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Abstract. In this paper, we establish some inequalities related to Oppenheim’s problem for
Dunkl kernels. In order to prove our main results, we present new inequalities involving modi-
fied Bessel functions of the first kind. Refinements of inequalities for modified Bessel functions
are also given.

1. Introduction

We consider the Oppenheim’s problem: What are the best possible constants
l1, l2,r1,r2 ∈ R such that

l1 coshx+ l2 � sinhx
x

� r1 coshx+ r2

hold for all x ∈ R\ {0}?
Since the hyperbolic cosine and hyperbolic sine functions are particular cases of

modified Bessel functions, then it is natural to generalize some formulas and inequali-
ties involving these elementary functions to modified Bessel functions. The extension
of the Oppenheim’s problem to Bessel and modified Bessel functions was first con-
sidered by Á. Baricz in [1]. L. Zhu solved completely this problem for trigonometric
functions, see [15].

Our aim is to solve the analogues of the Oppenheim’s problem for Dunkl kernels

ψα
−i : What are, for α � −1

2
, the best possible constants l1 , l2 , r1 , r2 ∈ R such that

l1ψα
−i(x)+ l2 � ψα+1

−i (x) � r1ψα
−i(x)+ r2

hold for all x ∈ I ; I = R , [a,b] , a , b ∈ R ; a < b , [a,+∞[, a ∈ R, ]−∞,b] , b ∈ R?
In the beginning, we present some new inequalities related to this problem for hy-

perbolic functions. These inequalities and Sonine integral formula for modified Bessel
functions allow us to get a new version of the solution of this type of problem for mod-

ified Bessel functions Iα , α � −1
2

. Next, by using Sonine integral formula for Dunkl
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2 F. CHOUCHENE

kernels, we solve the Oppenheim’s problem for Dunkl kernels ψα
−i , α � −1

2
. At the

end of this paper, we give refinements of inequalities for modified Bessel functions Iα ,

α � −1
2

. More precisely, in view of the inequalities given in [3], we prove that for all

α � −1
2

and x ∈ R\ {0} , we have

Iα+1(x) � (α +1)Iα(x)+1
α +2

<
2(α +1)a1Iα(x)+1

(2α +1)a1 +a2
,

where a1 >
1
2

, a2 := a1 +1 >
3
2

.

2. Dunkl kernels

In this section, we take α > −1.

DEFINITION 2.1. Let λ ∈ C . We call Dunkl kernel the function ψα
λ defined by

ψα
λ (z) := Jα(λ z)+

iλ z
2(α +1)

Jα+1(λ z), z ∈ C,

where Jα is the normalized Bessel function of index α given by

Jα (z) := Γ(α +1)
+∞

∑
n=0

(−1)nz2n

22nn!Γ(α +n+1)
.

For more details of these functions, we can see [2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13].

PROPOSITION 2.2. For all λ , z ∈ C , x ∈ R and n ∈ N , we have

1. ψα
λ (z) = ψα

z (λ ) = ψα
λ z(1).

2. ψα
−λ (z) = ψα

λ (−z) , ψα
−λ (−z) = ψα

λ (z) , ψα
λ (z) = ψα

λ (−z).

3. ψα
λ (0) = 1 .

4. ψα
λ (z) = Γ(α +1)

(
+∞

∑
n=0

(−1)n(λ z)2n

22nn!Γ(α +n+1)
+ i

+∞

∑
n=0

(−1)n(λ z)2n+1

22n+1n!Γ(α +n+2)

)
.

5. ψα
λ (z) =

Γ(α +1)√
πΓ
(
α + 1

2

) ∫ 1

−1
(1− t)α+ 1

2 (1+ t)α− 1
2 e−iλ zt dt .

6. |ψα
λ (z)| � e|ℑ(λ z)| .

7.

∣∣∣∣ dn

dxn (ψα
λ )(x)

∣∣∣∣� |λ |nψα
iℑλ (x) . In particular, if λ ∈ R then |ψα

λ (x)| � 1 .
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8. lim
λ→±∞

ψα
λ (x) = 0 , x �= 0 .

Proof. We denote by aα :=
Γ(α +1)√
πΓ
(
α + 1

2

) .

3) It suffices to use Jα(0) = 1.
5) Let λ ,z ∈ C . We have

Jα (λ z) = aα

∫ 1

−1
(1− t2)α− 1

2 e−iλ zt dt,

Jα+1(λ z) = aα
α +1

α + 1
2

∫ 1

−1
(1− t2)α+ 1

2 e−iλ zt dt.

An integration by parts shows that

iλ z
2(α +1)

Jα+1(λ z) = −aα

∫ 1

−1
t(1− t2)α− 1

2 e−iλ zt dt.

Hence

ψα
λ (z) = aα

∫ 1

−1
(1− t2)α− 1

2 (1− t)e−iλ zt dt = aα

∫ 1

−1
(1− t)α+ 1

2 (1+ t)α− 1
2 e−iλ zt dt.

7) Let λ ∈ C . For all x ∈ R , we have

ψα
λ (x) = aα

∫ 1

−1
(1− t)α+ 1

2 (1+ t)α− 1
2 e−iλ xt dt.

For all t ∈]−1,1[ , the function x �−→ aα(1− t)α+ 1
2 (1+ t)α− 1

2 e−iλ xt is C∞ on R .
For all n ∈ N , x ∈ R and t ∈]−1,1[ , we have∣∣∣(1− t)α+ 1

2 (1+ t)α− 1
2 (−iλ t)ne−iλ xt

∣∣∣� |λ n|e|ℑλ ||x|(1− t)α+ 1
2 (1+ t)α− 1

2

and

aα

∫ 1

−1
(1− t)α+ 1

2 (1+ t)α− 1
2 dt = ψα

λ (0) = 1.

Then, from the derivation theorem under the sign integral, ψα
λ is C∞ on R and for all

n ∈ N and x ∈ R , we have

dn

dxn (ψα
λ )(x) = aα

∫ 1

−1
(1− t)α+ 1

2 (1+ t)α− 1
2 (−iλ t)ne−iλ xt dt.

8) Let x > 0. Remark that the function fx defined by

fx(t) :=
aα
x

(
1− t

x

)α+ 1
2
(
1+

t
x

)α− 1
2
1]−x,x[(t)

is integrable on R and its Fourier transformation is the function λ �−→ ψα
λ (x) .

By the same way we get the result in the case x < 0. �
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PROPOSITION 2.3. The Dunkl kernel ψα
λ , λ ∈ C , is the unique entire solution

on R of the following equation: {
Λαu = iλu,
u(0) = 1,

where Λα is the Dunkl operator on R of index

(
α +

1
2

)
associated to the reflexions

groupe Z2 and given by

Λα f (x) :=
d
dx

f (x)+
2α +1

x

(
f (x)− f (−x)

2

)
, f ∈C1(R), α > −1

2
.

Proof. Let x ∈ R , ψα
0 (x) = 1 and Λα ψα

0 = 0 = i×0×ψα
0 . Let λ ∈ C\{0} . We

have

ψα
λ (0) = 1, ψα

λ (x) = Jα(λx)+
iλx

2(α +1)
Jα+1(λx)

and
d
dx

Jα (x) = − x
2(α+1)

Jα+1(x).

Hence

Λα ψα
λ (x) =

d
dx

ψα
λ (x)+

2α +1
x

(ψα
λ (x)−ψα

λ (−x)
2

)

=
d
dx

[
Jα (λx)+

iλx
2(α +1)

Jα+1(λx)
]

+
2α +1

x
iλx

2(α +1)
Jα+1(λx)

=
d
dx

[Jα (λx)]− i
λ

d2

dx2 [Jα(λx)]− i
λ

2α +1
x

d
dx

[Jα (λx)]

= iλ
iλx

2(α +1)
Jα+1(λx)− i

λ
Lα [Jα(λx)]

= iλ
(

iλx
2(α +1)

Jα+1(λx)+Jα(λx)
)

= iλ ψα
λ (x),

where Lα is the Bessel operator on R given by

Lα f (x) :=
d2

dx2 f (x)+
2α +1

x
d
dx

f (x), f ∈C2(R), α > −1
2
. (1)

Unicity: Let λ ∈ C , x ∈ R and u an entire function on R such that{
Λαu = iλu,
u(0) = 0.

Writting u(x) =
+∞

∑
n=0

anx
n , where an are complex numbers, we get iλu(x) =

+∞

∑
n=0

iλanx
n

and

Λαu(x) =
+∞

∑
n=1

anΛα(xn) =
+∞

∑
n=1

anbnx
n−1 =

+∞

∑
n=0

an+1bn+1x
n,
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with bn = n+(2α +1)
1− (−1)n

2
. By identification we obtain for all n ∈ N , an+1bn+1

= iλan . Since a0 = 0 and for all n ∈ N\ {0} , we have bn > 0, then for all n ∈ N , we
get an = 0. �

REMARKS 2.4. If f ∈C1(R) , then we have

1. Λα f (0) = 2(α +1)
d
dx

f (0) ,

2. (Λα f )e = Λα( fo) =
d
dx

fo +(2α +1)
fo
x

,

3. (Λα f )o = Λα( fe) =
d
dx

fe ,

4. Λα f (x) =
d
dy

f (x)+
(

α +
1
2

)∫ 1

−1

d
dy

f (xt)dt, x ∈ R ,

where fe (resp. fo ) is the even (resp. odd) part of f .

For all z ∈ C , we have the following relation:

ψα
−i(z) = Iα (z)+

z
2(α +1)

Iα+1(z),

where Iα is the normalized modified Bessel function of index α given by

Iα (z) :=
+∞

∑
n=0

cn(α)z2n,

with for all n ∈ N , we have

cn(α) :=
Γ(α +1)

22nn!Γ(α +n+1)
. (2)

PROPOSITION 2.5. For all z ∈ C , x ∈ R and n ∈ N , we have

1. ψα
−i(0) = 1 .

2. ψα
−i(z) =

+∞

∑
k=0

ak(α)zk , with for all k ∈ N , we have

a2k(α) = ck(α), a2k+1(α) =
ck(α)

2(k+ α +1)
, (3)

where ck(α) is given by (2) .

3. ψα
−i(z) =

Γ(α +1)√
πΓ
(
α + 1

2

) ∫ 1

−1
(1− t)α+ 1

2 (1+ t)α− 1
2 e−zt dt .
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4. |ψα
−i(z)| � e|ℜz| .

5. 0 < e−|x| � ψα
−i(x) � e|x| .

6.
dn

dxn (ψα
−i)(x) =

+∞

∑
k=0

(n+ k)!
k!

an+k(α)xk

=
Γ(α +1)√
πΓ
(
α + 1

2

) ∫ 1

−1
(−t)n(1− t)α+ 1

2 (1+ t)α− 1
2 e−xt dt.

7.

∣∣∣∣ dn

dxn (ψα
−i)(x)

∣∣∣∣� ψα
−i(x) .

8. The function ψα
−i is the unique entire solution on R of the following equation:{

Λαu = u,
u(0) = 1.

