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(Communicated by D. Hinton)

Abstract. A new version of the well-known Lyapunov-type inequality for n-dimensional quasi-
linear systems is obtained. The results of this paper generalize some previous results on this
topic.

1. Introduction
The well-known Lyapunov inequality for second-order linear differential equation
X' +q(t)x=0 (D)

states that if ¢(z) > 0 is continuous and equation (1) has a nonzero solution x(z) satis-
fying the boundary condition:

x(a) =x(b)=0, x(t)#0, t€(a,b)

[ ata> -

This result has found many applications in the study of various properties of solu-
tions of differential equations such as oscillation theory, disconjugacy and eigenvalue
problems. Also, there have been many proofs and generalizations of the Lyapunov
inequality. For example, we refer to the papers [1-8] and the references therein. How-
ever,until now, there have been only a few results obtained for differential systems.
Recently, De Népoli and Pinasco [4] have obtained the following results:

then

THEOREM A. Consider the following (p,q)-quasilinear system:

(8 (') + k(1) |u*2ulv]P =0

AN ol,,|B-2 2
(05 ())" + ha(0)[u * [P~y = 0,
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where 1 < p, q < +eo, ¢,(u) = [u|P"2u and hy, hy are real nonnegative continuous
Sfunctions and o, B are non-negative numbers satisfying

e P_y 3)

P q
If hi(t) > 0 for t € [a, b] and i = 1,2 and equation (2) has a nontrivial solution (u, v)
satisfying the boundary condition u(a) = u(b) = v(a) = v(b) =0, then the following
inequality holds:

B
q

2048 < (p— q) B (/abhl(t)dt)% (/jm(x)dr) : )

More recently, Cakmak and Tiryaki [1] have considered the following 2-dimensional
system:

(r(1)9p () + fi(1)|u|*ulv]P =0, )
(r2(1)y (V') + L2 (0)ul®[v]"~2v = 0,

where
(i) r1, r2, f1, f> are real valued continuous functions such that r{(z) >0 and r,(z) >0
forall r € R.
(i) the exponents satisfy 1 < p,q < +eo and the positive parameters o, 3,60 and y
jeld @1+ B — 0 Y _
yield p—l-q—land p+q—1.
They have obtained the following result:

THEOREM B. If system (5) has a real nonzero solution (u(t),v(t)) such that
u(a) =u(b) =v(a) =v(b) =0 where a,b € R with a < b being consecutive zeros,
then the following inequality holds:

2 < ([ ey dl)"%” ([ eaon™ dr)m"l) (f bfﬁ(z)dt)‘e’ (/ bf;mdr)g 7

(6)
where f;"(t) = max{fi(t), 0} for i=1,2.

Now, in this paper, we will give a generalization of the above results to n-dimensional
quasilinear differential systems.

2. Main result and its proof

Let us consider the following n-dimensional quasilinear system:
(r1 (I)d)m (xll ))/ + hi (t)¢111,1 (xl)quLz (x2) 718 (x3)lVf1154 (xg)- - 71 Xn)
(ra(6)9p, (65))" + F21) Wy (¥1) 92, (62) Wi (03) W 4 (54) -~ W,

(r3 (t)Pps (XS)) "+ S3()Was (X1)Was, (02) Pgs 5 (X3) Wy 4 (Xa) -+ Vg3, (xn) =0, 7

(ra(t)Op, ) + fo (OWg,, (1) W5 (%2) -+ Wy, (n—1)9g,,,(xn) = 0,

(xa) =0,
(xn) =0,
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where 1 < py < oo for k=1,2,---,n; g; j are nonnegative constants for i, j =1,2,---,n;
0p () = |ulP~2u; y,(u) = |ul? for g > 0; r, € C'([a, b], (0, +0)) for k=1,2,---.n
and f;(¢) € Cla,b] for k=1,2,--- n.

The main result of this paper is the following theorem.

THEOREM 1. Let a < b and assume that there exist nontrivial solutions (ey, ez, -+, e,)
of the following linear homogeneous equation:

(P1—q11)e1 —q21€2—q31€3— - —qnien = 0;

—q12e1+ (P2 —q22)e2 —q3 263 — - — qn2en = 0;

—q13¢1—q23e2+ (p3—q3z)es — - —qn3en =0; (®)
—q1n€1 — 42.0€2 = — Gn—1n€n—1+ (Pn — Gnn)en =0,

where e >0 for k=1,2,---.n and ¥}_, e,% > 0. Suppose that there exists a nonzero
solution (x1(t), x2(t), -+, xa(t)) of (7) satisfying xi(a) = xx(b) =0 and x;(t) £ 0 for
k=1,2,--- n. Then we have

kfll (/abf,j(t)dtyk > 20 ﬁ (/ab (rk(z))llmcdt> (l_pk)Ek, 9)

k=1
where [ (t) = max{f(t), 0} for k=1,2,---,n and Q, = Yi_ipjej.
COROLLARY 1. Assume that

N aix=pr, k=12,--,n (10)
j=1

If there exists a nonzero solution (x1(t),xp(t),--+, x,(t)) of (7) which satisfies x;(a) =
xx (D) =0 and xi(t) Z0 for k= 1,2,---,n, then we have

Ii[l/ubf,j(z)dmzf’nﬁ (/ﬂb(rk(z))ﬁdz)lpk, (11)

k=1

where [ (t) = max{fi(t),0} for k=1,2,---,n and P, = PIHIY I3

3. Proof of the main result

Proof of Theorem 1. Consider the k-th equation of (7) and assume that |x;(c;)| =
max,<;<p |X(7)| for some ¢ € (a,b) and for k = 1,2,---,n. Then from x;(z) # 0,
we see that |xg(cx)| > 0 and x(cx) = 0. Now from x;(a) = 0 and using the Holder’s
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inequality, we obtain
e (cx)| = | fo* 2 (1)t |

