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OSCILLATION OF p(x)-LAPLACIAN ELLIPTIC
INEQUALITIES WITH MIXED VARIABLE EXPONENTS

YETER SAHINER AND AGACIK ZAFER

(Communicated by J. Pecaric)

Abstract. Oscillation criteria are established for p(x)-Laplacian elliptic inequalities with mixed
variable nonlinearities of the form

u[V - (A@)|[VulPD2Vu) + (b(x), Va2 V) — h(x,u) + g(x,u)] <0, x€Q,
where B(x) > p(x) > y(x) > 1, Q is an exterior domain in RY, and
R(x,u) =1n |ul [Vu|? =2 (A(x) Vi) - Vi (x),
g(x,u) =c () |ulPD 20+ ¢ () 1 BO 20+ ¢ () [u) 2w+ £ ().

The function h(x,u) recently introduced in [N. Yoshida, Nonlinear Anal. 74 (2011) 2563-2575]
allows employing the Riccati transformation technique commonly used in the oscillation theory
of ordinary differential equations.

It should be noted that the results obtained are new for one dimensional case as well.
Examples are given to illustrate the results.

1. Introduction

We consider the elliptic inequality with p(x)-Laplacian of the form
u[V - (A@)|Vu|PY2Vu) + (b(x), |Vu P2 Vu)
— h(x,u) +g(x,u)] <0, xeQ, (E)
where B(x) > p(x) > y(x) > 1, Q is an exterior domain in R", and

h(x, ) =1n |uf [Vul[? 7 (A(x) V) - Vp(x),

g(x0) =c()lulP 024 ey () [ulP O "2t e () [l w4 £ ().
For simplicity, we take

Q=Q(ry) == {xeRY : |x| > rp},

where rg > 0 is a fixed real number.
It is assumed throughout this paper that
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Keywords and phrases: p(x)-Laplacian, oscillation, nonlinear, damped, elliptic equation, second or-
der.
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(i) A= (aij)nxn is areal symmetric positive definite matrix with a;; € C'(Q,R),
(ii) b= (bi)nx1 is areal vector with b; € C(Q,R),
(111) c, Clvc27f € C(Q7R) s

(iv) pECl(Q7(l7z>0)); v, B € C(Q,(1,%0)).

A function u € C'(Q,R) with property that A(x)|Vu|[?®W~2Vy € C1(Q,R) is said
to be a solution of (E) in Q provided that u(x) satisfies (E) for all x € Q. A solution
is called oscillatory if the set {x € Q: u(x) = 0} is unbounded; otherwise it is said to
be nonoscillatory. (E) is oscillatory if all solutions are oscillatory. As it is pointed out
by Yoshida [1], by defining uln|u| := 0 when u = 0, uln|u| becomes a continuous
function, and therefore we observe that (E) has no singularity.

The oscillation theory of differential equations dates back to 1836, when Sturm
introduced his oscillation and comparison theorems. Since then there has been a great
deal of works concerning mostly on the oscillation of ordinary differential equations.
To the best of our knowledge, the first study on elliptic differential equations involving
a Sturmian comparison theorem for self-adjoint second order linear elliptic equations
was performed by Hartman and Wintner [3]. Later, several authors have investigated
the oscillation of partial differential equations in various forms by making use of com-
parison methods, Riccati transformations, and Picone type identities. For a sample of
works we refer to [1, 2, 4, 5,6, 7, 8,9, 10, 11, 12, 13, 14] and the references cited
therein. Among them we choose to mention the following works.