EXAMPLES 2.6. For all x ∈ R\ {0} , we have

1. J− 1
2
(x) = cosx, I− 1

2
(x) = coshx, ψ− 1

2−i (x) = ex, x ∈ R .

2. J 1
2
(x) =

sinx
x

, I 1
2
(x) =

sinhx
x

, ψ
1
2
−i(x) =

xcoshx+(x−1)sinhx
x2 .

3. J 3
2
(x) = 3

sinx− xcosx
x3 , I 3

2
(x) = 3

xcoshx− sinhx
x3 ,

ψ
3
2−i(x) =

x(x−3)coshx+(x2− x+3)sinhx
x4 .

REMARKS 2.7.

1. The function Jα is the unique entire solution on R of the following equation:

⎧⎪⎨
⎪⎩

Lαu = −u,
u(0) = 1,
d
dx

u(0) = 0.

2. The function Iα is the unique entire solution on R of the following equation:⎧⎪⎨
⎪⎩

Lαu = u,
u(0) = 1,
d
dx

u(0) = 0,

where Lα is the Bessel operator on R given by (1) .
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PROPOSITION 2.8. For all α > 0 and x ∈ R , we have

1.
d
dx

Jα (x) = − x
2(α +1)

Jα+1(x) .

2. Jα−1(x) = Jα (x)− x2

4α(α +1)
Jα+1(x) .

3.
d
dx

Iα (x) =
x

2(α +1)
Iα+1(x) .

4. Iα−1(x) = Iα(x)+
x2

4α(α +1)
Iα+1(x) .

PROPOSITION 2.9. For all k , n ∈ N and x ∈ R , we have

1.
d2k

dx2k (ψα
−i)(x) > 0 .

2. If x � −1 , then
d2k+1

dx2k+1 (ψα
−i)(x) > 0 .

3. If x � −1 , then
dn

dxn (ψα
−i)(x) > 0 .

Proof. Let k ∈ N and x ∈ R . We have

d2k

dx2k (ψα
−i)(x) =

Γ(α +1)√
πΓ
(
α + 1

2

) ∫ 1

−1
t2k(1− t)α+ 1

2 (1+ t)α− 1
2 e−xt dt > 0

and

d2k+1

dx2k+1 (ψα
−i)(x) = − Γ(α +1)√

πΓ
(
α + 1

2

) ∫ 1

−1
t2k+1(1− t)α+ 1

2 (1+ t)α− 1
2 e−xt dt

=
2Γ(α +1)√
πΓ
(
α + 1

2

) ∫ 1

0
t2k+1(1− t2)α− 1

2 (t cosh(xt)+ sinh(xt))dt.

Let t ∈]0,1[ and x � −1. We have
1

1− t2
+ x � 1

1− t2
− 1 =

t2

1− t2
> 0. Then

1
2

ln

(
1+ t
1− t

)
+xt > 0 and t+ tanh(xt) > 0. Hence for all t ∈]0,1[ and x �−1, we have

t cosh(xt)+ sinh(xt) > 0. We deduce that for all x � −1, we have
d2k+1

dx2k+1 (ψα
−i)(x) >

0. �
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REMARKS 2.10.

1. For all k ∈ N and x ∈ R , we have

d2k

dx2k (ψα
−i)(x) =

2Γ(α +1)√
πΓ
(
α + 1

2

) ∫ 1

0
t2k(1− t2)α− 1

2 (cosh(xt)+ t sinh(xt))dt > 0.

In fact, if t ∈ [−1,1]\{0} and x ∈ R , then 1+ t tanh(xt) > 1−|t|� 0. Morever,
1+0. tanh(x.0)= 1 > 0. Hence, for all t ∈ [−1,1] and x∈R , we have cosh(xt)+
t sinh(xt) > 0.

2. For all n ∈ N and x � 0, we have

dn

dxn (ψα
−i)(x) =

+∞

∑
k=0

(n+ k)!
k!

an+k(α)xk > 0,

where ak(α) is given by (3) .

3. Main results

3.1. Oppenheim’s problem for modified Bessel functions

We begin to find the best possible constants l1 , l2 , r1 , r2 ∈ R such that

l1I− 1
2
(x)+ l2 � I 1

2
(x) � r1I− 1

2
(x)+ r2 (4)

hold for all x ∈ I ; I = R , [−b,b] , b > 0.
The solution of this problem can be stated in the following theorem:

THEOREM 3.1.

1. For all x ∈ R , we have

1 � I 1
2
(x) � 1

3
I− 1

2
(x)+

2
3

� I− 1
2
(x).

2. For all x > 0 , we have xcoshx− sinhx > 0 .

3. For all x < 0 , we have xcoshx− sinhx < 0 .

4. For all b > 0 and x ∈ R , we have

1 � I 1
2
(x) � u1(b)I− 1

2
(x)+u4(b).

5. For all b > 0 and x ∈ [−b,b] , we have

sup

{
u1(b)I− 1

2
(x)+1−u1(b),

3sinhb−2b
3bcoshb

I− 1
2
(x)+

2
3

}
� I 1

2
(x)

� inf

{
1
3
I− 1

2
(x)+

2
3
,u1(b)I− 1

2
(x)+u4(b)

}
,
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where u1 and u4 are respectively given by (6) and (7) .

With the aid of Sonine integral formula for modified Bessel functions we get the
following theorem:

THEOREM 3.2. Let α � −1
2

, b > 0 and x ∈ R . We have

1. Iα+1(x) � inf

{
(α +1)Iα(x)+1

α +2
,
2(α +1)u1(b)Iα(x)+u4(b)

(2α +1)u1(b)+1

}
.

2. If x ∈ [−b,b] , then

sup

{
2(α +1)u1(b)Iα(x)+1−u1(b)

(2α +1)u1(b)+1
,
2(α +1)(3sinhb−2b)Iα(x)+2bcoshb

(2α +1)(3sinhb−2b)+3bcoshb

}

� Iα+1(x) � inf

{
(α +1)Iα(x)+1

α +2
,
2(α +1)u1(b)Iα(x)+u4(b)

(2α +1)u1(b)+1

}
,

where u1 and u4 are respectively given by (6) and (7) .

3.2. Oppenheim’s problem for Dunkl kernels

Now, we are going to find the best possible constants l1 , l2 , r1 , r2 ∈ R such that

l1ψ− 1
2−i (x)+ l2 � ψ

1
2−i(x) � r1ψ− 1

2−i (x)+ r2 (5)

hold for all x ∈ I ; I = R , [a,b] , a , b ∈ R ; a < b , [a,+∞[, a ∈ R, ]−∞,b] , b ∈ R .
The solution of this problem can be stated in the following theorem:

THEOREM 3.3.

1. For all a � a0 and x ∈ R , we have

θ1(a)ψ− 1
2−i (x)+

2
3
I 3

2
(a) � ψ

1
2−i(x).

2. For all a , b ∈ R; b � 0 , a < b and x ∈ [a,b] , we have

e−b
(

ψ
1
2−i(b)− 2

3

)
ψ− 1

2−i (x)+
2
3

� ψ
1
2−i(x) � 1

3
ψ− 1

2−i (x)+ ψ
1
2−i(a)− ea

3
.

3. For all a , b ∈ R; a < b � 0 and x ∈ [a,b] , we have

ψ
1
2−i(b)

eb +2

(
ψ− 1

2−i (x)+2

)
� ψ

1
2−i(x) � 1

3
ψ− 1

2−i (x)+ ψ
1
2−i(a)− ea

3
.
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4. For all a � 0 and x � a, we have

ψ
1
2
−i(x) � θ1(−a)ψ− 1

2
−i (x)+

2
3
I 3

2
(a).

5. For all b � 0 and x � b, we have

θ1(−b)ψ− 1
2

−i (x)+
2
3
I 3

2
(b) � ψ

1
2
−i(x),

where a0 and θ1 are respectively given by (10) and (19) .

By using Sonine integral formula for Dunkl kernels, the following theorem gives

the solution of the problem: Find, for α � −1
2

, the best possible constants l1 , l2 , r1 ,

r2 ∈ R such that
l1ψα

−i(x)+ l2 � ψα+1
−i (x) � r1ψα

−i(x)+ r2

hold for all x ∈ I ; I = R , [a,b] , a , b ∈ R ; a < b , [a,+∞[, a ∈ R, ]−∞,b] , b ∈ R .

THEOREM 3.4. Let α � −1
2

.

1. For all a ∈]a3,a0] and x ∈ R , we have

2[3(α +1)θ1(a)ψα
−i(x)+I 3

2
(a)]

3[(2α +1)θ1(a)+1]
� ψα+1

−i (x).

2. For all a , b ∈ R; a � 0 � b, a < b and x ∈ [a,b] , we have

2(α +1)e−b

(
3ψ

1
2−i(b)−2

)
ψα
−i(x)+2

(2α +1)e−b

(
3ψ

1
2
−i(b)−2

)
+3

� ψα+1
−i (x) �

2(α +1)ψα
−i(x)+3ψ

1
2−i(a)− ea

2(α +2)
.

3. For all a � 0 and x � a, we have

ψα+1
−i (x) �

2[3(α +1)θ1(−a)ψα
−i(x)+I 3

2
(a)]

3[(2α +1)θ1(−a)+1]
.

4. For all b ∈ [0,−a3[ and x � b, we have

2[3(α +1)θ1(−b)ψα
−i(x)+I 3

2
(b)]

3[(2α +1)θ1(−b)+1]
� ψα+1

−i (x),



OPPENHEIM’S PROBLEM AND RELATED INEQUALITIES FOR DUNKL KERNELS 11

where a0,θ1 and a3 are respectively given by (10) , (19) and θ1(a3) := − 1
2α +1

.

COROLLARY 3.5. Let α � −1
2

and x ∈ R . We have

1. b0 � ψα+1
−i (x) .

2. If x � 0 , then ψα+1
−i (x) �

(α +1)ψα
−i(x)+1

α +2
.

3. If x � 0 , then
(α +1)ψα

−i(x)+1

α +2
� ψα+1

−i (x) ,

where b0 is given by (11) .

COROLLARY 3.6. Let α � −1
2

, λ , z ∈ C; ℜ(λ z) = 0 . We have

1. b0 � ψα+1
λ (z) .

2. If ℑ(λ z) � 0 , then ψα+1
λ (z) �

(α +1)ψα
λ (z)+1

α +2
.

3. If ℑ(λ z) � 0 , then
(α +1)ψα

λ (z)+1

α +2
� ψα+1

λ (z) ,

where b0 is given by (11) .

Now, we give the following interesting result.

THEOREM 3.7. Let α � −1
2

.

1. For all b ∈]0,1[ and x ∈ R , we have

ψα
−i(x) � inf

{
2Iα(x),

2
1−b2 (Iα(x)−b)

}
.

2. For all b > 1 and x ∈ R , we have

− 2
b2−1

(Iα(x)−b) � ψα
−i(x).

