athematical
nequalities
& Papplications

Volume 16, Number 3 (2013), 887-893 doi:10.7153/mia-16-68

SOME LYAPUNOV-TYPE INEQUALITIES
FOR A CLASS OF NONLINEAR SYSTEMS

XIAOJING YANG, YONG-IN KIM AND KUEIMING LO

(Communicated by D. Hinton)

Abstract. In this paper, we present some new Lyapunov-type inequalities for a class of nonlinear
differential systems, which are natural generalizations of the well-known Lyapunov inequality
for linear second order differential equations. The results of this paper generalize some previous
results on this topic.

1. Introduction

The well-known Lyapunov inequality [5] for second-order linear differential equa-
tion
X'(t) +q(t)x(e) =0 )]

states that if ¢ € Cla, b] and x(¢) is a solution of (1) such that x(a) = x(b) = 0 and
x(t) #0 for t € (a, b), then the following inequality holds:

b
(b-a) [ g*(0)ar >4, )

where ¢ (1) = max{q(t), 0}, and the constant 4 is sharp, which means that it can not
be replaced by a larger number.

Since this result has found many applications in the study of various properties of
solutions of differential equation (1) such as oscillation theory, disconjugacy and eigen-
value problems, there have been many proofs and generalizations of (2), for example,
to nonlinear second order equations, to delay differential equations, to higher order dif-
ferential equations, to discrete differential equations and to linear Hamiltonian systems
etc. For further examples, we recommend readers to refer to the references [1-15] and
the references therein. In [5], Hartman obtained the following inequality:

[ awa—ao-—na>-a) ®

which implies (2) since it follows from (3) that the following refinement of (2) holds:

b 4 b
+ +
tdt>7/ 1)t —a)(b—1t)dt > . 4
o> g [ ap—nar> 5= @
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In this paper, inspired by the work of [5] and [12], we obtain some new Lyapunov-type

inequalities which are natural generalizations of (4) and some previous results in the
literature.

2. Main results

Consider the following nonlinear differential system:

¥ =ai(t)x+ax(t)py(y),

©)
V' = —a3(t)gp(x) —ai(1)y,

where a; € C([a, b],R) for 1 <k <3, ax(t) >0Vt € [a,b], ¢p(u) = |ulP~>u with
p>1land p' = pfl > 1 is the exponent conjugate to p.

Note that if a;(7) = 0, then system (5) reduces to the following nonlinear second
order equation:

(r(195 ()" + (1) $p(x) =0, (6)

p—1
where r(r) = <a21( t)> , q(t) = as(t). In [13], the first author of this paper obtained
the following generalization of inequality (2):

Let p > 1,r € C(la, b], (0, +e)) and g € C([a, b], R) in (6). If x(¢) is a solution
of (6) such that x(a) = x(b) =0 and x(¢) # 0Vt € (a, b), then we have

b b p-1
/ gt (t)dt (/ ldt ) > 2P, (7)
a “ ()

Now the main results of this paper are the following theorem and corollaries:

THEOREM 1. If x(t) is a nonzero solution of (5) which satisfies x(a) = x(b) =
x(t) #0,1 € (a, b), then the following inequalities holds:

(ffa;r(t)ep.fém dsdt> (f ! [Lay(s)ds 2(t)dt>2(p—l)
p—1

S 4p-1 fab a;r (t)epj; ay(s)ds (fé e_pl-/gal(f)dfaz(s)ds ftb e—P'./Lfal(T)dTaz(s)ds> dt
/ot -1
D, (fle i)
(8)

where

D _ 41”1,1<p<2;
P2, 2<p.
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COROLLARY 1. If x(t) is a solution of (6) satisfying x(a) =x(b) =0 and x(t) #0
fort € (a,b), then we have

2(p-1)
o (f: @ )

rP=1 (1)

p—1
>4 24 () (f; e b ) a ©)

T
rP=1(s) rP=1(s)

p—1
> Dy (f: i ) :
rp=L(r)

Moreover, if () =1 in (6), then (6) reduces to

(@ (X)) +4a()¢p(x) =0, (10)
and Corollary 1 reduces to the following Corollary 2.

COROLLARY 2. If x(t) is a solution of (10) satisfying x(a) = x(b) = 0 and x(t) #
0 for t € (a, b), then we have

(b—a)>P=V) [2q*(r)ar

a

>4r=t [Tq () [t —a)(b—0))' (11)
>Dp(b_a)17—l,
which is equivalent to
b 4r=1 b _ D
/a q+(z)d1>m/a a ) [(t—a)b-1)] 1dt>(b_7ap)p_l. (12)

REMARK 1. Note that if p = 2, then equation (10) reduces to the equation (1).
Thus the inequalities (8), (9) and (12) are natural generalizations of inequalities (2) and

A).

Before we prove Theorem 1, we first show an inequality, which is crucial in the
proof of Theorem 1.