Usami [7] derived oscillation criteria for half-linear elliptic partial differential
equations with p-Laplacian

-V. (a(x)|Vu|p72Vu) +e(X)|uP2u=0, p>1

by using Riccati method.
Marik [8], by using a radialization method for

V- (a(x)|VulP72Vu) + (b(x), |VulP ~2Vu) + c(x)|u|’2u =0

obtained via an ordinary differential equation several oscillation criteria.
Yoshida [9] has studied the oscillation of super- and sub- half-linear elliptic equa-
tions with damping of the form

V- (a(x)|Vu|*'Vu) 4 (o + 1)B(x)(|Vy|* Vi)
+ €l y+ D) Jul" = f(x)
when 0 < ¥ < oo < B by utilizing a Picone-type inequality.
Recently, there is also an increasing interest in studying equations with p(x)-
Laplacian —V - (a(x)|Vu|p(")_2Vu> , since such equations arise quite naturally in ap-
plied problems [16, 17, 18]. Indeed, the existence of weak solutions for

-V <a(x)\Vu\p(x)_2Vu> +c(0)|u]PD2u = f(x,u), xeRV.
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has been already established [19, 20, 21, 22]. For the existence and as well as the oscil-
lation theory of nonlinear elliptic differential equations, we refer the reader in particular
to the articles [23, 24, 25] and the monographs [26, 27, 28].

As far as the oscillation of p(x)-Laplacian type equations are concerned, there are
only a few works in the literature, see [ 1, 29] and the references cited therein. The main
reason seems to be the fact that the p(x)-Laplacian equation

-V (a(x)|Vu|p(")_2Vu> + () |ulPW 2 =0

is not half-linear, i.e a constant multiple of a solution is not a solution anymore unless
p is a constant function. However, the related elliptic inequality

u [V- (a(x)|vu|1’<x)*2vu) — a(x) In|u| [VulPD 2V p(x) - Vau
+ [ VuP972p(x) - Vi + ¢ (x) |u| P9 2u| <0, (1.1)

is half-linear as easily checked. This crucial observation made by Yoshida [1] is very
important, since it allows one to study such inequalities via Riccati type inequalities
with variable exponents [, Proposition 2.1] as in linear case. This approach nicely ap-
plied to (1.1) in [1] to derive several new oscillation criteria of integral averaging type.
See also [2] for Picone type identities with applications to Sturmian comparison theory
for half-linear elliptic operators with p(x)-Laplacians. We should note that Noussair
and Swanson [30] were the first to consider the oscillation of semilinear elliptic inequal-
ities of the fom

V- (a(x)Vu) + p(x)f(u) <O (1.2)

by making use of vector Riccati type transformation

o(|x])

W(.X) - f(u(x)) (avu)(x)
where o € C?(0,0) is an arbitrary positive function.

Motivated by the work of Yoshida [1], we establish new oscillation criteria for (E')
by using the arguments developed in [ 14] and Riccati transformation technique as in [1].
It is clear that (E') contains (1.1) as a special case by taking ¢ (x) = c2(x) = f(x) =0
and A(x) = a(x)I. As opposed to most oscillation criteria in the literature including
the ones in [1] our theorems do not require information on the whole exterior domain
Q but rather on a sequence of bounded domains in £2. Moreover, we are not confined
ourselves to annular domains Q(rp) only.

2. Preliminaries

Let A~!(x) be the inverse of A(x) and Ami,(x) denote the smallest eigenvalue of
the matrix A(x). As usual, by |A(x)| we mean the matrix norm induced by any vector
norm in RV,

We will make use of the following four lemmas. The first one is the generalized
Young inequality [15, p. 17] and the next three are some Riccati type inequalities related
to elliptic inequality (E).
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LEMMA 2.1. Let n > 2 be an integer. If the numbers q; > 1, i=1,2,...,n, satisfy

=

=1

)

1
i—1 9

then for any real numbers uy,u, ..., u,, the inequality

n |ul|qt

n
i=1

-1 4

holds.

2.1

LEMMA 2.2. Let Q. C Q. Suppose that c; and cy are nonnegative on €.