3. For all a , b ∈ R; a < 0 � b and x ∈ [a,b] , we have

− 2
e−2a−1

(Iα (x)− e−a) � ψα
−i(x).
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4. For all a , b ∈ R; a � 0 < b and x ∈ [a,b] , we have

sup

{
1

1− e−2b
(2Iα(x)− e−a− ea−2b),

(ea sinhb+1)Iα(x)− cosha
coshasinhb

}

� ψα
−i(x) � 2

1− e−2b (Iα(x)− e−b).

5. For all a , b ∈ R; − ln(coshb) < a � 0 � b, a < b and x ∈ [a,b] , we have

2(Iα(x)− e−a)
e−2b−2e−(a+b) +1

� ψα
−i(x).

6. For all a , b ∈ R; a < − ln(coshb) � 0 � b and x ∈ [a,b] , we have

ψα
−i(x) � 2(Iα(x)− e−a)

e−2b−2e−(a+b) +1
.

7. For all a � 0 and x � a, we have

2Iα(x)− e−a � ψα
−i(x) �

(√
e−2a +1+1

)
Iα(x)− e−a.

8. For all a ∈]− ln2,0] and x � a, we have

ψα
−i(x) � 4

4− e−2a (2Iα(x)− e−a).

9. For all a < − ln2 and x � a, we have

− 4
e−2a−4

(2Iα(x)− e−a) � ψα
−i(x).

10. For all b � 0 and x � b, we have

−
(√

e2b +1−1
)

Iα(x)+ eb � ψα
−i(x) � 2Iα(x)− e−b.

COROLLARY 3.8. Let α � −1
2

.

1. For all x � 0 , we have

2Iα(x)−1 � ψα
−i(x) � inf

{(√
2+1

)
Iα(x)−1,

4
3
(2Iα(x)−1)

}
.

2. For all x � 0 , we have

−
(√

2−1
)

Iα (x)+1 � ψα
−i(x) � 2Iα(x)−1.
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4. Preliminary results

In order to solve Problem (4) , we present the following propositions:

PROPOSITION 4.1. Let b > 0 , 0 < a < b and x ∈ [−b,b] . We have

1. 1 � I 1
2
(x) � sinhb

b
.

2.
1
3
I− 1

2
(x)+

3sinhb−bcoshb
3b

� I 1
2
(x) � 1

3
I− 1

2
(x)+

2
3

.

3. u1(b)I− 1
2
(x)+1−u1(b) � I 1

2
(x) � u1(b)I− 1

2
(x)+u4(b) .

4. If x ∈ [−b,−a]∪ [a,b] , then

u1(a)I− 1
2
(x)+

sinhb
b

−u1(a)coshb � I 1
2
(x) � u1(a)I− 1

2
(x)+u4(a),

where

u1(x) :=
I 3

2
(x)

3I 1
2
(x)

=
xcoshx− sinhx

x2 sinhx
, x �= 0, (6)

u4(x) := I 1
2
(x)− coshx u1(x) =

sinh(2x)−2x
2x2 sinhx

, x �= 0. (7)

PROPOSITION 4.2. Let b > 0 , 0 < a < b and x ∈ [−b,b] . We have

1.
3sinhb−2b

3bcoshb
I− 1

2
(x)+

2
3

� I 1
2
(x) � 1

3
I− 1

2
(x)+

2
3

.

2. (1−u4(b))I− 1
2
(x)+u4(b) � I 1

2
(x) � u1(b)I− 1

2
(x)+u4(b) .

3. If x ∈ [−b,−a]∪ [a,b] , then

sinhb−u4(a)b
bcoshb

I− 1
2
(x)+u4(a) � I 1

2
(x) � u1(a)I− 1

2
(x)+u4(a),

where u1 and u4 are respectively given by (6) and (7) .

PROPOSITION 4.3. Let b > 0 , 0 < a < b and x ∈ [−b,b] . We have

1.
sinhb

b(coshb+2)

(
I− 1

2
(x)+2

)
� I 1

2
(x) � 1

3
I− 1

2
(x)+

2
3

.

2.
1

1−w1(b)

(
I− 1

2
(x)−w1(b)

)
� I 1

2
(x) � u1(b)I− 1

2
(x)+u4(b) .

3. If x ∈ [−b,−a]∪ [a,b] , then

sinhb
b(coshb−w1(a))

(
I− 1

2
(x)−w1(a)

)
� I 1

2
(x) � u1(a)I− 1

2
(x)+u4(a),
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where u1 , u4 and w1 are respectively given by (6) , (7) and

w1(x) := −u4(x)
u1(x)

= −3
I 1

2
(2x)−1

x2I 3
2
(x)

= − sinh(2x)−2x
2(xcoshx− sinhx)

, x �= 0. (8)

We are going to find the best possible constants l1 , l2 , r1 , r2 ∈ R such that

l1ψ− 1
2−i (x)+ l2 � I− 1

2
(x) � r1ψ− 1

2−i (x)+ r2 (9)

hold for all x ∈ I ; I = R , [a,b] , a , b ∈ R ; a < b , [a,+∞[, a ∈ R, ]−∞,b] , b ∈ R .
In order to solve this problem, we present the following propositions:

PROPOSITION 4.4. Let a, b ∈ R; a < b and x ∈ [a,b] . We have

1.
1
2

ψ− 1
2−i (x)+

e−b

2
� I− 1

2
(x) � 1

2
ψ− 1

2−i (x)+
e−a

2
.

2.
1− e−2b

2
ψ− 1

2−i (x)+ e−b � I− 1
2
(x) � 1− e−2b

2
ψ− 1

2−i (x)+
e−a + ea−2b

2
.

3.
1− e−2a

2
ψ− 1

2−i (x)+ e−a � I− 1
2
(x) � 1− e−2a

2
ψ− 1

2−i (x)+
e−b + eb−2a

2
.

PROPOSITION 4.5. Let a, b ∈ R; a < b and x ∈ [a,b] . We have

1.
1
2

ψ− 1
2

−i (x) <
1+ e−2b

2
ψ− 1

2
−i (x) � I− 1

2
(x) � 1+ e−2a

2
ψ− 1

2
−i (x) .

2.
1− e−2b

2
ψ− 1

2−i (x)+ e−b � I− 1
2
(x) � e−2a−2e−(a+b) +1

2
ψ− 1

2−i (x)+ e−b .

3.
1− e−2a

2
ψ− 1

2−i (x)+ e−a � I− 1
2
(x) � e−2b−2e−(a+b) +1

2
ψ− 1

2−i (x)+ e−a

<
1
2

ψ− 1
2−i (x)+ e−a .

PROPOSITION 4.6. Let a, b ∈ R; a < b and x ∈ [a,b] . We have

1.
1
2

ψ− 1
2−i (x) <

1+ e−2b

2
ψ− 1

2−i (x) � I− 1
2
(x) � 1+ e−2a

2
ψ− 1

2−i (x) .

2.
1− e−2b

2
ψ− 1

2−i (x)+ e−b � I− 1
2
(x) � cosha

ea sinhb+1

(
sinhbψ− 1

2−i (x)+1

)
.

3. If a > 0 , then

1− e−2a

2
ψ− 1

2
−i (x)+ e−a � I− 1

2
(x) � coshb

sinhaeb +1

(
sinhaψ− 1

2
−i (x)+1

)

<
1
2

ψ− 1
2−i (x)+

1
2sinha

.
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4. If a < 0 , then

− 2
e−2a−1

I− 1
2
(x)− 1

sinha
� ψ− 1

2−i (x) � sinhaeb +1
sinhacoshb

I− 1
2
(x)− 1

sinha

< 2I− 1
2
(x)− 1

sinha
.

The solution of Problem (9) can be stated as follows.

COROLLARY 4.7. Let a, b ∈ R; a < b and x ∈ R . We have

1.
1
2

ψ− 1
2−i (x) < I− 1

2
(x) .

2. If b > 0 , then
1−b2

2
ψ− 1

2−i (x)+b � I− 1
2
(x) .

3. If x ∈ [a,b] , then

sup

{
1− e−2a

2
ψ− 1

2−i (x)+ e−a,
1− e−2b

2
ψ− 1

2−i (x)+ e−b
}

� I− 1
2
(x)

� inf

{
1− e−2b

2
ψ− 1

2−i (x)+
e−a + ea−2b

2
,
e−2b−2e−(a+b) +1

2
ψ− 1

2−i (x)+ e−a,

cosha
ea sinhb+1

(
sinhbψ− 1

2−i (x)+1

)}
.

4. (a) i. If x > a, x �= a+ ln2 , then

4− e−2a

8
ψ− 1

2−i (x)+
e−a

2
< I− 1

2
(x) <

1
2

ψ− 1
2−i (x)+

e−a

2
.

ii. If x = a+ ln2 , then

4− e−2a

8
ψ− 1

2−i (x)+
e−a

2
= I− 1

2
(x) <

1
2

ψ− 1
2−i (x)+

e−a

2
.

iii. If x = a, then
4− e−2a

8
ψ− 1

2−i (x)+
e−a

2
< I− 1

2
(x) =

1
2

ψ− 1
2−i (x)+

e−a

2
.

iv. If x < a, then
1
2

ψ− 1
2−i (x)+

e−a

2
< I− 1

2
(x) .

(b) i. If x > a, x �= a+ ln
(
1+
√

e−2a +1
)

, then

(√
e2a +1− ea

)(
eaψ− 1

2−i (x)+1

)
< I− 1

2
(x) <

1
2

ψ− 1
2−i (x)+

e−a

2
.
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ii. If x = a+ ln
(
1+
√

e−2a +1
)

, then

(√
e2a +1− ea

)(
eaψ− 1

2
−i (x)+1

)
= I− 1

2
(x) <

1
2

ψ− 1
2

−i (x)+
e−a

2
.

iii. If x = a, then(√
e2a +1− ea

)(
eaψ− 1

2
−i (x)+1

)
< I− 1

2
(x) =

1
2

ψ− 1
2

−i (x)+
e−a

2
.

iv. If x < a, then
1
2

ψ− 1
2−i (x)+

e−a

2
< I− 1

2
(x) .

(c) i. If x � a, x �= a− ln
(
1+
√

e2a +1
)

, then

−
(
e−a +

√
e−2a +1

)(
e−aψ− 1

2−i (x)−1

)
< I− 1

2
(x).

ii. If x = a− ln
(
1+
√

e2a +1
)

, then

−
(
e−a +

√
e−2a +1

)(
e−aψ− 1

2−i (x)−1

)
= I− 1

2
(x).

iii. If x > a, then
1
2

ψ− 1
2−i (x)− ea

2
< I− 1

2
(x) .

The study of the modified Bessel function I 3
2

gives the following proposition:

PROPOSITION 4.8. The function I 3
2

is even on R , strictly decreasing on

]−∞,0] , strictly increasing on [0,+∞[ , and satisfies

1. lim
x→−∞

I 3
2
(x) = +∞ , I 3

2
(0) = 1 , lim

x→+∞
I 3

2
(x) = +∞ .

2. For all x ∈ R , we have
x2

3
I 3

2
(x) = I− 1

2
(x)−I 1

2
(x) .

3. For all x ∈ R , we have I 1
2
(x)+

x2

3
� I− 1

2
(x) .