< S W) ldr = [ (re(0)) % () % 1 (1)

N
< (fj" (re(1)" ™ dr) 8 o) ) ) (12
=(ﬁWmo»Hﬁw)i(fwu>uummmwk

where pl, = -2~ From (12), we obtain

|mmw<([%wwﬁmyﬂéﬁwmwww. (13)

Multiplying the k-th equation of (7) by x;(¢) and integrating over [a, ¢;] and using
integration by parts, we obtain

= L (re0) By (1 (6))) e (1)t

= =1 (1) Bp, (e (0))xac () | + ¥ i) e (1) [Pt

= Ja* re(0) | (1) [Prdt

= Ja" o)Wy, (a1 (1) Wy (x2(2)) -+ Py (i (1)) i (1) - - - Wy, (xa(2))dlt
Jat B O ea (e)| 2 g (1) 962 -« oy (1) | % -+ e (1) it
e (en) %t pea(e2) |92+ e (i) [958 -« P (en) |9 [3* £ (1)dt

Substituting the above inequality into (13), we obtain

1< ‘xl (C1)|4k51 |X2(02)|‘1k,2 .. |xk(ck)|‘1k,k_l7k |xk+1(Ck+1)|qk"k“ |xn(cn)|qk#n
o \#ad
< oyTma)” g o

Hence, from the above inequality, we obtain

Cr Cr 1 1—py
[ 8 0ar = e s el ([* ooy ma) T )
“ Jj#k “

<
<

Similarly, by using x;(b) = 0, we can show that

b b 1 1—pg
/f;f(f)dt>ka(Ck)Ip"_q""kH|xj(cj)|_qk’f (/ (re(2)) Tk df) : (15)
& itk 2

Since the function /(x) = x' 7 is convex for x >0 and p > 1, the Jensen’s inequality

n(52) < 500410
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implies that

([ o) s (o) o ([rea) ™

(16)
Now, (14), (15) and (16) imply that

b 1 L—px

/ £ (0)de > | () [P T L (eg) |02 ( / (1)) 77 dt) .an
J#k “

Raising the both sides of the inequality (17) to the power e; for each k =1,2,---.n

respectively, and multiplying the resulting inequalities side by side, we obtain

kliIl (th;(t)dt) [H e (ck I"k] 20 H [/b(rk(f))ll”kdtil U*m)ek, -

k=1

where Oy = (pr — qrx)ex — Xz qjkej for k=1,2,--- ,n. By assumption, equation (8)
has nonzero solutions (ej,ez,---,e,) such that 6y =0 for k=1,2,---,n, where ¢; >0
for k =1,2,---,n and at least one e; > 0 for j € {1,2,---,n}. Choosing one of the
solutions (ey,ez,---,e,), we obtain from (18) the inequality (9). This completes the
proof of Theorem 1. [

Proof of Corollary 1. From the proof of Theorem 1, we see that condition (10)
implies that ¢; = ey = --- = e, = 1 is a nonzero solution of (8). Now Corollary 1 is a
direct consequence of Theorem 1. [

EXAMPLE 1. Consider system (2). Clearly (2) is a special case of (7) where
n=2,rt)=nlt)=1,pr=p,. pp=q, q11=0, qi2=B, @1=0, 22 =P
and f; () = hi(¢) for k =1,2. Note that the condition (8) of Theorem 1 is satisfied
if ey =0a/p,ea =P/q and a/p+ /q= 1. Under these conditions, we can see that
the inequality (9) of Theorem 1 reduces the inequality (4) of Theorem A. Also, if there
exists a nonzero solution (u(t),v(r)) of (2) satisfying condition u(a) = u(b) =v(a) =
v(b) =0 and p =20, g =2, then by Corollary 1, we have the following inequality:

2p+q

which agrees with the mequahty (4) with p=20 and ¢ =2f.

EXAMPLE 2. Consider system (5). Again, (5) is a special case of (7) where n =2,
PI=p,.P2=4q,q11=0,q12=P, g21 =0 and g, = y. Note that the condition (8)
of Theorem 1 is satisfied if e; = 0 /p, e = /g and o/p+B/q=1and 6/p+7v/q=
1. Hence, also in this case the inequality (9) of Theorem 1 reduces to the inequality (6)
of Theorem B. Moreover, if we assume that (i) and (i) : p=0o+ 0, ¢= + v and
the other conditions of Theorem B hold, then we obtain from Corollary 1 the following
inequality:

o [nwra) ([ eorsa) < [ o[ g
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EXAMPLE 3. Consider system (5) again. Assume that (i) and (ii)” : (p — o) (g —
y) = B6. Then it is easy to see that the condition (8) of Theorem 1 is satisfied if we
choose ¢ =0 >0, e = p— o > 0. Hence by Theorem 1 we can obtain the following
inequality:

1=p)6 1-4)(p~)
2r6+4(p—0) (ff(rl(l))ﬁdty p) (ff(rz(t))ﬁdty a)(p-a

0 p—o
b b
< (L2 17 war)” (J2 £ (ar)
REMARK 1. It is evident that Theorem 1 is a natural generalization of Theorem
A and Theorem B. Corollary 1 and examples 1-3 show that Theorem 1 yields new

inequalities which are not covered by Theorem A and Theorem B even for the case
n=2.
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