Choose 1y : Q — (0,1) so that

(B(x) = D)1o(x) < B(x) = p(x),

and define
P07 + ) (7))
L (O N
and
B pl) -~ mW(BE) )
G O I

If u is a solution of (E ) without any zero on Q. and u(x)f(x) > 0 with f £0 on

Q. then the vector function w defined by

AX)|VuPH—2vy

w(x) = PICE I X € Q,.

satisfies the Riccati inequality

Vo < —C() b7 (A (yw — L= DAnina) g

A e

where q is the conjugate of p, i.e.,

L
p(x)  qlx)

and

Cr(x) = (@) + (|£()]/M0(x))) ™ (1 (x)/m1 (x)) ™ (e2(x) /M2 (x)) 1.

(2.2)

2.3)

(2.4)
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Proof. We first note that (E) can be written as
uQ(u) <0, xeQ, (2.5)
where

O(u)=V- <A(x)|Vu|p(")_2Vu> — Inul[Vu|92 (A(x) Vi) - Vp(x)

+(b(x), [VulPY2Vu) + g(x,u)
By a direct calculation we have

1

Vow(x) = WTZ‘MV (AX)| VPO 2vy)
px)-2 p(X> ~_Infu|
+(A(x)|Vul Vu) - [ [0 Vu ‘u|p(x)72qu(x)]

_ uQu]  px)—1 (A(x)|Vu| P92V, Vi)

|u|17(x) ‘u|1’(x)

\Vu\p(x)_ZVu g(x,u)
—(b
<(")’ WP ) T

which in view of (2.2) and (2.5) leads to

—1
Vow < P —(AW) VP2V, Vi) — (b(x), A (x)w) — L@
|u|P() || P(5)
By making use of the inequalities
(Vi) TAG) Vit = A (x) [V,
and
[VulPO~t Jw(x)]
> )
julp=1 " A())|
we thus have
. T -1 _ (p(x) B I)Amin(x) q(x) _ g(xau)
Vow << =b" (0)A (x)w —|A(x)|‘1(") [w| 7|u|1’(x) o (2.6)
Let x € Q.. In view of u(x)f(x) > 0 we may write
s, u —p(x x)—p(x
%:C@)Hﬂwlu1 P00 ¢4 () ful PO P00 - 3 (o) fu 770,

Since 1; >0 for i =0,1,2 and 1o+ n; + 12 = 1, we can apply Lemma 2.1 with

g1 (x B)— (X)
up = (c1(x)q1(x)) |u| a® o ogr=1/m
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(x)

(o), P
uy = (c2(x)q2(x)) | 20 g=1/m,

and
a3 1y )
uz = (|f(x)|q3(x)) lu] 39 g3 =1/ng
to get
q1(x) 92 (x) 43(x)
sl o m@0Y e e
P2y q1(x) g (x) q3(x)
2 uy (x)uz (x)us (x)
n

(e1(x) /M1 ()™ ) (e2(0) /2 () (17 x) /110 () 0.

Using this inequality in (2.6) completes the proof. [J

In case f =0 we can similarly prove the following lemma. In fact, making use of
the convention that 0° = 1 and taking 19 = 0, it coincides with the previous lemma.

LEMMA 2.3. Let Q. C Q and f =0. Suppose that c¢; and ¢, are nonnegative
on Q. Define

If u is a solution of ( E ) without any zero on ., then the vector function w defined
by (2.2) satisfies the Riccati inequality

-1 Amin X
Vow < —Co(x) — BT (x)A™ (x)w — %wﬂ ), xeQ., @27

where q is the conjugate of p and

Co(x) = c(x) + (1) /A (1) M (€2 (x) / A (x)) 2. (2.8)

Finally, we give a lemma which will enable us to relax the nonnegativity condition
imposed on ¢;(x). This can however be made possible only when the function f(x)
does not vanish on Qa,b].

LEMMA 2.4. Let Q, C Q. Suppose that c; is nonnegative on Q.. Let 8 and &,
be positive real numbers such that 6; + & = 1.