The study of the Dunkl kernel ψ
1
2−i gives the following proposition:

PROPOSITION 4.9. Let a0 be the root of the equation

− (x+2)e−2x +2x2−3x+2 = 0, −1,4 < a0 < −1,3, (10)

b0 := ψ
1
2−i(a0) =

2
3
I 3

2
(a0) =

2ea0

a0 +2
∈ ]0,778,0,822[, (11)

and x ∈ R . The function ψ
1
2
−i is strictly decreasing on ]−∞,a0] , strictly increasing on

[a0,+∞[ , and satisfies
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1. lim
x→−∞

ψ
1
2−i(x) = +∞, ψ

1
2−i(0) = 1, lim

x→+∞
ψ

1
2−i(x) = +∞ .

2. xψ
1
2−i(x) = ψ− 1

2−i (x)−I 1
2
(x) .

3.
d
dx

ψ
1
2−i(x) = ψ

1
2−i(x)−

2
3
I 3

2
(x) .

4. ψ
1
2−i is strictly convex on R .

5. b0 � ψ
1
2−i(x) � 1

3
ψ− 1

2−i (x)+
2
3
I 3

2
(x) .

6. If x > a0 , then
2
3
I 3

2
(x) < ψ

1
2−i(x) � 1

3
ψ− 1

2−i (x)+
2
3
I 3

2
(x) .

7. If x < a0 , then ψ
1
2−i(x) <

2
3
I 3

2
(x) .

8. If x > 0 , then 1 <
2
3
I 3

2
(x)+

1
3

< ψ
1
2
−i(x) .

9. If x < 0 , then ψ
1
2−i(x) <

2
3
I 3

2
(x)+

1
3

.

We are going to find the best possible constants l1 , l2 , r1 , r2 ∈ R such that

l1ψ− 1
2−i (x)+ l2 � I 1

2
(x) � r1ψ− 1

2−i (x)+ r2 (12)

hold for all x ∈ I ; I = R , [a,b] , a , b ∈ R ; a < b .
In order to solve this problem, we present the following propositions:

PROPOSITION 4.10. Let a, b ∈ R; a < b and x ∈ [a,b] . We have

1. b1ψ− 1
2−i (x)+

(−2b1b+1)eb− e−b

2b
� I 1

2
(x)� b1ψ− 1

2−i (x)+
(−2b1a+1)ea− e−a

2a
.

2. If b < −a0 , then

k1(b)ψ− 1
2−i (x)+ ψ

1
2−i(−b) � I 1

2
(x) � k1(b)ψ− 1

2−i (x)+
(−2k1(b)a+1)ea− e−a

2a
.

3. If a � 0 , then

k1(a)ψ− 1
2−i (x)+ ψ

1
2−i(−a) � I 1

2
(x) � k1(a)ψ− 1

2−i (x)+
(−2k1(a)b+1)eb− e−b

2b
.

4. If 0 < a < −a0 < b; k1(a) = k1(b) , then

k1(a)ψ− 1
2

−i (x)+ ψ
1
2
−i(−a) � I 1

2
(x) � k1(b)ψ− 1

2
−i (x)+ ψ

1
2
−i(−b).
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5. If a > −a0 , then

k1(a)ψ− 1
2−i (x)+

(−2k1(a)b+1)eb− e−b

2b
� I 1

2
(x) � k1(a)ψ− 1

2−i (x)+ ψ
1
2−i(−a),

where a0 is given by (10) ,

k1(x) :=
xe−x

3
I 3

2
(x) =

(x+1)e−2x + x−1
2x2 , x �= 0, (13)

and

b1 := k1(−a0) = −a0e2a0

a0 +2
∈]0,137,0,142[. (14)

PROPOSITION 4.11. Let a, b ∈ R; a < b and x ∈ [a,b] . We have

1.
−e−2b−2b0be−b+1

2b
ψ− 1

2−i (x)+b0 � I 1
2
(x) � −e−2a−2b0ae−a+1

2a
ψ− 1

2−i (x)+b0 .

2. If b < −a0 , then

k1(b)ψ− 1
2−i (x)+ψ

1
2−i(−b)� I 1

2
(x)�

−e−2a−2ae−aψ
1
2−i(−b)+1

2a
ψ− 1

2−i (x)+ψ
1
2−i(−b).

3. If a < −a0 < b; ψ
1
2−i(−a) = ψ

1
2−i(−b) , then

k1(a)ψ− 1
2−i (x)+ ψ

1
2−i(−a) � I 1

2
(x) � k1(b)ψ− 1

2−i (x)+ ψ
1
2−i(−b).

4. If a > −a0 , then

−e−2b−2be−bψ
1
2−i(−a)+1

2b
ψ− 1

2−i (x)+ψ
1
2−i(−a)� I 1

2
(x)� k1(a)ψ− 1

2−i (x)+ψ
1
2−i(−a),

where a0 , b0 and k1 are respectively given by (10) , (11) and (13) .

PROPOSITION 4.12. Let a, b ∈ R; a < b and x ∈ [a,b] . We have

1.
sinhb

b(eb−b2)

(
ψ− 1

2−i (x)−b2

)
� I 1

2
(x) � sinha

a(ea−b2)

(
ψ− 1

2−i (x)−b2

)
.

2. If b < 0 , then

bcoshb−sinhb
b2eb

(
ψ− 1

2−i (x)−q1(b)
)

� I 1
2
(x)� sinha

a(ea−q1(b))

(
ψ− 1

2−i (x)−q1(b)
)

.

3. If a < 0 , then

a2ea

acosha− sinha
I 1

2
(x)+q1(a) � ψ− 1

2−i (x) � b(eb−q1(a))
sinhb

I 1
2
(x)+q1(a).
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4. If 0 < b < −a0 , then

bcoshb−sinhb
b2eb

(
ψ− 1

2−i (x)−q1(b)
)

� I 1
2
(x)� sinha

a(ea−q1(b))

(
ψ− 1

2−i (x)−q1(b)
)

.

5. If 0 < a < −a0 < b; q1(a) = q1(b) , then

acosha−sinha
a2ea

(
ψ− 1

2−i (x)−q1(a)
)

� I 1
2
(x)� bcoshb−sinhb

b2eb

(
ψ− 1

2−i (x)−q1(b)
)

.

6. If a > −a0 , then

sinhb
b(eb−q1(a))

(
ψ− 1

2−i (x)−q1(a)
)

� I 1
2
(x)� acosha−sinha

a2ea

(
ψ− 1

2−i (x)−q1(a)
)

,

where a0 , q1 and b2 are respectively given by (10) ,

q1(x) := −3
exψ

1
2−i(−x)

xI 3
2
(x)

=
−e2x +2x+1

(x−1)ex +(x+1)e−x , x �= 0, (15)

and

b2 := q1(−a0) = 2
e−a0

a0
∈]−5,794,−5,645[. (16)

The solution of Problem (12) can be stated as follows.

COROLLARY 4.13. Let a, b ∈ R; a < b and x ∈ R .

1. If a � 0 , then

k1(a)ψ− 1
2−i (x)+ ψ

1
2−i(−a) � I 1

2
(x).

2. If a < 0 , then

acosha− sinha
a2ea

(
ψ− 1

2−i (x)−q1(a)
)

� I 1
2
(x).

3. If a � 0 and x ∈ [a,b] , then

sup

{
b1ψ− 1

2−i (x)+
(−2b1b+1)eb− e−b

2b
,k1(a)ψ− 1

2−i (x)+ ψ
1
2−i(−a),

−e−2b−2b0be−b +1
2b

ψ− 1
2−i (x)+b0,

sinhb
b(eb−b2)

(
ψ− 1

2−i (x)−b2

)}
� I 1

2
(x)

� inf

{
b1ψ− 1

2−i (x)+
(−2b1a+1)ea−e−a

2a
,k1(a)ψ− 1

2−i (x)+
(−2k1(a)b+1)eb−e−b

2b

}
,
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where k1 , q1 , b1 , b0 and b2 are respectively given by (13) , (15) , (14) , (11) and
(16) .

In order to solve Problem (5) , we present the following propositions:

PROPOSITION 4.14. Let a, b ∈ R; a < b and x ∈ [a,b] . We have

1.
1
3

ψ− 1
2−i (x)+ ψ

1
2−i(b)− eb

3
� ψ

1
2−i(x) � 1

3
ψ− 1

2−i (x)+ ψ
1
2−i(a)− ea

3
.

2. If b < 0 , then

θ1(b)ψ− 1
2−i (x)+

2
3
I 3

2
(b) � ψ

1
2−i(x) � θ1(b)ψ− 1

2−i (x)+ ψ
1
2−i(a)− eaθ1(b).

3. If a0 < a < 0 < b; θ1(a) = θ1(b) , then

θ1(a)ψ− 1
2−i (x)+

2
3
I 3

2
(a) � ψ

1
2−i(x) � θ1(b)ψ− 1

2−i (x)+
2
3
I 3

2
(b).

4. If a > 0 , then

θ1(a)ψ− 1
2−i (x)+ ψ

1
2−i(b)−θ1(a)eb � ψ

1
2−i(x) � θ1(a)ψ− 1

2−i (x)+
2
3
I 3

2
(a).

5. If a � a0 , then

θ1(a)ψ− 1
2−i (x)+

2
3
I 3

2
(a) � ψ

1
2−i(x) � θ1(a)ψ− 1

2−i (x)+ ψ
1
2−i(b)−θ1(a)eb,

where a0 and θ1 are respectively given by (10) and (19) .

PROPOSITION 4.15. Let a, b ∈ R; a < b and x ∈ [a,b] . We have

1. e−b
(

ψ
1
2
−i(b)− 2

3

)
ψ− 1

2
−i (x)+

2
3

� ψ
1
2
−i(x) � e−a

(
ψ

1
2
−i(a)− 2

3

)
ψ− 1

2
−i (x)+

2
3

.

2. If b < 0 , then

θ1(b)ψ− 1
2−i (x)+

2
3
I 3

2
(b)� ψ

1
2−i(x)� e−a

(
ψ

1
2−i(a)− 2

3
I 3

2
(b)
)

ψ− 1
2−i (x)+

2
3
I 3

2
(b).

3. If b > 0 and a = −b, then

θ1(−b)ψ− 1
2−i (x)+

2
3
I 3

2
(b) � ψ

1
2−i(x) � θ1(b)ψ− 1

2−i (x)+
2
3
I 3

2
(b).

4. If a > 0 , then

e−b
(

ψ
1
2−i(b)− 2

3
I 3

2
(a)
)

ψ− 1
2−i (x)+

2
3
I 3

2
(a)� ψ

1
2−i(x)� θ1(a)ψ− 1

2−i (x)+
2
3
I 3

2
(a),
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where θ1 is given by (19) .

PROPOSITION 4.16. Let a, b ∈ R; a < b and x ∈ [a,b] . We have

1.
ψ

1
2
−i(b)

eb +2

(
ψ− 1

2−i (x)+2

)
� ψ

1
2−i(x) �

ψ
1
2
−i(a)

ea +2

(
ψ− 1

2−i (x)+2

)
.

