (3.17) leads to (3.7) and (3.8). Also, note that

min i+(A—Z7)=i+(A) — max i+(Z).
Xes| j:( ) j:( ) Xes i( )

Thus, (3.9) and (3.10) follow from (3.7) and (3.8). [

4. General solution of BXB* <" A

In this section, we derive an analytical expression for the general solution of (1.2)
by using generalized inverses of matrices, and show some algebraic properties of the
solution.

THEOREM 4.1. Let A € Cfj and B € C"™*" be given, and let . be as given in
(1.6). Then, the following hold .
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(a) There exists an X € CJ; such that

BXB* <" A 4.1)
if and only if
EpAEp >“0 and r(EpAEp) = r(EpA), (4.2)
or equivalently ,
it {A* ’3] =r[A,B] and i {A* ’3] = r(B). (4.3)

In this case , the general Hermitian solution of (4.1) can be written in the follow-
ing parametric form

X =B'A(B")" — B'AER(EgAER) ' EgA(B')* —UU* + FgV +V*Fp,  (4.4)

where U, V € C"™" are arbitrary. Correspondingly, the general expression of
the matrices in . can be written as

Z =A— AEp(EgAEg)"EpA — BUU*B". (4.5)

(b) Under (4.2), the shorted matrix of A relative to % (B), denoted by ¢“(A|B),
which is the maximizer in /5, can uniquely be written as

¢“(A|B) = A— AEg(EAEp) "EpA. (4.6)

The rank and inertia of $“(A|B) and A — ¢“(A|B) satisfy

i[9"(A|B)] =i (A)+r(B)—r[A,B], 4.7)
i-[9"(A|B)] =i-(A), (4.8)
ir[A—¢"(A|B)] =r[A—9¢"(A|B)] = r[A, B] - r(B). (4.9)

Proof. 1t is obvious that (4.1) is equivalent to
BXB*=A—-YY* (4.10)

for some matrix Y. In other words, (4.1) can be relaxed to a matrix equation with two
unknown matrices. From Lemma 2.4(a), (4.10) is solvable for X € C}; if and only if
Ep(A—YY*) =0, thatis,

EpYY* = ERA. 4.11)

From Lemma 2.3(b), (4.11) is solvable for YY* if and only if EgAEp >0 and r(EzAEgR)
= r(EpA), establishing (4.2), which is further equivalent to (4.3) by (2.1) and (2.4). In
this case, the general nonnegative definite solution of (4.11) can be written as

YY* = AEg(EpAEp) EgA + BB'WBB', (4.12)
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where 0 < W € CJ! is arbitrary. Substituting the YY* into (4.10) gives
BXB* = A — AEp(EAEg) EgA — BB'WBB'. (4.13)
By Lemma 2.4(b), the general Hermitian solution of (4.13) can be written as
X = B'A(B")* — B'AE(EpAER) "EgA(B")* — B'W (B + FgV + V' Fp,  (4.14)

where V € C"™" is arbitrary. Replacing the matrix 0 < B'W(B")* € C}, in (4.14)
with a general matrix 0 <" U ¢ Cf; yields (4.4), which is also the general Hermitian
solution of (4.1). Substituting (4.4) into BXB* gives (4.5).

Eq. (4.6) follows from (4.5) by noticing BUU*B* > 0.

It follows from (4.2) that Z(EgAEgR) = Z(EpA). In this case, applying (2.5) to
(4.6) and simplifying by Hermitian congruence transformations, we obtain

. . 3 EpAEp EgA| .
li[¢L(A|B” = li[A—AEB(EBAEB)kEBA} = |: zl;EBB Z :| _lj:(EBAEB)
. [oo] . . .
=14+ 0 A:l — li(EBAEB) = li(A) — lj:(EBAEB),
. . . [—EAEg EgA] .
i+[A—9Y(A|B)] = i+[AEp(EgAER) EgA] = zi[ AE, 0 ] — i (EpAEp)