LEMMA 1. If A, B,k are positive numbers, then the following inequality holds:

Ak 4 BF
— >,
A+BE~*

where
1, O0<k<l;
G= {21—’: 1<k
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Proof. Let B=AA, A > 0. Then we have

AF+ B 1t
arar T
and .
sy - KA 1)
f(x)"?T;jfﬁiT'

This implies that for 0 < k< 1, f/(A) >0if 0<A <1 and f/(A)<0if A >1,and
hence, we have inf; - f(1) = f(0+) = f(-+e) = 1. Similarly, we can show that for
k>1,ming~of(A) =f(1)=2""% O

Proof of Theorem 1. Multiplying the first equation of (5) by y(¢) and the second
one by x(¢), and adding the results, we get

(x(0)y(1))" = ax()[y(0)]" — a3 (1) |x(1)I".
Integrating the above equation from a to b and using x(a) = x(b) = 0, we obtain
b , b
[ b d= [ aolxo)rar. (13
a a

Recall that the solution for # € R of the following initial value problem of the first order
linear differential equation:

W' =p()u+q(t), u(to)=0

_ s /q - Jy el

For any 7 € (a, D), using the assumption x(a) = x(b) = 0, and applying the above result
to the first equation of (5), we obtain

x(t) :eftial(s)d‘f “Jaar(@dTg, (s 5)0p (v(s))ds
:—elul d\fefal ()¢p(())

Now, applying Holder’s inequality to (14), we have

t ‘ /s
()] < eliaro)as ( [ faalmdraz(s)ds)

is given by

(14)

L

([ wonors)’. o

'E\l —

and

1

1 b sy % b /
x(t)] < elar(9)ds (/ e P falll(T)dTaz(S)dS) ! (/ ar(s)|y(s)|” ds) " (16)
t t
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Let d € (a, b) be any fixed number. Then from (15), we obtain

Ji a5 () x(o)|Pdr
< [ (@er b (frer B tay()as) T fLan()y)dsdt (1)
< [ af (e i ts (1o Bon(za (s)ais) " di [ an(e)ly (o).

Similarly, from (16), we obtain

7 @5 (0)|x(t)|Pt
< [haf (er it (oot B tan(5)as) " Pas(s)ys)dsdr (18)
< ;a;r( YeP Jaai(s)ds (f,”e*I”fff“l(”dTaz(s)ds)p_ldtffaz(t)ly(t)lpldt.

Note that the function

X ; t S s p—1
hl(x) ::/ agr(t)epfaul(.s‘)ds (/ e P faal(‘r)d‘raz(s)ds> dt

is nondecreasing for x € (a, b) and the function

b . b p—1
ho(x) ::/ a;r(t)el’fgul(s)ds (/ e P faul(r)draz(s)ds) dt
x t

is nonincreasing for x € (a, b). Now it follows from £ (a) = hy(b) =0 and hi(b) >0
and hy(a) > 0 that there exists at least one ¢ € (a, b) such that i (c) = ha(c) > 0, that
is,

Jat (r)erlae(s)ds (fé e*l’/f;‘ll(f)dfaz(s)ds> L

B (19)

_ fj)a;-(t)epf;al(.v)ds (f,h e*ﬁ’f;ul(r)draz(s)ds>p dt.

Let d =c € (a, b) in (17) and (18). Since (19) holds, adding (17) and (18), and using
(13), we have

I af (6)|x(e)|Pdt
. 1
< [Cay (1)ePlai()ds (f —p (e s)ds " dt [ ax(0)|y(r)|" dr
+fw+ma%mmﬁ(f Ay (s)as) e a0l d

1 (20)
=[‘a epfaul s)ds (f =P fai(z s)ds P dtf ar(t ()|1’dt

()ds)
=[‘a epf ai(s ( P fja(z ds>p dtf a3(t)|x(t)|Pdt
) dt [P at (1) |x(t)|Pdt.

ngJr ep}al dS(f = Jqai(t s)ds
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The first strict inequality in the above inequalities holds since x(z) is not a constant
solution (zero solution) of (5), and hence at least one inequalities in (17) and (18) is

strict. From (13), we have
b
/ & (1)|x(0) Pt > 0,

which, together with (20), yields

| < (e s e B )
= fch ay (t)epj; ai(s)ds (ftb e—P’./;fal(r)draz(s)ds> p-1 0
It follows from the first inequality of (21) that

p—1

f 3 ( )epfa al d‘ (f p,fjal (T)draz(s)ds ftb efplfaxal (T)draz(s)ds> dt
1S /ot —1

> [af(t)er a1 (5)ds ( [Le Vi Ddtg, (5)ds [P e P fam(s)dmz(z)dt)” di

> ( jz’efp’féaws)dsaz(z)dt)

p—1

Similarly, from the second inequality of (21), we have

ot /s  rs —1
Pt (r)ep i (s)ds ( [Le P ia®dTg, (5)ds [P o' fi m(r)draz(s)ds)” dt
1 /ot s -1
2 fac aé‘r (l‘)epfa ay (S)dS (fac e P fa aj (S)d"‘az (t)dl‘ ftb e P fa aj (T)draz (S)ds> P dt
-1
(f = [yar(s) ([)dl)p

Adding (22) and (23) and applying Lemma 1, we obtain

. —1
f;a;(t)ep./aamds(f (@t gy (5)ds [P P fiar (DT (s)ds>” dt

ot -1 /[t p-1
> ( [Per ./aal(s)dsaz(t)dt>p + (f; e’ -’”“‘“"’Saz(t)dt)

L —1
2 Cp1 (ff e’ '/‘fa‘(s)dsaz(f)dty
Since AB < (A+B) for any real number A, B, we obtain
f -p faul 2(S)dsj;heip,f;ul(r)dra2(s)ds

<3 (frer By (s)ds 1 [P e i Mgy s)as)°

/ot 2
_1 ( [Per .Iaal(S)dsa2(t)dt> .

=

21

(22)

(23)

(24)

(25)
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Substituting (25) into (24), finally we get

> 41771 f(,{b a; (t)epfzful (‘)d‘ <f; eiplf;al (T)draz(s)ds f[b eip,f;ul (T)draz(s)ds> P dt

(faba;r(t)ep'f‘ial dsdt) <f —p' [yai(s (t)dt)z(pil)

-1

/ -1 / -1
> 41”1Cp_1 (f: e P fiun(-v)dsaz (t)d;>p =D, (ff e P féun(-v)d-vaz(t)dt>p ,

which is the result of Theorem 1. [
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