2. If b < 0 , then

θ1(b)ψ− 1
2−i (x)+

2
3
I 3

2
(b) � ψ

1
2−i(x) �

ψ
1
2−i(a)

eah1(b)+1

(
h1(b)ψ− 1

2−i (x)+1

)
.

3. If a < a0 , then

1
θ1(a)

ψ
1
2−i(x)−

1
h1(a)

� ψ− 1
2−i (x) � h1(a)eb +1

h1(a)ψ
1
2−i(b)

ψ
1
2−i(x)−

1
h1(a)

.

4. If a0 < a < 0 < b; h1(a) = h1(b) , then

θ1(a)ψ− 1
2−i (x)+

2
3
I 3

2
(a) � ψ

1
2−i(x) � θ1(b)ψ− 1

2−i (x)+
2
3
I 3

2
(b).

5. If a > 0 , then

ψ
1
2−i(b)

h1(a)eb +1

(
h1(a)ψ− 1

2−i (x)+1

)
� ψ

1
2−i(x) � θ1(a)ψ− 1

2−i (x)+
2
3
I 3

2
(a),

where a0 , θ1 and h1 are respectively given by (10), (19) and

h1(x) :=
3θ1(x)
2I 3

2
(x)

=
−(x+2)e−2x +2x2−3x+2

2[(x−1)ex +(x+1)e−x]
, x �= 0. (17)

In view of [14] we deduce the following Sonine integral formulas:

PROPOSITION 4.17. For all α > β > −1 and x ∈ R , we have

1. Iα(x) =
2

B(α −β ,β +1)

∫ 1

0
Iβ (xt)t2β+1(1− t2)α−β−1 dt

=
2

B(α −β ,β +1)

∫ π
2

0
Iβ (xsinθ )(sinθ )2β+1(cosθ )2(α−β )−1dθ .
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2. ψα
−i(x) =

1
B(α −β ,β +1)

∫ 1

−1
ψβ
−i(xt)|t|2β+1(1+ t)(1− t2)α−β−1 dt

=
1

B(α −β ,β +1)

∫ π
2

− π
2

ψβ
−i(xsinθ )(1+ sinθ )(sin(|θ |))2β+1(cosθ )2(α−β )−1dθ

=
2

B(α −β ,β +1)

∫ 1

0

[
Iβ (xt)+

xt2

2(β +1)
Iβ+1(xt)

]
t2β+1(1− t2)α−β−1 dt

=
2

B(α −β ,β +1)

∫ π
2

0

[
Iβ (xsinθ )+

x(sinθ )2

2(β +1)
Iβ+1(xsinθ )

]
×(sinθ )2β+1(cosθ )2(α−β )−1dθ .

5. Concluding remarks

REMARKS 5.1. Let b > 0, 0 < a < b and x ∈ R . We have

1. (a) 1 <
3sinh(2b)−4b2 sinhb−6b
−6bcoshb+2b2 sinhb+6b

< coshb .

(b) If |x| < x0 , then
1
3
I− 1

2
(x)+

2
3

< u1(b)I− 1
2
(x)+u4(b) .

(c) If x0 < |x| , then u1(b)I− 1
2
(x)+u4(b) <

1
3
I− 1

2
(x)+

2
3

.

(d) If |x| = x0 , then
1
3
I− 1

2
(x)+

2
3

= u1(b)I− 1
2
(x)+u4(b) ,

where cosh(x0) :=
3sinh(2b)−4b2 sinhb−6b
−6bcoshb+2b2 sinhb+6b

, 0 < x0 < b .

2. (1−u4(b))I− 1
2
(x)+u4(b) � u1(b)I− 1

2
(x)+1−u1(b) .

3.
1

1−w1(b)

(
I− 1

2
(x)−w1(b)

)
� u1(b)I− 1

2
(x)+1−u1(b) .

4. If x ∈ [−b,b] , then
1
3
I− 1

2
(x)+

3sinhb−bcoshb
3b

� 3sinhb−2b
3bcoshb

I− 1
2
(x)+

2
3

.

5. If x ∈ [−b,b] , then
sinhb

b(coshb+2)

(
I− 1

2
(x)+2

)
� 3sinhb−2b

3bcoshb
I− 1

2
(x)+

2
3

.

6. (a) 1 <
(b2 +3)sinh(2b)−6b(coshb)2

3sinh(2b)−4b2 sinhb−6b
< coshb .

(b) If |x| < x1 , then
3sinhb−2b

3bcoshb
I− 1

2
(x)+

2
3

< u1(b)I− 1
2
(x)+1−u1(b) .

(c) If x1 < |x|� b , then u1(b)I− 1
2
(x)+1−u1(b) <

3sinhb−2b
3bcoshb

I− 1
2
(x)+

2
3

.
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(d) If |x| = x1 , then
3sinhb−2b

3bcoshb
I− 1

2
(x)+

2
3

= u1(b)I− 1
2
(x)+1−u1(b) ,

where cosh(x1) :=
(b2 +3)sinh(2b)−6b(coshb)2

3sinh(2b)−4b2 sinhb−6b
, 0 < x1 < b .

7. If x ∈ [−b,−a]∪ [a,b] , then

u1(a)I− 1
2
(x)+

sinhb
b

−u1(a)coshb � sinhb−u4(a)b
bcoshb

I− 1
2
(x)+u4(a).

8. If x ∈ [−b,−a]∪ [a,b] , then

sinhb
b(coshb−w1(a))

(
I− 1

2
(x)−w1(a)

)
� sinhb−u4(a)b

bcoshb
I− 1

2
(x)+u4(a).

9. If x ∈ [−b,−a]∪ [a,b] , then

3sinhb−2b
3bcoshb

I− 1
2
(x)+

2
3

� sinhb−u4(a)b
bcoshb

I− 1
2
(x)+u4(a).

REMARKS 5.2. Let a , b ∈ R ; a < b and x ∈ [a,b] . We have

1.
1− e−2b

2
ψ− 1

2−i (x)+
e−a + ea−2b

2
� 1

2
ψ− 1

2−i (x)+
e−a

2
.

2.
1− e−2b

2
ψ− 1

2−i (x)+
e−a + ea−2b

2
� 1+ e−2a

2
ψ− 1

2−i (x) .

3.
1− e−2b

2
ψ− 1

2−i (x)+
e−a + ea−2b

2
� e−2a−2e−(a+b) +1

2
ψ− 1

2−i (x)+ e−b .

4. If b � 0, then

1− e−2b

2
ψ− 1

2−i (x)+
e−a + ea−2b

2
� cosha

ea sinhb+1

(
sinhbψ− 1

2−i (x)+1

)
.

5. If b < 0, then

cosha
ea sinhb+1

(
sinhbψ− 1

2−i (x)+1

)
� 1− e−2b

2
ψ− 1

2−i (x)+
e−a + ea−2b

2
.

6.
e−2b−2e−(a+b) +1

2
ψ− 1

2
−i (x)+ e−a � 1− e−2a

2
ψ− 1

2
−i (x)+

e−b + eb−2a

2
.

7. If 0 < a or (a < 0 and b < − ln(−sinha)) , then

e−2b−2e−(a+b) +1
2

ψ− 1
2−i (x)+ e−a � coshb

sinhaeb +1

(
sinhaψ− 1

2−i (x)+1

)
.
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8.
1
2

ψ− 1
2

−i (x)+
e−b

2
� 1− e−2b

2
ψ− 1

2
−i (x)+ e−b .

9.
1+ e−2b

2
ψ− 1

2−i (x) � 1− e−2b

2
ψ− 1

2−i (x)+ e−b .

10. If a < 0 and − ln(−sinha) < b , then

coshb
sinhaeb +1

(
sinhaψ− 1

2−i (x)+1

)
� 1− e−2b

2
ψ− 1

2−i (x)+ e−b.

11. (a) a <
a+b

2
<

a+b
2

+ ln

(
cosh

(
b−a

2

))
< b .

(b) If a � x <
a+b

2
+ ln

(
cosh

(
b−a

2

))
, then

1− e−2b

2
ψ− 1

2−i (x)+
e−a + ea−2b

2
<

e−2b−2e−(a+b) +1
2

ψ− 1
2−i (x)+ e−a.

(c) If
a+b

2
+ ln

(
cosh

(
b−a

2

))
< x � b , then

e−2b−2e−(a+b) +1
2

ψ− 1
2−i (x)+ e−a <

1− e−2b

2
ψ− 1

2−i (x)+
e−a + ea−2b

2
.

(d) If x =
a+b

2
+ ln

(
cosh

(
b−a

2

))
, then

1− e−2b

2
ψ− 1

2−i (x)+
e−a + ea−2b

2
=

e−2b−2e−(a+b) +1
2

ψ− 1
2−i (x)+ e−a.

12. (a) If a � x < x2 , then

cosha
ea sinhb+1

(
sinhbψ− 1

2−i (x)+1

)
<

e−2b−2e−(a+b) +1
2

ψ− 1
2−i (x)+ e−a.

(b) If x2 < x � b , then

e−2b−2e−(a+b) +1
2

ψ− 1
2−i (x)+ e−a <

cosha
ea sinhb+1

(
sinhbψ− 1

2−i (x)+1

)
.

(c) If x = x2 , then

e−2b−2e−(a+b) +1
2

ψ− 1
2−i (x)+ e−a =

cosha
ea sinhb+1

(
sinhbψ− 1

2−i (x)+1

)
,

where ex2 :=
4cosh

(
a+b
2

)
2cosh(b−a)+ e

a−5b
2 (3eb−a−1)

.
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13. (a) a <
a+b

2
− ln

(
cosh

(
b−a

2

))
<

a+b
2

< b .

(b) If a � x <
a+b

2
− ln

(
cosh

(
b−a

2

))
, then

1− e−2b

2
ψ− 1

2−i (x)+ e−b <
1− e−2a

2
ψ− 1

2−i (x)+ e−a.

(c) If
a+b

2
− ln

(
cosh

(
b−a

2

))
< x � b , then

1− e−2a

2
ψ− 1

2−i (x)+ e−a <
1− e−2b

2
ψ− 1

2−i (x)+ e−b.

(d) If x =
a+b

2
− ln

(
cosh

(
b−a

2

))
, then

1− e−2a

2
ψ− 1

2−i (x)+ e−a =
1− e−2b

2
ψ− 1

2−i (x)+ e−b.

REMARK 5.3. Let b > 0.

1. If x < ln2− lnb , x �= − lnb , then
1
2

ψ− 1
2−i (x) <

1−b2

2
ψ− 1

2−i (x)+b < I− 1
2
(x) .

2. If x = − lnb , then
1
2

ψ− 1
2−i (x) <

1−b2

2
ψ− 1

2−i (x)+b = I− 1
2
(x) .

3. If x = ln2− lnb , then
1
2

ψ− 1
2−i (x) =

1−b2

2
ψ− 1

2−i (x)+b < I− 1
2
(x) .

4. If x > ln2− lnb , then
1−b2

2
ψ− 1

2−i (x)+b <
1
2

ψ− 1
2−i (x) < I− 1

2
(x) .