=iy AJOEB ESA} — i+ (EpAEg) = r(EgA) — i+ (EBAEp).
Hence, we further find from that (2.1) and (4.2) that
i[9 (A[B)] = i+(A) — i+ (EpAER) = i1 (A) — r(EpA) = i+ (A) +r(B) — r[A, B],
i-[¢“(A|B)] =i_(A) —i_(EpAEp) = i_(A),
i [A—¢"(A|B)] =r(EsA) —i_(EpAEg) = r(EgA) = r[A, B] — r(B),
i-[A—9¢"(A|B)] = r(EpA) — i+ (EAEp) =0,
establishing (4.7)—-(4.9). O

5. An equality for the shorted matrices of A relative to 7(B) in the minus and
Lowner partial orderings

Since .| and .5 in (1.5) and (1.6) are defined from different matrix inequalities,
the two sets are not necessarily the same, as demonstrated in Theorems 3.2(b) and
4.1(a). However, they may have some common matrices. In this section, we show an
interesting fact that the shorted matrices of A relative to % (B) in the minus and Léwner
partial orderings are the same.

THEOREM 5.1. Let A € Cfj and B € C"™*" be given, and %\ and /> be as
given in (1.5) and (1.6). If (4.1) has a solution, then the two shorted matrices in .}
and ., are the same, namely ,

¢ (A|B)=9¢"(A|B). (5.1)
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Proof. Note from (3.11) and (4.6) that (5.1) holds if and only if
BFy (FyB*A'BFy)  FyB* = A — AEg(EpAER) EA. (5.2)

It is easy to derive from (2.2) that
r(BFy) :r[B] —r(H) = r(A)+r(B) —r[A, B]. (5.3)

Under (4.2), (3.17) reduces to
r(FyB*A'BFy ) = r(M) +r(A) — 2r[A, B] = r(A) 4+ r(B) — r[A, B]. (5.4)

Both (5.3) and (5.4) imply that % (FyB*) = %(FyB*A"BFy ). In this case, applying
(2.5) to the difference of both sides of (5.2) and simplifying by elementary matrix op-
erations, we obtain

r[A — AEg(EpAER)" EgA — BFy (FyB*A'BFy ) FyB*]

_, FuB*A"BFy FuB*

5 — r(FyB*A'BF,
BFy  A—AEg(EsAEy) Epa| ~ "W i)
[B*A'B B* H*
—r| B A—AEg(EpAER)'EgA 0 | —2r(H)—r(A)—r(B)+r[A,B] (by (2.4))
| H 0 0
[B*ATB 0 B* B
0 0 0 —A
=" B0 A—AEs(EpAEg) Ega o | A T7(B) 1A B]
| B A 0 0
[B*ATB 0 B* 0]
0 0 0 —A
= B0 A—AEs(EAER) Ega o | A 7(B) (A, B]
0 -A 0 0

B*A'B B*
B A-— AEB(EBAEB)TEBA:| (A)_V(B)_V[A,B]

[_
qB*AtB B*] N [8 AEB(EBIL?EB)TEBA] ) +r(A)—r(B) - r[A, B]

B'A'B B* 0
=r| B A AEp | —r(EgAEg)+r(A)—r(B)—r[A,B] (by (2.5)
| 0 EpA EpAEg
[B*ATB B* 0
=r{ B AO0|—r(EgA)+r(A)—r(B)—r[A,B]
0 00
* AT *
= r[B 2 B i } +7r(A)—2r[A,B] =0 (by (2.3)),
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which means that (5.2) is an equality. O

The minus and Lowner partial orderings in Definition 1.1 can accordingly be de-

fined for linear operators on a Hilbert space. Also, note that the results in this note
are derived from some ordinary algebraic operations of the given matrices and their
Moore—Penrose inverses. Hence, it is no doubt that most of the conclusions in this note
can be extended to operator algebra, in which the Moore—Penrose inverses of linear
operators were defined.
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