If u is a solution of ( E ) without any zero and u(x) f(x) > 0 on Q., then the vector
function w defined by (2.2) satisfies the Riccati inequality

) = 1) Amin(x)

. _ 4T -1 _(P( q(x)
Vow< —Cx) —b" (x)A™ (x)w AG)| 7 wl?¥ ) x e Qy, (2.9)
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where q is the conjugate of p and

_ Bl B (el \hi
=+ B0 -5 ) | Goi)
S|\ (e () \

-G 5w) T Gan) 10

with
¢, (x) = —min{cy(x),0}.
Proof. Proceeding as in the proof of Lemma 2.2, we have (2.6). We may write
f%%%zzc@y+&@y+&@% 2.11)
where
$1(x) = €1 (1) ulP 7P 4 8 £ () Ju] P

and

$2.(x) = G2 () a7 - 2 () a7 7P
Applying Lemma 2.1 with

B —p() _
w1 = (e1(¥)gqr () /O gy () = PR ]

px)—1
and (
i = @l ] T gale) = 50
we have
ul(x)‘“(x) uz(x)‘iz( )
Sl (x) - q1 ()C) Clz(x) uj (x)ug(x)
PN TGIRY SR ORY =
BO-(50-pq) " Goo)

Similarly, with

p B
uy = (&1 £(x)|q1 () |u| 0 gy (x) = -1

1—p(x)

12 = ¢ () (1 ()81 () /OO TG g () = 2O
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we obtain

Sy(x) = & f£(x)[Jue] P — €5 () |1 P

B up (x) 11 (el _uz(x)qz(x)
= 76]1()6) 1(xX)uz(x) = 7612()6)
o ( Slf@ N e )\
=00 -0 5w T G
Thus, from (2.11) we get
g(x,u)
|u| () =2y~ Clw).

This completes the proof. [l

3. The main results
Let
Dy={HecC'(Q,R):H(x)>0,xcQ; H(x)=0,xcTy},

where € is an open bounded subset of Q with piecewise smooth boundary I, and
define

K(x) = H(x)InH (x) Vp(x) + p(x)VH (x) — T (x)A" ' (x)H (x), x€ Q.. (3.1)

Note that since limy_,o H InH = 0, the function K can be made continuous on Q,
by defining (HInH)(0) =0.

THEOREM 3.1. Suppose that for any given r > ry there exist Q,Qy C Q(r) such
that -
ci(x) 20, xeQ U, (i=1,2) (3.2)

and
(=D f(x) <O0(£0), xeQ, (k=1.2). (3.3)

If there exists a function H € Dy, for k = 1,2 such that

A ()P

OH P - AT
f [ - —

K (x) \W)] dx >0, (3.4)

where the function Cy is as definedin (2.4) and K is as in (3.1), then ( E ) is oscillatory.

Proof. Suppose on the contrary that there is a nonoscillatory solution u of (E).
We may assume that u(x) is positive for all x € Q(ag) for some ag > ry sufficiently
large. Taking r = ag, we can find Q; so that ¢;(x) >0, ca(x) >0 and f(x) > 0(#0)
forall x € Q 1-



p(x) -LAPLACIAN ELLIPTIC INEQUALITIES 955

By Lemma 2.2, the inequality (2.3) holds. Multiplying (2.3) by [H(x)]?™) and
integrating over the domain Q;, we get

[ I dx < — [ HEPOT - wiod

= [, PO (A7 (i

(p(x) — 1) Amin(x) . .
_/Ql W[H(x)]p( w(x)[10dx.,

Employing the higher dimensional equivalent of integration by parts formula derived
from the divergence theorem with H |F1 =0, we have

/Q | [H(X)]POV - w(x)dx = — /Q | VIH(x)PY - w(x)dx

== [ [ Vo) + 9 5 ) iy
Therefore,
[ GWHEI < [ (0w W G
where
0 (0) = [ () T+ ) 5~ 47 (0] 1o(0)

and

Young inequality with n =2 leads to

|1 [P (u2gq) =P

uy - w < (u2q) " (u2q) ey || w] < +uy [w| (3.6)
From (3.5) and (3.6), we have
Ax)|P®) (x)
Cp () [H ()PP dx < / AW ‘K(x)p dx.
& @ [p(