REMARKS 5.4. Let a , b ∈ R ; a < b and x ∈ [a,b] .

1. If b < −a0 , then

−e−2a−2ae−aψ
1
2
−i(−b)+1

2a
ψ− 1

2
−i (x)+ψ

1
2
−i(−b)� −e−2a−2b0ae−a+1

2a
ψ− 1

2
−i (x)+b0.

2. If 0 < b < −a0 , then

sinha
a(ea−q1(b))

(
ψ− 1

2−i (x)−q1(b)
)

� sinha
a(ea−b2)

(
ψ− 1

2−i (x)−b2

)
.

3. If a � 0, then

b1ψ− 1
2−i (x)+

(−2b1a+1)ea− e−a

2a
� −e−2a−2b0ae−a +1

2a
ψ− 1

2−i (x)+b0.
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4. If a � 0, then b1ψ− 1
2−i (x)+

(−2b1a+1)ea− e−a

2a
� sinha

a(ea−b2)

(
ψ− 1

2−i (x)−b2

)
.

5. If b <−a0 , then b1ψ− 1
2

−i (x)+
(−2b1b+1)eb− e−b

2b
� k1(b)ψ− 1

2
−i (x)+ψ

1
2
−i(−b) ,

where a0 , b0 , q1 , b2 , b1 and k1 are respectively given by (10) , (11) , (15) , (16) ,
(14) and (13) .

REMARKS 5.5. Let a , b ∈ R ; a < b and x ∈ [a,b] . We have

1.
1
3

ψ− 1
2−i (x)+ ψ

1
2−i(a)− ea

3
� e−a

(
ψ

1
2−i(a)− 2

3

)
ψ− 1

2−i (x)+
2
3

.

2.
1
3

ψ− 1
2−i (x)+ ψ

1
2−i(a)− ea

3
�

ψ
1
2−i(a)

ea +2

(
ψ− 1

2−i (x)+2

)
.

3.
1
3

ψ− 1
2−i (x)+ ψ

1
2−i(b)− eb

3
� e−b

(
ψ

1
2−i(b)− 2

3

)
ψ− 1

2−i (x)+
2
3

.

4.
1
3

ψ− 1
2−i (x)+ ψ

1
2−i(b)− eb

3
�

ψ
1
2−i(b)

eb +2

(
ψ− 1

2−i (x)+2

)
.

5. If b � 0, then
ψ

1
2−i(b)

eb +2

(
ψ− 1

2−i (x)+2

)
� e−b

(
ψ

1
2−i(b)− 2

3

)
ψ− 1

2−i (x)+
2
3

.

6. If b � 0, then e−b
(

ψ
1
2
−i(b)− 2

3

)
ψ− 1

2
−i (x)+

2
3

�
ψ

1
2−i(b)

eb +2

(
ψ− 1

2
−i (x)+2

)
.

7. If 0 < a , then

θ1(a)ψ− 1
2−i (x)+ψ

1
2−i(b)−θ1(a)eb � e−b

(
ψ

1
2−i(b)− 2

3
I 3

2
(a)
)

ψ− 1
2−i (x)+

2
3
I 3

2
(a).

8. If 0 < a , then

ψ
1
2−i(b)

h1(a)eb +1

(
h1(a)ψ− 1

2−i (x)+1

)
� e−b

(
ψ

1
2−i(b)− 2

3
I 3

2
(a)
)

ψ− 1
2−i (x)+

2
3
I 3

2
(a).

9. If b < 0, then

θ1(b)ψ− 1
2

−i (x)+ψ
1
2
−i(a)−eaθ1(b)� e−a

(
ψ

1
2
−i(a)− 2

3
I 3

2
(b)
)

ψ− 1
2

−i (x)+
2
3
I 3

2
(b).

10. If a0 � b < 0, then

θ1(b)ψ− 1
2−i (x)+ ψ

1
2−i(a)− eaθ1(b) �

ψ
1
2−i(a)

eah1(b)+1

(
h1(b)ψ− 1

2−i (x)+1

)
.
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11. If b � a0 , then

ψ
1
2−i(a)

eah1(b)+1

(
h1(b)ψ− 1

2−i (x)+1

)
� θ1(b)ψ− 1

2−i (x)+ ψ
1
2−i(a)− eaθ1(b).

12. If a � a0 and b = −a , then

θ1(−a)ψ− 1
2

−i (x)+
2
3
I 3

2
(a) � θ1(a)ψ− 1

2
−i (x)+ ψ

1
2
−i(−a)−θ1(a)e−a.

13. If a1 < a < a0 and b = −a , then

θ1(−a)ψ− 1
2−i (x)+

2
3
I 3

2
(a) �

ψ
1
2−i(−a)

h1(a)e−a +1

(
h1(a)ψ− 1

2−i (x)+1

)
,

where e−a1h1(a1) := −1, a1 < a0 .

REMARKS 5.6. From [3], for all α � −1
2

and x ∈ R , we have

Iα+1(x) � 2(α +1)a1Iα(x)+1
(2α +1)a1 +a2

,

where

(
0 < a1 <

1
2

and a2 := 4a1(1−a2
1)
)

or

(
a1 � 1

2
and a2 := a1 +1

)
.

We can show the refinements of these inequalities as follows.

1. Let α � −1
2

, a1 >
1
2

, a2 := a1 +1 >
3
2

and x ∈ R\ {0} . We have

(a)
a1

a2
>

1
3

,
1
a2

<
2
3

,
2(α +1)a1

(2α +1)a1 +a2
>

α +1
α +2

,
1

(2α +1)a1 +a2
<

1
α +2

.

(b)
(α +1)Iα(x)+1

α +2
<

2(α +1)a1Iα(x)+1
(2α +1)a1 +a2

.

(c)
(α +1)Iα(0)+1

α +2
=

2(α +1)a1Iα(0)+1
(2α +1)a1 +a2

= 1.

2. Let a1 � 1
2

, a2 := a1 +1 � 3
2

and b > 0. We have

(a)
a1

a2
� 1

3
> u1(b) ,

1
a2

� 2
3

< u4(b) .

(b) If |x| < x3 , then
a1

a2
I− 1

2
(x)+

1
a2

< u1(b)I− 1
2
(x)+u4(b) .

(c) If |x| > x3 , then u1(b)I− 1
2
(x)+u4(b) <

a1

a2
I− 1

2
(x)+

1
a2

.
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(d) If |x| = x3 , then u1(b)I− 1
2
(x)+u4(b) =

a1

a2
I− 1

2
(x)+

1
a2

,

where cosh(x3) :=
a2u4(b)−1
a1−a2u1(b)

, 0 < x3 < b .

3. Let a1 ∈
]
0,

1
2

[
and a2 := 4a1(1−a2

1) ∈
]
0,

3
2

[
. We have

(a)
1
4

<
a1

a2
<

1
3

,
1
a2

>
2
3

,
8a3

1−8a1 +3

a1(1−4a2
1)

> 1.

(b) If |x| < x4 , then
1
3
I− 1

2
(x)+

2
3

<
a1

a2
I− 1

2
(x)+

1
a2

.

(c) If |x| > x4 , then
a1

a2
I− 1

2
(x)+

1
a2

<
1
3
I− 1

2
(x)+

2
3

.

(d) If |x| = x4 , then
1
3
I− 1

2
(x)+

2
3

=
a1

a2
I− 1

2
(x)+

1
a2

,

where cosh(x4) :=
8a3

1−8a1 +3

a1(1−4a2
1)

, x4 > 0.

6. Proofs

Proof of Proposition 4.1. Let x > 0, c ∈ R and

u(x) := I 1
2
(x)− cI− 1

2
(x) =

sinhx− cxcoshx
x

= − (cx−1)ex +(cx+1)e−x

2x
.

We have u′(x) =
e−x

2x2 [−(cx2− x+1)e2x + cx2 + x+1] .

u′(x) = 0 if and only if c = u1(x) :=
I 3

2
(x)

3I 1
2
(x)

=
xcoshx− sinhx

x2 sinhx
=

(x−1)e2x + x+1
x2(e2x −1)

.

u′1(x) =
u2(x)

x3(e2x−1)2 , u2(x) := −(x−2)e4x−4(x2 +1)e2x + x+2,

u′2(x) = −(4x−7)e4x−8(x2 + x+1)e2x +1, u′′2(x) = −8e4xu3(x),

u3(x) := (2x2 +4x+3)e−2x +2x−3, u′3(x) = −2[(2x2 +2x+1)e−2x−1],

u′′3(x) = 8x2e−2x.

u1 is strictly decreasing on [0,+∞[ ,

u1(0) =
1
3
, lim

x→+∞
u1(x) = 0.
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If c � 0, then u is strictly increasing on [0,+∞[ ,

u(0) = 1− c � 1, lim
x→+∞

u(x) = +∞.

If c � 1
3

, then u is strictly decreasing on [0,+∞[ ,

u(0) = 1− c, lim
x→+∞

u(x) = −∞.

If c∈
]
0,

1
3

[
, then there exists x1 > 0 such that u1(x1) = c . u is strictly increasing

on [0,x1] and strictly decreasing on [x1,+∞[ ,

2
3

< u(0) = 1− c < u(x1) = u4(x1), lim
x→+∞

u(x) = −∞,

where

u4(x) :=
sinh(2x)−2x

2x2 sinhx
.

u′4(x) =
e−3xu5(x)

2x3(ex − e−x)2 ,

u5(x) := (x−2)e6x +(4x2 + x+2)e4x +(4x2− x+2)e2x− (x+2),

u′5(x) = (6x−11)e6x +(16x2 +12x+9)e4x+(8x2 +6x+3)e2x−1,

u′′5(x) = 4e2xu6(x), u6(x) := 3(3x−5)e4x +4(4x2 +5x+3)e2x+4x2 +7x+3,

u′6(x) = 3(12x−17)e4x +4(8x2 +18x+11)e2x+8x+7,

u′′6(x) = 8[3(6x−7)e4x +2(4x2 +13x+10)e2x+1], u′′′6 (x) = 16e2xu7(x),

u7(x) := 3(12x−11)e2x +8x2 +34x+33, u′7(x) = 2[3(12x−5)e2x +8x+17],

u′′7(x) = 4[3(12x+1)e2x+4] > 0.

u4 is strictly increasing on [0,+∞[ ,

u4(0) =
2
3
, lim

x→+∞
u4(x) = +∞. �

Proof of Proposition 4.2. Let x > 0, c ∈ R and

v(x) :=
I 1

2
(x)− c

I− 1
2
(x)

=
sinhx− cx
xcoshx

=
ex − e−x−2cx
x(ex + e−x)

.

We have v′(x) =
−e2x + e−2x +4x+2cx2(ex − e−x)

x2(ex + e−x)2 .

v′(x) = 0 if and only if c = u4(x),
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where u4 is given by (7) .

If c � 2
3

, then v is strictly decreasing on [0,+∞[ ,

v(0) = 1− c > 0, lim
x→+∞

v(x) = 0.

If c >
2
3

, then there exists x1 > 0 such that u4(x1) = c . v is strictly increasing on

[0,x1] and strictly decreasing on [x1,+∞[ ,

v(0) = 1− c, v(x1) = u1(x1) > 0, lim
x→+∞

v(x) = 0,

where u1 is given by (6) . �

Proof of Proposition 4.3. Let x > 0, c ∈ R and

w(x) :=
I− 1

2
(x)− c

I 1
2
(x)

=
x(coshx− c)

sinhx
=

x(ex + e−x−2c)
ex − e−x .

We have w′(x) =
e2x − e−2x−4x+2c[(x−1)ex+(x+1)e−x]

(ex − e−x)2 .

w′(x) = 0 if and only if c = w1(x) := − sinh(2x)−2x
2(xcoshx−sinhx)

= − e2x−e−2x−4x
2[(x−1)ex+(x+1)e−x]

.

w′
1(x) =

e−xw2(x)
2[(x−1)ex +(x+1)e−x]2

,

w2(x) := −(x−2)e4x− (4x2− x+6)e2x− (x+2)e−2x +4x2 + x+6,

w′
2(x) = −(4x−7)e4x− (8x2 +6x+11)e2x+(2x+3)e−2x +8x+1,

w′′
2(x) = −4[2(2x−3)e4x+(4x2 +7x+7)e2x +(x+1)e−2x−2,

w′′′
2 (x) = −4e−2xw3(x),

w3(x) := 4(4x−5)e6x +(8x2 +22x+21)e4x−2x−1,

w′
3(x) := 2[4(12x−13)e6x+(16x2 +52x+53)e4x−1], w′′

3(x) = 16e4xw4(x),

w4(x) := 3(12x−11)e2x +8x2 +30x+33, w′
4(x) = 2[3(12x−5)e2x+8x+15],

w′′
4(x) = 4[3(12x+1)e2x+4] > 0.

w1 is strictly decreasing on [0,+∞[ ,

w1(0) = −2, lim
x→+∞

w1(x) = −∞.

If c � −2, then w is strictly increasing on [0,+∞[ ,

w(0) = 1− c, lim
x→+∞

w(x) = +∞.
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If c < −2, then there exists x1 > 0 such that w1(x1) = c . w is strictly decreasing
on [0,x1] and strictly increasing on [x1,+∞[ ,

3 < w(x1) =
1

u1(x1)
< w(0) = 1− c, lim

x→+∞
w(x) = +∞,

where u1 is given by (6) . �

Proof of Theorem 3.1. We get the result from Propositions 4.1, 4.2, 4.3 and Re-
marks 5.1. �

Proof of Proposition 4.4. Let x , c ∈ R and

r(x) := I− 1
2
(x)− cψ− 1

2−i (x) = coshx− cex =
(1−2c)ex + e−x

2
.

We have r′(x) =
ex(−e−2x +1−2c)

2
.

r′(x) = 0 if and only if c =
1− e−2x

2
.

If c =
1
2

, then r is strictly decreasing on R ,

lim
x→−∞

r(x) = +∞, r(0) =
1
2
, lim

x→+∞
r(x) = 0.

If c >
1
2

, then r is strictly decreasing on R ,

lim
x→−∞

r(x) = +∞, r(0) = 1− c, lim
x→+∞

r(x) = −∞.

If c <
1
2

, then r is strictly decreasing on
]
−∞,− ln

(√
1−2c

)]
and strictly in-

creasing on
[
− ln

(√
1−2c

)
,+∞

[
,

r(0) = 1− c, r
(
− ln

(√
1−2c

))
=
√

1−2c, lim
x→−∞

r(x) = lim
x→+∞

r(x) = +∞. �

Proof of Proposition 4.5. Let x , c ∈ R and

s(x) :=
I− 1

2
(x)− c

ψ− 1
2−i (x)

= e−x(coshx− c) =
e−2x−2ce−x +1

2
.

We have s′(x) = e−x(c− e−x) .
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If c � 0, then s is strictly decreasing on R ,

lim
x→−∞

s(x) = +∞, s(0) = 1− c � 1, lim
x→+∞

s(x) =
1
2
.

If c > 0, then s is strictly decreasing on ]−∞,− lnc] and strictly increasing on
[− lnc,+∞[ ,

lim
x→−∞

s(x) = +∞, s(0) = 1− c, s(− lnc) =
1− c2

2
, lim

x→+∞
s(x) =

1
2
. �

Proof of Proposition 4.6. Let x , c ∈ R and

t(x) :=
ψ− 1

2−i (x)− c

I− 1
2
(x)

=
2(ex − c)
ex + e−x .

We have t ′(x) =
csinhx+1
(coshx)2 .

If c = 0, then t is strictly increasing on R ,

lim
x→−∞

t(x) = 0, t(0) = 1, lim
x→+∞

t(x) = 2.

If c < 0, then there exists x1 > 0 such that sinhx1 = −1
c

. t is strictly increasing

on ]−∞,x1] and strictly decreasing on [x1,+∞[ ,

lim
x→−∞

t(x) = 0, t(0) = 1− c > 1, t(x1) =
2

1− e−2x1
> 2, lim

x→+∞
t(x) = 2.

If c > 0, then there exists x2 < 0 such that sinhx2 = −1
c

. t is strictly decreasing

on ]−∞,x2] and strictly increasing on [x2,+∞[ ,

lim
x→−∞

t(x) = 0, t(0) = 1− c, t(x2) = − 2
e−2x2 −1

< 0, lim
x→+∞

t(x) = 2. �

Proof of Proposition 4.8. Let x ∈ R\ {0} and

d(x) := I 3
2
(x) = 3

(x−1)ex +(x+1)e−x

2x3 .

We have d′(x) =
3ex

2x4 d1(x) , where

d1(x) := −(x2 +3x+3)e−2x+ x2−3x+3, (18)

d′
1(x) = (2x2 +4x+3)e−2x+2x−3, d′′

1 (x) = −2[(2x2 +2x+1)e−2x−1],
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d′′′
1 (x) = 8x2e−2x > 0. d1 is strictly increasing on R ,

lim
x→+∞

d1(x) = −∞, d1(0) = 0, lim
x→+∞

d1(x) = +∞.

d is even on R and strictly increasing on [0,+∞[ ,

d(0) = 1, lim
x→+∞

d(x) = +∞. �

Proof of Proposition 4.9. Let x ∈ R\ {0} and

θ (x) := ψ
1
2−i(x) =

(2x−1)ex + e−x

2x2 .

We have θ ′(x) = exθ1(x) , where

θ1(x) := e−x
(

ψ
1
2−i(x)−

2
3
I 3

2
(x)
)

=
−(x+2)e−2x +2x2−3x+2

2x3 , (19)

θ ′
1(x) = −d1(x)

x4 , where d1 is given by (18) . θ1 is strictly increasing on ]−∞,0] and

strictly decreasing on [0,+∞[ ,

lim
x→−∞

θ1(x) = −∞, θ1(0) =
1
3
, lim

x→+∞
θ1(x) = 0.

There exists a0 < 0 such that −1,4 < a0 < −1,3, θ1(a0) = 0. θ is strictly decreasing
on ]−∞,a0] and strictly increasing on [a0,+∞[ ,

lim
x→−∞

θ (x) = +∞, θ (0) = 1, lim
x→+∞

θ (x) = +∞.

θ ′′(x) =
ex

2x4 θ2(x), θ2(x) := (x2 +4x+6)e−2x +2x3−5x2 +8x−6,

θ ′
2(x) = 2[−(x2 +3x+4)e−2x+3x2−5x+4], θ ′′

2 (x) = 2[(2x2+4x+5)e−2x+6x−5],

θ ′′′
2 (x) = 4[−(2x2 +2x+3)e−2x +3], θ (4)

2 (x) = 16(x2 +1)e−2x > 0.

θ ′ = ψ
1
2
−i −

2
3
I 3

2
is strictly increasing on R ,

lim
x→−∞

θ ′(x) = −∞, θ ′(a0) = 0, θ ′(0) =
1
3
, lim

x→+∞
θ ′(x) = +∞.

xθ (x) = xI 1
2
(x)+

x2

3
I 3

2
(x) = ψ− 1

2−i (x)−I− 1
2
(x)+

x2

3
I 3

2
(x) = ψ− 1

2−i (x)−I 1
2
(x) . �

Proof of Proposition 4.10. Let x ∈ R\ {0} , c ∈ R and

k(x) := I 1
2
(x)− cψ− 1

2−i (x) =
(−2cx+1)ex− e−x

2x
.
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We have k′(x) =
(−2cx2 + x−1)ex +(x+1)e−x

2x2 .

k′(x) = 0 if and only if c = k1(x) :=
xe−x

3
I 3

2
(x) =

(x+1)e−2x + x−1
2x2 .

k′1(x)=
k2(x)
2x3 , k2(x) :=−(2x2+3x+2)e−2x−x+2, k′2(x)= (4x2+2x+1)e−2x−1,

k′′2(x) = −4x(2x− 1)e−2x . k′2 is strictly decreasing on ]−∞,0] and

[
1
2
,+∞

[
, and

strictly increasing on

[
0,

1
2

]
,

lim
x→−∞

k′2(x) = +∞, k′2(0) = 0, k′2

(
1
2

)
= 3e−1−1 > 0, lim

x→+∞
k′2(x) = −1.

There exists x1 ∈
]
1
2
,1

[
such that e2x1 = 4x2

1 + 2x1 + 1. k2 is strictly increasing on

]−∞,x1] and strictly decreasing on [x1,+∞[ ,

k2(0)= k2(−a0)= 0, k2(x1)= 4
−x3

1 + x2
1 +1

4x2
1 +2x1 +1

> 0, lim
x→−∞

k2(x)= lim
x→+∞

k2(x)=−∞,

where a0 is given by (10) . k1 is strictly increasing on ]−∞,−a0] and strictly decreas-
ing on [−a0,+∞[ ,

lim
x→−∞

k1(x) = −∞, k1(0) = 0, k1(−a0) = b1 := −a0e2a0

a0 +2
> 0, lim

x→+∞
k1(x) = 0.

If c � b1 , then k is strictly decreasing on R ,

lim
x→−∞

k(x) = +∞, k(0) = 1− c, lim
x→+∞

k(x) = −∞.

If c � 0, then there exists x2 � 0 such that k1(x2) = c . k is strictly decreasing on
]−∞,x2] and strictly increasing on [x2,+∞[ ,

k(0) = 1− c � 1, k(x2) = ψ
1
2−i(−x2) > 0, lim

x→−∞
k(x) = lim

x→+∞
k(x) = +∞.

If c ∈]0,b1[ , then there exist x3,x4 ∈ R such that 0 < x3 < −a0 < x4 , k1(x3) =
k1(x4) = c .

k is strictly decreasing on ] − ∞,x3] and [x4,+∞[ , and strictly increasing on
[x3,x4] ,

0 < k(x3) = ψ
1
2−i(−x3) < k(−a0) = − (2ca0 +1)e−a0 − ea0

2a0
< k(x4) = ψ

1
2−i(−x4),

k(0) = 1− c > 0, lim
x→−∞

k(x) = +∞, lim
x→+∞

k(x) = −∞. �
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Proof of Proposition 4.11. Let x ∈ R\ {0} , c ∈ R and

p(x) :=
I 1

2
(x)− c

ψ− 1
2−i (x)

=
−e−2x−2cxe−x +1

2x
.