X)) 2

This last inequality contradicts (3.4) when k = 1. The proof when u(x) < 0 eventually
is similar by working with Q,. In fact, v(x) = —u(x) > 0 solves (E) with f replaced
by —f, and we have —f(x) > 0 on Q by our assumption, and so Lemma 2.2 is
applicable with —f(x)v(x) > 0. O

If f(x) =0, we obtain the following theorem. The proof is in fact a simpler version
of the proof of Theorem 3.1. It suffices to take f(x) =0 and 1y(x) =0 and employ
Lemma 2.3 in this special case.
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THEOREM 3.2. Suppose that for any given r > ry there exists an &) C Q(r) such
that

ci(x) >0, xeQ, (i=1,2). (3.7)

If there exists a function H € Dy (a,b) such that

/Q (ool ) - ACPY o) dx > o, (3.8)
1 p

(x)p(x)lp(x)_l

min

where the function Cy is as defined in (2.8) and K is as in (3.1), then (E ) with f(x) =0
is oscillatory.

In our last theorem we remove the sign condition on ¢;(x) by requiring that f(x)
never vanishes in the domain of interest.

THEOREM 3.3. Suppose that for any given r > ry there exist Q,Qy C Q(r) such
that

c1(x) >0, xeQUQ, (3.9)
and
(—)*f(x) <0, xeQ, (k=1,2). (3.10)

If there exist a function H € Dy and positive numbers 8; and & with 8 + & = 1 such
that

AP
plx)p 220!

‘min

/Q | [ce )P - K ()| dx >0, (3.11)

for k= 1,2, where the function C is as defined in (2.10) and K is as in (3.1), then (E )
is oscillatory.

Proof. We proceed exactly as in the proof of Theorem 3.1, except that we employ
Lemma 2.4 instead of Lemma 2.2. [

REMARK 1. The domains €, k = 1,2, could be quite complicated in general.
For many cases, it suffices to take

Q= Q(ak,bk) = {x S RN tap < \x\ < bk}7

where a; and by, are real numbers such that ry < a; < by. See the examples in the last
section.
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4. One dimensional case

Let N =1 and RJF = [0’00); a,p € CI(RJHR)’ a(x) >0; ﬁ?Y7b7c7claC27f €
C(R.,R), and @, (y) = |y|*~2y. Then (E) reduces to ordinary differential inequality
!
[ (a0 0) + (6(6) — ale)p ()0 1) @y () + (), )
+e1(t)@p ) (v) + 2 () Py (v) +f(t)] <0 (E1)
where
B(t) > p(t) > y(t) > 1.

When p, 3, and ¥ are constant (functions) and p = 2, the inequality (E;) in the
equality case with b = 0 is studied by Sun and Wong in [31]. The following corollaries
extending to variable exponents the interval oscillation criteria obtained in [31] are the
direct consequences of Theorem 3.1, Theorem 3.2, and Theorem 3.3, respectively.

Let

D(a,b) = {H € C'([a,b,R) : H(t) > 0, 1 € (a,b); H(a)=H(b)=0.

COROLLARY 4.1. Suppose for any given T > 0 there exist ay,by,az,br such that
T <ay <by, T <ay < by and that

Ci(t)>o7 Z‘E[al,bl}u[az,bﬂ, (121,2)

and
(—D*f(r) <O (2£0), 1€ a,bi], (k=1,2).
If there exists a function H € D(ay,by) for k = 1,2 such that

o ) H@RH@Oa()p' () +a()p)H' ()~ b(o)H ()"
[ ey - = o)

where the function Cy is as defined in Lemma 2.2 (with x replaced by t ), then (Ey ) is
oscillatory.

]dl>0,

COROLLARY 4.2. Suppose that for any given T > there exist a,b such that T <
a < b and that
ci(t) 20, t€ab], (i=1,2).