We have p′(x) =
(2x+1)e−2x +2cx2e−x−1

2x2 .

p′(x) = 0 if and only if c = ψ
1
2−i(−x).

If c � b0 , where b0 is given by (11) , then p is strictly decreasing on R ,

lim
x→−∞

p(x) = +∞, p(0) = 1− c > 0, lim
x→+∞

p(x) = 0.

If c > b0 , then there exist x1 , x2 ∈ R such that x1 < −a0 < x2 , ψ
1
2−i(−x1) =

ψ
1
2−i(−x2) = c , where a0 is given by (10) . p is strictly decreasing on ]−∞,x1] and

[x2,+∞[ , and strictly increasing on [x1,x2] ,

lim
x→−∞

p(x) = +∞, p(0) = 1− c, p(x1) = k1(x1),

p(x2) = k1(x2) > 0, lim
x→+∞

p(x) = 0. �

Proof of Proposition 4.12. Let x ∈ R\ {0} , c ∈ R and

q(x) :=
ψ− 1

2
−i (x)− c

I 1
2
(x)

=
2x(ex − c)
ex − e−x .

We have q′(x) = 2
c[(x−1)ex +(x+1)e−x]+ e2x− (2x+1)

(ex − e−x)2 .

q′(x) = 0 if and only if c = q1(x) :=
−e2x +2x+1

(x−1)ex +(x+1)e−x = −ψ
1
2−i(−x)
k1(x)

,

where k1 is given by (13) . q′1(x) =
e3x

[(x−1)ex +(x+1)e−x]2
q2(x) , where

q2(x) := (2x2 +3x+2)e−4x−2(x2 + x+2)e−2x− x+2,

q′2(x) = −(8x2 +8x+5)e−4x +2(2x2 +3)e−2x−1, q′′2(x) = 4e−2xq3(x),

q3(x) := (8x2 +4x+3)e−2x− (2x2−2x+3), q′3(x) = −2q4(x),

q4(x) := (8x2 −4x+1)e−2x+2x−1, q′4(x) = 2[−(8x2−12x+3)e−2x+1],
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q′′4(x) = 4(8x2−20x+9)e−2x,

q′4(0) = −4, q′4

(
5+

√
7

4

)
= 2

[
1−2

(
2+

√
7
)

e−
5+

√
7

2

]
> 0,

q4(0) = q3(0) = q′2(0) = q2(0) = q2(−a1) = 0.

q1 is strictly increasing on ]−∞,0[ and ]0,−a0] , and strictly decreasing on [−a0,+∞[ ,
where a0 is given by (10) ,

lim
x→−∞

q1(x) = 0, lim
x→0−

q1(x) = +∞, lim
x→0+

q1(x) = −∞, lim
x→+∞

q1(x) = −∞,

q1(−a0) = b2 := 2
e−a0

a0
.

If c ∈ [b2,0] , then q is strictly increasing on R ,

lim
x→−∞

q(x) = 0, q(0) = 1− c � 1, lim
x→+∞

q(x) = +∞.

If c > 0, then there exists x1 < 0 such that q1(x1) = c . q is strictly decreasing on
]−∞,x1] and strictly increasing on [x1,+∞[ ,

lim
x→−∞

q(x) = 0, q(x1) =
x2
1e

x1

x1 coshx1 − sinhx1
< 0, q(0) = 1− c, lim

x→+∞
q(x) = +∞.

If c < b2 , then there exist x2 , x3 ∈ R such that 0 < x2 < −a0 < x3 , q1(x2) =
q1(x3) = c .

q is strictly increasing on ] − ∞,x2] and [x3,+∞[ , and strictly decreasing on
[x2,x3] ,

q(0) = 1− c > 1, 0 < q(x3) =
x2
3e

x3

x3 coshx3− sinhx3
< q(x2) =

x2
2e

x2

x2 coshx2 − sinhx2
,

lim
x→−∞

q(x) = 0, lim
x→+∞

q(x) = +∞. �

Proof of Proposition 4.14. Let x ∈ R\ {0} , c ∈ R and

f (x) := ψ
1
2−i(x)− cψ− 1

2−i (x) =
(−2cx2 +2x−1)ex + e−x

2x2 .

We have f ′(x) = ex(θ1(x)− c) , where θ1 is given by (19) .

If c � 1
3

, then f is strictly decreasing on R ,

lim
x→−∞

f (x) = +∞, f (0) = 1− c, lim
x→+∞

f (x) = −∞.
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If 0 < c <
1
3

, then there exist x1 , x2 ∈ R such that a0 < x1 < 0 < −x1 < x2 ,

θ1(x1) = θ1(x2) = c . f is strictly decreasing on ]−∞,x1] and [x2,+∞[ , and strictly
increasing on [x1,x2] ,

2
3

< f (x1) =
2
3
I 3

2
(x1) < f (0) = 1− c < f (x2) =

2
3
I 3

2
(x2), f (x1) < b0,

lim
x→−∞

f (x) = +∞, lim
x→+∞

f (x) = −∞,

where b0 is given by (11) .
If c � 0, then there exists x3 � a0 such that θ1(x3) = c . f is strictly decreasing

on ]−∞,x3] and strictly increasing on [x3,+∞[ ,

b0 � f (x3) =
2
3
I 3

2
(x3) < f (0) = 1− c, lim

x→−∞
f (x) = lim

x→+∞
f (x) = +∞. �

Proof of Proposition 4.15. Let x ∈ R\ {0}, c ∈ R and

g(x) :=
ψ

1
2−i(x)− c

ψ− 1
2−i (x)

=
e−2x−2cx2e−x +2x−1

2x2 .

We have g′(x) =
e−x

3

(
3c−2I 3

2
(x)
)

.

If c � 2
3

, then g is strictly decreasing on R ,

lim
x→−∞

g(x) = +∞, g(0) = 1− c, lim
x→+∞

g(x) = 0.

If c >
2
3

, then there exists x1 > 0 such that
2
3
I 3

2
(x1) = c . g is strictly decreasing

on ]−∞,−x1] and [x1,+∞[ , and strictly increasing on [−x1,x1] ,

g(−x1) = θ1(−x1) < g(0) = 1− c < g(x1) = θ1(x1) <
1
3
, g(x1) > 0,

lim
x→−∞

g(x) = +∞, lim
x→+∞

g(x) = 0,

where θ1 is given by (19) . �

Proof of Proposition 4.16. Let x ∈ R\ {0} , c ∈ R and

h(x) :=
ψ− 1

2−i (x)− c

ψ
1
2−i(x)

=
2x2(ex − c)

(2x−1)ex + e−x .
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We have h′(x) =
2exI 3

2
(x)

3

(
ψ

1
2−i(x)

)2 (ch1(x)+1) , where

h1(x) :=
3θ1(x)
2I 3

2
(x)

=
−(x+2)e−2x +2x2−3x+2

2[(x−1)ex +(x+1)e−x]
,

where θ1 is given by (19) , h′1(x) = − 9ψ
1
2−i(x)d1(x)

4x4
(
I 3

2
(x)
)2 , where d1 is given by (18) . h1

is strictly increasing on ]−∞,0] and strictly decreasing on [0,+∞[ ,

lim
x→−∞

h1(x) = −∞, h1(a0) = 0, h1(0) =
1
2
, lim

x→+∞
h1(x) = 0,

where a0 is given by (10) .
If −2 � c � 0, then h is strictly increasing on R ,

lim
x→−∞

h(x) = 0 < h(a0) =
ea0 − c

b0
< h(0) = 1− c, lim

x→+∞
h(x) = +∞,

where b0 is given by (11) .

If c > 0, then there exists x1 < min{a0, lnc} such that − 1
h1(x1)

= c . h is strictly

decreasing on ]−∞,x1] and strictly increasing on [x1,+∞[ ,

lim
x→−∞

h(x) = 0, h(x1) =
1

θ1(x1)
< 0 = h(lnc), lim

x→+∞
h(x) = +∞.

If c < −2, then there exist x2,x3 ∈ R such that a0 < x2 < 0 < x3 , − 1
h1(x2)

=

− 1
h1(x3)

= c . h is strictly increasing on ]−∞,x2] and [x3,+∞[ , and strictly decreasing

on [x2,x3] ,

lim
x→−∞

h(x) = 0 < h(x3) =
1

θ1(x3)
< h(0) = 1− c < h(x2) =

1
θ1(x2)

,

lim
x→+∞

h(x) = +∞. �

Proof of Theorem 3.2. Let α > −1
2

, l1 , r1 ∈
]
− 1

2α +1
,+∞

[
, l2 , r2 , a , b ∈ R ;

a � 0 � b , a < b and x ∈ [a,b] . If l1I− 1
2
(x)+ l2 � I 1

2
(x) � r1I− 1

2
(x)+ r2 , then by

using Proposition 4.17 and B

(
α +

1
2
,
3
2

)
=

B
(
α + 1

2 , 1
2

)
2(α +1)

=
B
(
α + 3

2 , 1
2

)
2α +1

, we deduce

2(α +1)l1Iα(x)+ l2
(2α +1)l1 +1

� Iα+1(x) � 2(α +1)r1Iα(x)+ r2

(2α +1)r1 +1
.
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Theorem 3.1 finishes the proof. �

Proof of Theorem 3.3. We get the result from Propositions 4.14, 4.15, 4.16 and
Remarks 5.2, 5.4, 5.5. �

Proof of Theorem 3.4. Let α > −1
2

, l1 , r1 ∈
]
− 1

2α +1
,+∞

[
, l2 , r2 , a , b ∈ R ;

a � 0 � b , a < b and x ∈ [a,b] . If l1ψ− 1
2−i (x)+ l2 � ψ

1
2−i(x) � r1ψ− 1

2−i (x)+ r2 , then by

using Proposition 4.17 and B

(
α +

1
2
,
3
2

)
=

B
(
α + 1

2 , 1
2

)
2(α +1)

=
B
(
α + 3

2 , 1
2

)
2α +1

, we deduce

2(α +1)l1ψα
−i(x)+ l2

(2α +1)l1 +1
� ψα+1

−i (x) �
2(α +1)r1ψα

−i(x)+ r2

(2α +1)r1 +1
.

Theorem 3.3 finishes the proof. �

Proof of Theorem 3.7. Let α > −1
2

, l1 , l2 , r1 , r2 , a , b ∈ R ; a � 0 � b , a < b

and x ∈ [a,b] .

If l1I− 1
2
(x)+ l2 � ψ− 1

2−i (x) � r1I− 1
2
(x)+ r2 , then by using Proposition 4.17 and

Corollary 4.7, we deduce

l1Iα(x)+ l2 � ψα
−i(x) � r1Iα (x)+ r2. �
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