If there exists a function H € D(a,b) such that

H(O)nH(0)a(0)p' (1) + a(0)p( () ~ bO)H(O))
(@()7 1 (p(1))7)

where the function Cy is as defined in Lemma 2.3, then (Ey) with f =0 is oscillatory.

/u ’ [Color )P - Jar >o,
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COROLLARY 4.3. Suppose that for any given T > there exist ay, by, az, b;
suchthat T < a; < by, T < ap < by and that

Cl(t) > 07 re [alvbl} U[a27b2]

and
(=D f(6) <0, 1€ an,br], (k=1,2).

If there exist a function H € D(ay,by) and positive numbers 0; and &, with 0+ 6, =1
such that

Pk o |H@)InH @)a()p (1) +a(t)p(t)H' (1) — b(t)H (1)[??)
/uk [C(Z)[H(Z)]p()_ (a(t))ﬁ(’)*l(p(t))P(’)

for k= 1,2, where the function C is as defined in Lemma 2.4, then ( E\ ) is oscillatory.

]dl>0,

5. Examples

Two examples are given to illustrate the results. We should note that no oscillation
criterion in the literature is applicable for these cases.

EXAMPLE 5.1. Consider the nonlinear partial differential inequality (E) with
N=2,

p(x) = 4+3K([x)), B(x) =5+4k(|xl), ¥(x) =3 +2&(lx]), k(|x]) = sin*2]x],

A(x) =1 (Identity matrix), b(x) = [lzk(lxl) In (k(lxl) ) sinlgi/licl - (4+3k2(‘x‘))}x, c(x)=0,

Jx[1/4 x[1/4 ) |x 4xf?
and

1/2 i 1/7

c1(x) = my x| 2sin/7 x|, co(x) = ma|xP?sin’ x|, f(x) = —|x/*cos’ |x].
With the choice of 19 = 1/5, we have 11y =7/10, 1, = 1/10. It is easy to see

that

1037/ 10,,1/10
Cr(x) = M|x|>*| cos ||| sin|x|, M= W
If we take H(x) = f{x(l‘f/“z’ then we calculate
.4 sin4|x|
K(x) =2(4+3sin"(2|x|)) X.
x[5/4

Let a; =2in+7w/2, by =2in+n, ap =2(i+ 1)n, by =2(i+ 1)n+x/2 for i € N.
Since 4 < p(x) <7, we have

sin'*2|x|

CLOH (W] > Mcos| sin ) = =5
’ X
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and
K@) _ o sin'4ly
plx)p) = o
/ [C (x)[H(x)}pm_IK(x)|p(x)]dx
Q(ay,by) f p(x)p(x)

sinl42 sin*4
> / (] cos x| sin | 2] _ 7SI 4l 5
Q(ay,by) x| x|

T
227‘6/ [M(—cosr) sinrsin142r—27sin44r]dr
/s

Similarly,

O ()P K (x) P .
/Q(az,bz) [C‘f( e p(x)P) }d

/2
> 271:/ [Mcosrsinrsinl42r—27 sin44r] dr
0

UM

_ h5/.32
= s 2

It follows that (3.4) is satisfied when mng > 3.26 x 10?!, and so we conclude
that if this condition is met, then (E') is oscillatory by Theorem 3.1.

EXAMPLE 5.2. Consider the nonlinear partial differential inequality (£) with
N =2, A(x) = I(Identity matrix), c(x) =0, c1(x) = m3|x|"/2| cos|x|[sin|x| (m; > 0),
c2(x) = m3|x|| cos |x||sin|x| (mp >0), f(x) =0. The functions b,k,p,B,y are the
same as in Example 5.1.

We take 1y =M = 1/2, a=2in+ /2, and b =2in+ x. It is not difficult to see
that

oy [Cot ™ = W

T
271:/ [2mm; | cos r|sinrsin Y2r —27sin 4r|dr
/2

=——-2°(m)".
6435 (%)
We see that condition (3.8) is satisfied when mmy > 157.94, and so in this case
the inequality (E') with f(x) = 0 is oscillatory by Theorem 3.2.
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